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, Both kinds of na increase (or ee unchanged) Ps preserve 
‘ts and diminish (or leave unchanged) L, F, C, and A. 


d . This statement is Very much condensed. Let us consider first the sym- _ 
#. metrization with respect to a line. Then the statement regarding À is trivial 
- and that regarding .L is classical; all the other statements are new ‘to our 
. knowledge. (In considering rp we have to symmetrize not only s but also an 
_ infinitesimal circle ‘including P. Thus, if we choose the line of symmetrization 
through P, P is.not moved at all. There is an analogous remark about the 
a next case, concerning the point of symmetrization.) 
In case of symmetrization with respect to a point the statement about A 
4 is trivial and that concerning L is equivalent to the classical isoperimetric. 
f „theorem. The statements about rp and # are equivalent to the arca theorems 
M of .Bieberbach [see Pólya and Szegö 14, vol. 2, p. 21, problem 125, p. 22, 
#\ problem 126]. The part concerned with A was suggested by Lord Rayleigh 
t +[16; 17, p. 345] ‘and proved by Faber [5]. The proof of the last author was 
./ rediscovered by E. Krahn [7, 8] and preceded by a paper of R. Courant [4] 
k; who considered a kind’ of symmetrization different from. that of Steiner. 
Finally the part concerning ( is new so far as we know. 
The following inequalities are equivalent to some of these statements : 
(except the last one which is of a different nature, cf, for instance Pólya and 
Szegô 14, vol. 2, p. 21, problem 124) : | 
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(1.2) rp S (4/r)* S (r/2)0, (A/r)# S FS L/ (2r). 


These A ae and various special cases suggest that 


BE 


(1.3) | _ (AR)UEF 


CT 8 gt se 


_ which however we were not able to prove. We have shown in a former in- 
} men [15] that C S&F. | 









5. Rens again to the three-dimensional case we state the Hours 
R further relation of the capacity C of a closed surface o, to certain geometrical 


es properties of oo LT. C: Maxwell 9, p. 117, Szegö 21]: 


| Consider all closed surfaces so with given diameter. The capacity C of 
oo is a maximum if and only if oo is a sphere. 


By the diameter of oo,we mean the greatest distance between any two of 
Nits points. Since the capacity is an increasing set-function it is sufficient to. 
prove this theorem for convez surfaces. While the result of Poincaré-Faber- 


ts 
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. Szegö gives a lower bound for C the theorem Be furnishes an ee 
bound for the same quantity. - 
In another part of the present paper we prove the following nennt 
a this theorem: 


Let the inner sur face oo of a condenser of capacity C be convex and the 
outer surface o, be parallel to oo. Let h be the distance between oo and o, 
. A the area of the surface o, and M the integral of the mean curvature of oo. 
Then 
(1. 4) A/(4rh) < C < A/(4rh) + M/ (42). 


For concentric spheres the second inequality becomes an equality. 





It is customary to regard the left-hand side of (1.4) as an approximation | 
to C for small À; see for instance Maxwell 9, p. 140. On the other hand R. 
Clausius [3, p. 43] suggested an approximate calculation of the electric density , 
according to which the right-hand side of (1.4) would furnish a better 
approximation than the left-hand side. | 
| Concerning the limiting case h — œ see 21, p. 425. 

We also prove the analogue of the inequalities (1. 4) for the logarithmie 
potential. 


6. The remaining part of this paper is devoted to the study of the 
capacity in interesting special cases, especially in that of an ellipsoid. Let us 
consider first the capacity C (see 1.2 above) of ang convex solid S. Let V 
denote the volume of S, A the area of the surface of S, and M the integral 
of the mean curvature extended over the surface. of S. It is well known 
[2, p. 110] that 


(1.5) (3V/(4r)) < (4/(4r))# < M/ (4r) 


- 
ni an sm ee ads 


. ssh x 


unless $ is a sphere. As a limiting case of the inequalities which we dis- , 
cussed in 1.3 and 1.5 we have 


(1.6) (3V/(4r))# < C < M/ (4r) 





unless S is a sphere. For the special case of an ellipsoid with semi-axes a, b, c | 
we prove the following refinement of (1.6): 


(1.7) | 
(37/4) ® < A{(bo)# + (eu) + (ab) < 0 < (a+ D te) < M/(4m) . 


unless a = b = c, that is, unless the ellipsoid is a sphere. The proofs are 
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based on some representations of the capacity of an ellipsoid, related to a 
representation of its area, which played a role in a recent investigation of the 
first author [11]. 


7. The quantity (4/(4r))* == Ra occurring in (1.5) is obviously the 
radius of the sphere whose surface is equal to that of the given solid. In 


connection with the inequalities (1.5) and (1.6) we observe that the capacity 


C is “not comparable ” with Ra, that is, for certain solids C is greater and for 


others smaller than Ra. A. Russell [19], following a hint of Lord Kelvin, 
' gives a numerical discussion of the ratio of these quantities in various in- 


teresting cases especially for ellipsoids of revolution (spheroids). Let B be 
the numerical excentricity of the revolving ellipse; then Russell proves that 
the expansion of the ratio C/R4 in a power series in 8 begins thus: 


(1.8) O/Ra=1 + (2/945)B +... 8 


‘where the signs + hold according to the case of a prolate and an oblate 


ellipsoid, respectively. [Cf. also the earlier papers of K. Aichi 1 and Lord 
Rayleigh 18.] 
We prove that for an ellipsoid of revolution 


(1.9) Ä C/R4a 2 1 
® 
according as it is prolate or oblate. More precisely, we prove that the 


expansion of the quantity (R4/C)* in a power series in 8? has only negative 
and positive coefficients, respectively, except for the constant term 1 in the first 


' case and the two subsequent coefficients which are zero in both cases. 


8. The capacity of an ellipsoid is expressed by an elliptic’ ‘integral 


j [(6.4)]. In particular the capacity of an elliptic disk is the arithmetic- 


geometric mean of the semi-axes a, b multiplied by 2/7. Hence the two 


i elliptic disks with semi-axes a, b and (a + b)/2, (ab), respectively, have 


: the same capacity. Using Landen’s transformation we find a somewhat 


analogous transition from one ellipsoid to another preserving the capacity. 


9. In Section 2 we prove that the capacity of a condenser is diminished 


i by applying the Steiner symmetrization; in Section 3 we show the same for 


‘ 
i 


- the Schwarz symmetrization. Section 4 is concerned with the two-dimensional 


case. In Section 5 we give the proof of the inequalities (1.4). Sections 6-9 
deal with the special case of an ellipsoid, Section 10 with some further special 


t. cases. 
F à 
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For the sake of simplicity we assume that all surfaces and lines considered 
below are composed of a finite number of analytic pieces. It does not seem 
to be doubtful that this condition can be replaced by some more general one 
without altering the main line of our argument. Also our argument does not 
change if the solid bounded by o, is multiply connected or consists of several 
separated pieces. This deserves to be emphasized since such topological dif- 
ferences may require essential modifications of the proof; see for instance 
Pólya 12. 


_ 2. Steiner symmetrization. In this section we prove that the capacity 
‘ of a condenser is diminished by the Steiner symmetrization. 


1. The main idea of the proof is very simple; it can be explained by 
using the notation of 1.2. We denote by o’, and o”, the surfaces arising from 
wo and o, by symmetrization. Let y=u=u(z,y,2) be the (harmonic) 
function for which the minimum C of the integral (1.1) is attained. We 
wish to construct a function y y = 0(2,y,2) defined in the field between 
oo and o’,, equal to 0 on o’, and to 1 on o’,, and such that 


(2.1) Wu) = W (v). 


Here W’ denotes the expression analogous to (1.1) for the symmetrized con- 
denser; the integration in W’ is extended over the*field between o’, and o’.. 
If such a construction is possible the assertion is proved. Indeed the 
left-hand side of (2.1) is equal to C while the right-hand side is not less 
than the capacity ©” of the symmetrized condenser. 
As to the construction of v we consider the level surfaces o of u defined 
by the equation A 


H 
(2. 2) u=); OSAK<1. k 


Since u is harmonic we have 0 < u < 1 in the field between oo and o,. Thus © 
the level surfaces (2.2) are all in this field and exhaust it completely; that is, : 
through each point of the field passes a definite surface (2.2). Observe that 
og contains sa in its interior if B > «. Let o’ı be the surface arising from | 
ox by the symmetrization in question. Through each point of the field between, | 
oo and 0’, passes a definite surface o’,; an easy geometric consideration = 
firms that o'g contains o'a if og contains og. Now we define y” = v by “ traus- 
planting the parameter,” that is, we ascribe to y” = v the value À at each point 
-of the surface oa’. 

The remaining part of the proof is devoted to the verification of (2.1). 
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2, We assume that the plane e with respect to which we symmetrize 
coincides with the z, y-plane. Let 


(2. 3) z = zu (2, Y, À), IT (= 24+ +, 2m), , 


be the portions of the surface ox in the neighborhood of the points at which 
the vertical line through (x, y, 0) intersects on and suppose that 2 >22 > 2 
>: + > Zam. The number 2m =2m(z,y) of these points is finite. We 
prove that the total contribution of these 2m points to the Dirichlet integral 
W(w) is not less than the contribution of the corresponding two points of the 
symmetrized surface o’, to the integral W’(v). | | 

Denoting by yz the angle between the exterior normal vector of ey at 
(x, y, zu) and the positive z-axis we have 


(2. 4) cos yp = + {1 + (Bzu/0)? + (dau/0y)°} 4 


with the + or — sign according as nis odd or even. Now grad w is parallel 
to the exterior normal vector of ox and | grad u | = 0A/dn so that 
(2.5) (GA/8n) cos yp = 8X/02y. 


Here (—1)"70\/dz, > 0. Hence the contribution of the y-th point to | 
W (u) will be | 
& 
(2.6) (8x/ôn \ de dy = == (0/0n)?da dy | day | 

== (cos ya)” (GA /Ozp) de dy | 0zp/0r | dr 

_1 + Sth I + (02,/0y)? dx dy aA, 
‘| 924/02 | 
where dA > 0, from which we conclude that the total contribution is 
a m 1'4 (0/07)? + (deu/öy):® 
(2.7) dx dy and DW 
The corresponding quantity for the symmetrized domain can be obtained 

from this result by substituting m == 1 and replacing z, and — 2, by 
(2.8) $ (21 — 22 + Za — Z4 + roms — Zam). 
We find 


4+ ( > (— 1) *6zy/dx)? + ( > (— 1)#'02,/0y)? 
(29) dray a a 


$ (— 1)#-192,/0À 
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Our assertion follows from the elementary inequality 


M M 
| 4+ (Dd pp)? + (Ag) 
(2. 10) ee 


M 
1 Tu , 
u= S ry 
wat 
where pp, Qu, Tp are arbitrary real numbers, ra > 0, M22. This inequality 
is a simple consequence of the inequalities of Cauchy and nme since 


(2.11) = Street Y 2 ru { > (1+ py? + qu?) #}? 
and 


M M M M 
(2.32) 3 (1+ re Hate (CSI) (Ep + Zn 


In our case M == 2m = 2 so that ( S 1)2= = 4, There is equality in (2.10) 
u=1 


only for M == ©, Pi == Pe; Gi = Go, Ti = To 


3. Schwarz symmetrization. We now prove that the capacity of a con- 
denser is diminished (or remains unchanged) by applying the process of the 
‘Schwarz symmetrization. Let the z-axis be the axis of the symmetrization. 
We retain the notations u, ox introduced in Sectiong2 and define o'a, v in the 
same way as in Section 2 replacing only the Steiner ‘symmetrization by the 
Schwarz symmetrization. 


1. We denote the area of the cross-section of op corresponding to a 
certain value of æ by A = A (z, à). For the sake of simplicity we assume that 
this cross-section is bounded by a single closed-curve which will be denoted by 
S = 8(2,A). 

We first compare s(z, À) and s(x + de, A). Let (yuy, uz) be the normal 
vector of s(x, à) at (x,y,z) the end-point of which is on the projection of 
s(x + dæ, À) onto the plane of s(x, À). Then | 


ua + dx, y + quy, z + qua) =A, 


(3.1) Wirt? + u?) = 0, q= — te (tty? + ue?) da, 
so that 


Ge) | I41= J, = Ur | (Uy? + Ue”) ds 
: &(a@,A)} 


where ds denotes the arc element of s(x, À). 
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On the other hand let (u, ue) be the normal vector of s{x, À) at 
(2, 4,2) with end-point on s(m À + dr), dr > 0. Then 


so that | 
(3. 4) Ant BR as 
SIDA) 


2. Let us consider the ring-shaped domain between op and ouar, dA > 0, 
which is cut off by the two symmetrizing planes through (x,0,0) and 
(x + dz, 0,0). We prove as in Section 2 that the contribution of this domain 
to W (u) is not less than the contribution of the corresponding part of the 
symmetrized domain to W (v). 

Let (z,y,2) be an arbitrary point of ox, that is u(x, y, z} =A. Then 


(3.5) | 02/97 — Up/Uz, z/ðy = — Uy /Uz, 02/01 = 1/uz 


and so from (2.6) we obtain the contribution 


(3.6) da dA f Pen D: PA nue | dy | 


the integration being extended over AR A). But if w and À are fixed, 
Tue), hence 


i 


(3.7) 2 Lu?) ds 





and (3.6) becomes 


(3.8) dzd f (0a? + u? + u) (u? + ur) Hs 
SÍRA) 


3. The.geometrie condition defining the symmetrized surface o’, can be 
expressed in the form A (x, A) =r(y?+ 2") and this oguazon defines ‘the 
symmetrized function À = v(x, y,z). The intersection of o’, with the plane 
through (x, 0,0) perpendicular to the z-axis is a circle with area A. We 
find easily that 


(3.9) ty =— Az/Ax Vy == Bry / Åz Ve = BrZ/ ÅN 
and so the corresponding contribution to (3.8) will be 


(3.10) am + 22) Ay} {4° (y + 22) Ar} Amr Ar) 
= dedı (As? + mA) Ar”. 
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Thus we have to prove that 

(3.11) (4a? + 4A) Ay? S Í. + wur) (nt + u?) Hd. 
We use (3.2) and (3.4). By Schwarz’s inequality 

(3. 12) AS Ar St + us?) ds, 


and by the isoperimetric property of the circle: 


(3.13) AZ ( ds)? < Ay f (ty? + uz?) ds. 
«/ 8(2,A) 8(æ,À) 


Hence 


(3.14) Aa? + 4rd Ay f (us? + uy? Lu) (u? + We?) “Ads, 
8(æ,À) 
which agrees with the inequality (3.11). 


4. It is instructive to compare the proofs given in Section 2 and in this 
section with the proof suggested by Faber [5] that the capacity is diminished 
or remains unchanged by the third kind of symmetrization defined in the 
Introduction. This symmetrization replaces the level surface oa (u = À) by a 
sphere o’ı of equal volume (with a fixed center® and the “symmetrized ” 
function v is defined as v==A on o’x Let us denote by V = V(A) and 
E = R(X) the volume and the radius of this sphere, respectively. 

We compare the contribution of the shell between ox and oman, dA > 0, 
to the integral W (u) with the corresponding contribution of the spherical 
shell between o’, and o’xax to W’(v). Since the piece of the normal of the 
surface ox between on and onar is | grad u |-'dd we find for the corresponding 
part of Wu) 


(3.15) ff | grad u |? | grad u |dAdo = dà f f | grad u | de 
a7 TK 


where do is the area element of op. 
For the symmetrized function v we find 


(3.16) | grad v | = dd/dR = {R'(1)}* = 3{R(A)} AV A){V’(A)} > 
and so the corresponding contribution is 


(3.17) GA: B{B(A) FV (A) {V7 (A) E: {RQ}. 


INEQUALITIES FOR THE CAPACITY OF A CONDENSER. 11 


Thus we have to prove that 


(3. 18) f | f | grad u | do > (36r) {V (a) {VX}. 


But by Schwarz’s inequality and by the isoperimetric property of the 
pher 


sphere 
(3.19) f J eaula f Sau an f f do)? 
TA or ’ FA 
2 (367) {V (A) 77. 


The second integral on the left-hand side is V’(A). This proves the assertion. 


4. The two-dimensional case. In this section we deal with “ two- 
dimensional condensers ” bounded by closed curves s, and sı, Sọ interior to s1. 
We shall be concerned in particular with the statements formulated in 1.4 
concerning rp, 7, C, and A. | 


1. The “two-dimensional capacity” or, shorter, capacity of a two- 
dimensional condenser bounded by s, and s, can be defined as the minimum of 


| (4.1) (an) ff | grad y l?dady 


the integration being extefided over the set of points between sọ and s,; here 
# is an arbitrary function with continuous derivatives defined in the domain 
of integration and satisfying the conditions: y = 0 on so, ÿ = 1 on s. This 
capacity differs from the “ three-dimensional ” capacity of the ring-shaped 
disk bounded bv s, and s,. It is the double of the “ capacity per unit height ” 
of a condenser formed by two infinite cylinders; it is related to the concept 
of the logarithmic potential. 


The capacity of a- two-dimensional condenser diminishes (or remains 
unchanged) by symmetrization with respect to a straight line in the plane 
of the condenser. 


The proof follows exactly the same line as in Section 2. 


2. Let s be a closed curve in a plane, P a fixed point in the interior of s. 
The inner radius rp of s with respect to P can be defined as the radius of the 
uniquely determined circle around P such that the interior of s canbe 
mapped conformally onto the, interior of this circle preserving the point P 
and the line-element (i.e. the magnitude and direction of the line-element) 
at P. 
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If we introduce complex numbers z = x + ty in the plane of s and com- 
plex numbers w in the plane of the circle and if P is the point z = w = 0 
this mapping can be represented in the form: 


(4.2) w == (2) =2+ caz? + ou +", |Jw|<r, 


where ġ(z) is a power series in 2. 

Before we discuss the effect of the symmetrization on the inner radius rp 
let us consider another formulation of’the previous definition. We denote by 
G = G(x, y) the Green’s function of the interior of s with ee to the point 
P(0,0) defined by the following properties: 

(i) G is harmonic in the interior of's except at P; 
(ii) G=0 ons; 
(iii) G=log(1/r) +g 
where r is the distance from P and g == g(x,y) is regular-harmonic'in the 
interior of s. Then for the inner radius rp of s with respect to P we obtain 


(4.3) log rp = g (0, 0). 
Indeed, using the notation (4.2), we have 


(4. 4) G(x, y) =log(re/| $(2) |}. 


The definition (4.3) has the advantage that it can be extended without 
difficulty to the three-dimensional case (in which conformal mapping is not 
possible in general). See Szegö 20, p. 587. We now prove the following 
theorem : 


The inner radius rp of the curve s with respect to an interior point P is 
not decreased by symmetrizing s with respect to a straight line in its plane. 


A similar theorem holds in space (cf. Szegö 20). 
For the proof let us consider the level curve G=log(rp/n) or | $(2)| 
== Where 7 > 0, 7—>0. This level curve obviously lies in the circular ring 


(4.5) | n— m? < |z| <n + an? 


where a is a certain positive constant independent of n. Now let the constant 
w be fixed, o >a. If 8 is a sufficiently small positive number and 


(4. 6) Fee, Fit 


we 


ee 
ee mt ' 
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we have 
(4. 7) 7 + an? < 5 < n” — any”. 
This ‘means that the circle |z2|—=® is between the two ‘level curves 


G = log(rr/n) and G = log(rp/y”). 
But the two-dimensional condenser bounded by, the curve s and the level 
curve G==log(rp/y) has the capacity ? 


(4. 8) | {log (p/m) JT. 

Hence the condenser bounded by s and the circle | z | = has a capacity which 
is between the quantities {log (1rp/n’)}-* and {log (rp/7”) }* and so has the form 
(4. 9) _ (log (7p/8) + 0(8) J= 


where 5-10(8) is bounded as 8 — 0. | 

‘After these preliminaries we symmetrize the curve s with respect to a 
straight line through P. If the resulting curve s has the inner radius r’p 
with respect to the same point P we find, since the circle |z |= 8 is not 
changed by the symmetrization in question, that 


(4.10) {log(rr/8) + O (8) }* = Llog(rr/d) + O(8) }2 
and so rpe = r’p which is the assertion. 


3. The outer radius F of the curve s can be defined as the radius of the 
uniquely determined circle Snio the extérior of which the exterior of s can be 
mapped conformally so that the point at infinity and the line element in it 
are preserved. 

If we introduce complex numbers z=r-+-iy in the plane of s and 
complex numbers w in the plane of the cirele this mapping can be represented 
in the form 


(4.11) w= x(2) =z + eo + a” + ezr? tess Iwl >F, 


A definition of F in terms of Green’s function is again possible. Moreover | 
the outer radius is identical with the transfinite diameter of s [15]. 

Let us consider a condenser with s as interior curve and with a large 
circle of radius R as exterior curve. Then the capacity will be approximately 
lef. 15, p. 8] 


* This is (2m) times the flux integral of the harmonie function {log (rp/9) Ye 
extended over an arbitrary closed curve inside s and containing the level curve 
G = log (r,/7) , 
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(4.12) {log (B/F) y>. 

From tbis it follows as above that the outer radius of the curve s decreases 
(or remains unchanged) by symmetrizing s with respect to a straight line in 
the plane of s. 


4. We consider a cylindrical solid the base of which is bounded by a 
curve s; the generators may or may not be perpendicular to the bases. Ap- 
plying the Schwarz symmetrization with an axis perpendicular to the bases . 
of the solid we obtain the following remarkable theorem : 


The capacity of a cylindrical solid is never less than the capacity of a 
right circular cylinder whose base has the same area as that of the given solid. 


(The right circular cone has an analogous extremal property.) 


In the limiting case in which the height of the cylinder becomes 0 we 
obtain the statement of 1.4 concerning the capacity of a disk. Since the 
capacity of a circular disk with radius 1 is 2/r [see (8.10)] we obtain the 
second inequality in (1.2). 


5. Finally let us consider again the integral (4.1) extended over the 
interior of a given curve s. The minimum of this integral under the boundary 
condition y = 0 on s and the additional condition 


(4, 13) f f ydady =g 


furnishes a constant which can be called the fundamental frequency A of the 
disk bounded by s. In discussing the effect of symmetrization on the funda- 
mental frequency of a disk the same argument can be followed as in the case 
of the capacity. If the original function u satisfies the condition u == 0 on s 
the same will hold for the “symmetrized function” v on the symmetrized 
curve s. The normalizing condition (4.13) will also be preserved. This 
yields the assertion announced in 1. 4 concerning A. 
The analogous theorem in space is also true. 


5. Proof of the inequalities (1.4). 1. Let o, be a closed convex surface, 
co, the outer parallel surface at the distance h, h > 0. We denote by Cr = C 
the capacity of the condenser determined by o, and o First we establish the 
lower bound for C given in (1. 4). 

This can be easily done by means of the minimum property of the integral 
(1.1). In order to perform the integration (1.1) over the field in the present 


Zr 
>» 


a me en a 


en os 
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case we first integrate along the normals of oo and then over To- Let us denote 
by ðy/ðk the derivative of y in the direction of a fixed normal of oo, OSkSh. 


Then . | ; 
R h 
(bi f | grad y |? dk > f (öy/0k)® dk 
Ö ` 0 
and so, bY Schwarz’s inequality, 
k h j 
(5.2) il f (0y/0k) dk}? = h f (ay /3k)? dk; 
0 0 
hence | = 
(5.3) f ‘| grad y |? de Zh. 
0 


This yields the lower bound in (1. 4). 


9. The proof of the upper pound for C given in (1. 4) requires a deeper 
analysis. «If ulh; & Y z) = u(h; P) is the function harmonic in the field 
between co and o1 for which u == 0 OD oa and u = 1 On on We have 


(5.4) | | Cr = f f (du/ön) de 


the integration being extended over an arbitrary closed surface in the field 
containing oo (M the exterior normal). We show first that Cr, 38 2 function 


+ 


of h, possesses a left-hand derivative (d/dh) Cn and that 


(5.5) (a/dh) 0 = — ET f f (u/0n)*de. 


3, Let g= 9 y,2) =9 (P) be the function harmonic in the field 
satisfying the conditions 


(5.6) yo _ men 

j g == du/on (n the interior normal) on Si 
The flux-integral 

(5.7) des — f f (ag/ôn)de 


extended over à closed surface in the field gurrounding où (n the exterior 
normal) is then independent of the choice of this surface. 
We introduce +he function 


A (5.8) 222 = 40) 


BT "68 (P)+ Cytye{u(h; P)—1)} —(On/Cr-e) ulh—e; P) 





\ 
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where e> 0. Let P(x,y,2) be an arbitrary point on g, and let PQ be an 
interior normal-vector of c, of length e so that Q is on the parallel surface o’, 
at distance h — e from gy. Then at Q we have 


(5.9) (0) = u(h; Q) — g (Q) + Ortyelu(h; Q) — 1} — Or/One 
== (hk; P) + Dea + Ontye{u(h; P) —1} 
— Cn/ One + O(E) = 1— Cr/Cne + Ol?) 


(n the interior normal). On the other hand if (2, y,2) is on o, then 
(5. 10) ih = —- On tye. 


Finally for the flux-integral we have 
(5.11) ff (dü/dn) do == rOn — 4arye + Crotye + Ar — Arlı == 0. 


But such a function & must assume on g’, its maximum and minimum 
in the ring-shaped domain between o, and o’;. Indeed op is a level surface. 
Hence if à would attain its maximum (minimum) on o, we should have 
ðü/ðn = 0 (= 0) (n the exterior normal). This together with (5.11) would 
_ imply that 0%/én == 0 which is impossible. 
Hence | 


(5.12) 1— Cy/One— ae < — Ontye <1 — Ch/ Cre + ae 


where a is a positive constant independent of «.g From this we conclude that 


(5.13) ee Ce. 


€-—>4-0 € 


It is possible to express y in terms of u; for this purpose we apply Green’s 
formula: | 


(5.14) J. J (9 (8u/On)—u(8g/8n) }do 
+f J (g(Gu/n)—u(ag/on)) do = 0 


where tho nurmul is directed into the interior of the field. The first integral 
vanishes and so 


(5.15) ffs Q@u/ony#a = ff nids esse: 


Combining (5.15) with (5.13) we obtain the fundamental formula (5.5). _S 


+ 
mn * 
A 
"m 
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4, Let Ar denote the area of the surface e By using Schwarz’s in- 
equality we conclude from (5.4) and (5.5) that 


(5.16) (HG)? S f f (du/an)?do Í. f de = —AwAy(d/dh) Cr 


or 
(5.17) (d/dh) (Cr?) Z rAr”. 


Integrating we obtain, since im Cyt — 0 as À — + 0, 


k 
(5.18) Or Z 4r f Ay idk. 
0 


In the limiting case where c, is a sphere with infinitely large radius this 
inequality was obtained by Szegö [21, p. 423]. The method used in the 
present proof is very similar to that used in the special case mentioned. 


5. Let A and M have the same meanings as in (1.4). It is well known 
[ef. for instance Szegö 21, p. 424, (11), (12)] that 


(5. 19) Az = A -- 2Mk + 4rk? = A*(A + Mk)’; 
therefore 
R 
... 18.20) | f (A + Mk)-dk = Anh (A + Mh) 
en : 
$ 


and this establishes the upper estimate of C given in (1.4). 


6. Also we have, more precisely, 


h 
- (5.21) GE 4r f (A + 2Mk + Ark?)-1dk. 
FE] x 
Performing the integration 


(5.22) Gy? = 2% lo (Ho a N 


ee Spa ‘ er —_ ; -2\% 
= yar El (TE a) aE Anh it), men 


7. Finally we point out the inequalities corresponding to (1.4) in the 
two-dimensional case where the capaeity is associated with the theory of the 
logarithmic potential. 

Let s, be a closed conver curve in the plane and s, an arbitrary outer 
curve parallel to so We denote by C the capacity (defined in 4.1) of the 
two-dimensional condenser bounded by s and sı. If Lo is the length of so 
and L, the length of s, we have 


2 
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(5: 23) (Li Lo —1)* < 0 < (log(Z1/Lo) )* 


unless s, is a circle. 
The proof follows exactly the same line of argument as in the case of the 
Newtonian potential. ; 


6. Capacity of an ellipsoid. 1. Let a, b, c be the semi-axes of an 
ellipsoid and suppose that | | 


(6.1) a>db>c>0. 


Let a, 8, y be the numerical excentricities of the principal sections, each 
section being perpendicular to the respective axis: 


(6.2) g? = 1 —- cf, P=l—c/a, y = 1—0b°/a. 


We denote the capacity of this ellipsoid by C == C (a, b, c). 
The following representations of C are well known [cf. for instance E. 
Heine 6, p. 156]: 


(6. 3) (a (dn) ff (We + ty + et) Hd 
(6. 4) = (1/2) [cas tu) (BE + u) (+ u) du, 


The first integral is extended over the unit sphege +? + £°—1 with the 
surface element do. | | 


2. Two further representations of Ct in the form of infinite series can 
easily be obtained from (6.4). Straight-forward caleulation yields 


Cm (Ra)? SOLAH GE H u) (19 + u) du 


| oO oO CO 

(6. 5) = a) È $ gpp [+ Werd 
i u=0 p=0 6 

where we use the abbreviation 


1-3: = (2m—1) 


2.4... -Im 2 (m == 1,2, 3,--.-). 


(6. 6) Jo—=1; in 
Thus we have the following formula: 


i 00 2,2, 
6.7 Ca I l 
en = Zaun) Fi 
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| oO LOS Er) 
m 
nn) n=0 2n +1 +1 = ( 2By 





where P,(t) is Legendre’s polynomial. 


The second formula results from 
00 
C~ — (2ab) *c f {1 4- u) (1 -+ u— au) (1 + w-— Bu) y du 
GQ 
i X 06 se 
— (2ab)"te > > Guga tB? Í (1 + u)$/2a-vunv qu 
u=0 v=0 9 








6.9 | = -1 S = Yu v dep. 
(6.9) (ab) 2 » Se Es 

£ 1. AB)". i fa? +. B? 
(6.10) = (ab) te SES P, ( z ). 


Here g, has the same meaning as in (6.6). 


7. Continuation. The following inequalities are known for the capacity 
of an ellipsoid [Pölya, Szegö 11; cf. also Szegö 22 and Watson 23]: 


i a+ b? +. ¢67\% . 
ICES uC} F ed) = < (abe)* S05 (TS 3 *) 


® = be/a + BR; + ab/c 
— 3 * 


(7.1) 


We observe that the inequality (abe)* = C is equivalent to the special case 
of the theorem of Poincare-Faber-Szegö mentioned in 1.3 in which o, is an 
ellipsoid and c, a large sphere. 

Here we prove the more precise inequalities (1.7). 


1. We begin with a proof for the upper bound of C. Taking (6.8) into 


account we can write the inequality in the following form: 





a Sr, (FEY) su + ae + ae. 


n=0 en + 1 2ßBy 
This is equivalent to the inequality: 
u 
(7.3) Sr PO 2 3(1 + 4% + B%)+ 
where 
ca 7? A A 
| A =1—h{t + (#—1)%}, B—1—h{t— (#2 —1)%}. 
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Instead of (7.3) we prove the following nn result: 


h azo 


(1.5) Fi È eng Pat) = A ows + any Ba) 
or ; 
(7.6) Simp, (t) Z —3h(1 L Ar 4 B4)-2( 440A /oh + B-49B/0h) 


+ 8(1+ 4% L pa), 
The left-hand side is wo 


(7.7) (1 —2ht +R) = (AB), 


Since h@A/dh == 4 — 1, h9B/0h -=B — 1 the inequality (7.6) may be written 
as follows: 


(7.8) (AB)HE 3(1 + A + BR) (14 A% 4 BH) 
or 
(7.9) (1+ A% + B4)? > 3(A4B4 + 4% + B%), 


This is equivalent to 
(7.10) (AR — B%)? > — (1— 4%) (1 — Be), 


2. The proof for the lower bound follows a similar line but the details 
are more complicated. We prove that 


(8y)" B° + y? 
(7.11) Er, TER ) 


SHAB P)AH (1— 68) ¥ 4 (1— y4) 


or, in the previous notation, 





(7.12) prua T - 


Here again we prove more, namely the inequality 


P,(t) S 3(44B% + A% 4. ph), 


(7.13) 25 sg Pn u(t) < si {3% (AHB 4. A% 4. BA), 


n=0 
Using the previous calculations we can write (7.13) in the form 
(AB) -+ S 3(A4B4 + 4% + BA) 
— 96 (ABH 4 A% + B%)-2 
X {AFBA(A — 1) + A4B%(B— 1) 
TA%(A—1) + B%(B—1)}, 


+ 
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or 
2(AB)4(A4B4 + A^ + BR)? = 6(AB)4(A4B4 + 44 + B%) 
(7.14) — 3(AB)%{A-%*B4(A — 1) + A4B4(B— 1) 
+ A4-4(4—1) + B-4(B—1)}. 
Letting A%==r, B% == s, this inequality is equivalent to the statement 
that the polynomial of the seventh degree in r and s 


(7.15) f(r, 8) = B (rts! Hr tr hs r + sè) — Bre (rs +r H s)” 
is non-negative for OSrS1, OSs=1. We give two proofs of this 
assertion. | 


3. First proof. We have 


(7.16) frs) = 2(r? — 82) (r—s) + 875 — s) (r — s) 
+ rs(r — s}? + 2rs(r + s) (1—rs)? 
FACE Tee res Este rs") 
+ 2 (rt + 8° + Gris? + Srist — 185°). 


The expressions in the last two rows are non-negative since 


(7.17) (73) % (38) % (rts A (735%) = 7257, (75) (59) (rts) 8 (rss) = 7858, 





Second proof. We show that f(r,s) attains its minimum in the square 
for r==s==0 and for r= @s = 1, this minimum being 0. 
Since for O=rSl | 


Kr) == 6(r? tr 4 18) — Dré(r + 2)? 


(7.18) = 21° (r —1)*(3r? + ör + 8) Z 0, 


f(r, 0) = 3(r# + 73) 20 


. it is sufficient to show that f(r,s) can not attain a relative minimum at an 


interior point of the square not on the diagonal r—s.° Now 
| fr(r,s) = 12r°s? + 9r?s* + 12r? + 97? 
(7.19) -—Rs(rss+r+s)’—Ars(rs-r4+s)(1+8s), 
fs(r,s) = 121853 + 9s?rt + 125? + 9s? 
—-2r(rs Hr + s)?—4rs(rs + r-+s)(1+7) 
and so 
(7. 20) ein) — hns) m E EE EEE EE ET, 
+2(rs + r +s)? + 4rs(rs +r +s) > 0 


ace 


A i 
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provided 0Ær<s<1or 0&s<r i1. For such values of r and s the 
two derivatives f, (r,s) and fs(r,s) can not vanish simultaneously. 


4. The following parametric representation is due to Watson [28]: 
(7.21) O = asno/o, c == ache, b = adno 


where sno, cnw, dno are the Jacobian élliptic functions, 0 S e = K, and the 
modulus 


(7. 22) k == ( (a? — 5?) /{a? — c?))*. 
Thus the main inequalities (1.7) can be written as follows: 


(7.23) 4 (enodno)% + (cnw)* + (dno)%} S sno/w.S #(1 + enw + dno), 


SoS K. 


5. The last inequality in (1.7) follows easily by use of the representation 


(7. 24) M = f fe + ve PL) *do 


where the integration is extended over the unit sphere (é, y, €) with the surface 
element dw. Indeed 


(7.25) aE + By? Fel? S (WE + Dy? HERE + n° + E)# 
= (a?£? + bn? + c?£?) : 


integration over the unit sphere yields the desired inequality. 


8. Ellipsoids of revolution. 1. Prolate spheroid. We have b — 0, 
g = 0, ß=y so that according to a classical formula 


(8.1) A == Rrab( (1 — 8°)” + BF arc sin £); 
on the other hand from (6. 8) 
(3.2) O- = a (28)* log E 


and b/a = (1-— 8°)” so that 
(8.3) (Ba/C)? = A/(4rC?) 


= (28)? (1— PVB =p") + are sin 8) (10g EE V (A), 
Now let 





a mt BAR 


1 © TE =: 
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oO : 

(8. 4) f(s) == S Cont", Co = G Cy -= Ca e 0. Co E 47/945. 
n=0 

We prove that the coefficients cs, Cro, C12,° © © are negative. 


The only singularities of the even function f(z) in the finite part of the 
complex plane are +1. We have 


(8.5) Con == Gris f f (zje dr 


where the path of the integration consists of the following parts: 
(a) a “small” circle | z— 1 | = e enclosing + 1 in the negative sense; 


(b) two straight lines joining z = 1 + e and z = w along the upper and 
lower border of the positive real axis; 


(c) the “large” semicircle | z | = in the upper half plane; 


(d) the curves corresponding to (a), (b), (c) obtained by the trans- 
formation 2’ = — 4, 


The contributions of the circles tend to 0 as e— 0, o— œ provided 
n= 1i. Now for 1 <2< + om 


(8.6) f(z) = (22)? ei(et—1)% 
x (tragt (2—1) ) (tog EEE a ie Y 





where the upper and lower sign corresponds to the upper and lower border. 
Here (z°-—1)* and the two logarithms are positive. 
Hence for n = 1, 2, 3,- 


oo | 2 
(8.7) m fr 198 À (tog IV 
t =, à 


+ 4 log ti (2(2—1 1) 2— log D 2)) grid 


Let us write 





Sa a O Lu < + w,. 





2 

2 
(8.8) À og SEE — at (10g SET)" Her 1% alogla + (2 —1)) 
=u— ut + 4 coth(u/2) (sinh (u/2) )""— 4 log coth (u/4) = (u). | 
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Obviously lim d(u) = lim p(u) = + œ. Furthermore 
4>+0 U—>+00 
(8.9) (sinh(u/2))’ (u) == (sinh(w/2))? + ru(u sinh(u/2))$ — 4 


is increasing from — 4 to + œ. Hence the function ¢(u) is first decreasing 
and then increasing. Since © = C4 = 0 it can not remain always positive; 
thus it must change sign exactly twice. But according to a theorem of 
L. Fejér [cf. Pólya and Szegö 14, vol. 2, pp. 50-51, problem 81] the sequence 
Coy Cas Cg, Cg, Cin,” © ~ cam not contain more than two vanishing terms, or sign 
changes. Since cz = c, == 0 and cs < 0 all following terms must be negative. 

At the same time we see that the coefficients of the power series expansion 
of C/Ra are all positive. 


2. Oblate spheroid. In this case a = b, a== B, y = 0 and 





feet ea ER 
cu {4 a (ey (28+ a — e log AEE), 
| C1 => "18"? axe sin 8 
so that 
(8.11) (Ra/C)? = A/(4rC?) 
— 2(28) 128 + (1— $°) log 2-8) (are sin 8)? = f.(8). 


isp 
Let i 





OO 
(8.12) Aa) =D Can”, Co = 1, Cs == 6% == 0, c'e = 4/9486. 
n=0 


We prove that the coefficients C's, Cio, C’12,° © * are positive. 
With the same path of integration as in (8.5) we have 


(8. 13) C'on == (rt) f fi(z)z ide. 
Now for 1 <2< +o 





(8.14) f1(2) = 2(Re) (22 + (1— 2) log + Selle) 


X (2/2 lt à log (z + (22 —1)%))? 


on the.upper and lower border, respectively. Hence 





Z — Í 


+ Ge) (98/4 — (ogle + (2 —1)%))?) } reaz, 


(8.15) en f° 4 (224 0) log ZE) tog (2 + (18 
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We write 
z= cosh u, (2—1)#—sinhu, log(z + (z?—1)#) =u, 0 <u <- 
2__ IN _ ee, -2 2 __1\18\\— 
(8.16) À 2(#@—1)*—log 25 —(#/4) (log(z + (2 —1)#))2 


+ log (2 4-(2*—1)") 
== 2 cosh u (sinh u)? — 2 log coth (u/2)—*/(4u) + u = dı (u) 


Again lim d (uU) = lim ¢:(u) = + œ and 
u>+0 UPI 
(8.17) (sinh w)*’,(u) == (stnh w)* + (2°/4)u(u™ sinh u)?’ — 4. 


‘Thus we conclude as in the other case that ¢,(u) changes its sign exactly twice. 
The rest of the argument is the same as before. 


9. Landen’s transformation. By means of Landen’s transformation we 
can define certain transformations of a given ellipsoid into another ellipsoid 
which preserve the capacity C. 


1. Let 
(9.1) a, b,¢; @,ß,y 
have the same meaning as in Section 6 and let 
(9. 2) RE ee Amy 


be the corresponding quantities for another ellipsoid. Substituting'in (6. 4) 


(9. 3) u + a? = 67a? (sin d)~? 

„we obtain 

(9. 4) o= (Bay f° (1 — (By)? sin? 6}-#dg 
where 

(9. 5) B=sn®, VSd< 7/2. 


This is an elliptic integral of the first kind with modulus (7.22). According 
to Landen’s transformation * it is equal to 


¥ 
€ (86) 2(8) (14 e y) | {1 — 4877 (1 + BY) sin? y} Hay 


*See C. Jordan, Cours d’ Analyse, 3rd Edition, Paris, 1913, vol. 2, pp. 117-118. 
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where the following relation holds: 
(9.7) sin(2y —- ©) = By sin ® = y. 


We can identify the expression (9. 6) with the reciprocal capacity of a 
second ellipsoid to which the quantities (9.2) correspond provided 


(9.8)  2ela(B-+y), pa sin¥, ety 2(By)*(B +7)” 


>, In order to find an explicit representation of 1, m,n in terms of a, b, ¢ 
we set 


(9.9) B ein A y = Se 0 D u<afR, 

so that from (9.5) and (9.7) 

(9.10) du, Y—(u+v)/2. 

Consequently in view of (9, 8) 

(9.11) p==sin((u+ v)/2), y = (sin u sin v)#{cos((u— 0) /2) }>. 
Now from the first equation in (9.8) | 

(9.12) | Cr) 


and 


' m = U1 —v?2)% = a cos( (u + v) /®), 
m) { nn UE ha cos (lu -— 0}/2) cos ((u + v}/2). 


To sum np we have found: 


b= a cos v, C= Q COS t, 
'9.14) | l = a cos{ (u—v)/R), m =a cos (u + v)/R); 
n = a COS ({ (u — v}/2)eos((u Lr)/2). | 


‘hus the following representation of our transformation arises : 


FA (a+ b)%(a+ 0)* + (a—b)#(a—c)#, 
15) 1” (a+b) #(a + 0)%— (a—b)4(a— o)*, 
On = b+. | 
3. From (9.14) and from (9.15) we conclude that 
.16) | | l<a, m<b, n>6 | 


less b = ¢ in which case 1= a, m = b, n= c. “Repeated application of th 
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transformation (9.15) leads to a sequence of ellipsoids with the same capacity 
~ C to which the quantities 


(91 o am bm Cr; an Byn + 


correspond; (9.17) is identical with (9.1) for h= 0 and with (9.2) for 
h== 1. Since the sequences {ar} and {ba} are decreasing and the sequence 
{cr} is increasing the limits 
(9. 18) lim ay = a*, lim br = b*, lim Cr == c* 

A000 


h->00 hco 
exist. 


Obviously a Z a* = b* =ce*=c. We prove that b* = c*, that is the 
limiting case is always a prolate ellipsoid of revolution. Indeed let 0 < y < £ 
<1; from the third equation in (9.8) we have 1 > n'y > (B-1y)# so that 


(9. 19) | 1 > Brin > (By). 


This yields lim 6;y, = 1, and shows the rapidity of the convergence. 
hco 


From (9.15) it is obvious that if the initial ellipsoid is an oblate spheroid 
the same will be true of all the ellipsoids of the sequence derived from it. 
In this case the limiting ellipsoid is a sphere and our process reduces to a 
well known algorithm for the computation of the are sin function [cf. (8.10) ]. 
Prolate spheroids remain unchanged under the transformation (9.15). 
Finally, based on Wagon’s formulas (7.21) and by the use of the 
4 Jacobian elliptie functions, the following representation of the limits (9.18) 
can be obtained: | 


(9.20) aë = 2C0/(2K’) coth (+/ (2K') ), b* = c* = 0 /(2R"){sinh(r/(2K’))}"; 


here K’ is the complete elliptic integral of the first kind associated’ with’ the 
complementary modulus . 


(9.21) ki’ == ((b* — 0?) / (a? — c?) )*. 
4, An interesting property of the transformation (9.15) is the following: 


The transformation (9.15) diminishes the sum and increases the produci 
of the semi-azes, the only exception being the case of a prolate spheroid. 


Using (9.14) we have indeed 


~ ' 
` 
» 


+ cos( (u + v)/2)cos((u—v)/2), 


1 + cos u + cos v = cos( oan v)/2)-+ cos((u—v) /2) 
| cos u cos v SS {cos ( (u + v)/2)cos( (u—v) /2) }? 
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with equality only for u = v. 
In view of this remark the proof of the inequalities 


e (abe) SC<a+b+e) 


could be reduced to the special case of a prolate ellipsoid of revolution. A less 
simple argument shows that the quantity (be) + (ca) + (ab)* is in- 
creased by the transformation (9.15). 


10. Further special cases.* 1. Let s, and s, be two closed curves in the 
æ, y-plane, s, interior to s. We consider an arbitrary continuous function y 
with piece-wise continuous derivatives defined between sp and sı, y = 0 ons 
and y = 1 on sı. The minimum y of the integral 


(10.1) (4r) Sf | grad y |*dady 


the integration being extended over the set of points between sẹ, and $s, is 
the “ capacity per unit length ” of a condenser formed by two infinite cylinders 
Sy and Sı whose orthogonal cross-section are s, and s, (Cf. Section 4.) 

We consider a condenser formed by the infinite cylinder So as “ exterior 
surface” and by a finite part of $,, obtained by intersecting the infinite 
cylinder Sı orthogonally hy two planes at a given distance 7 from each other. 
To the finite cylinder. we add the two bases so that the “interior surface ” is 
the complete boundary of a finite solid cylinder of height & The two cylinders 
have parallel generators. We denote the capacity of this condenser by Car. 

A modified form of the previous condenser arises by intersecting also the 
cylinder 8, by the planes mentioned, however without considering the bases 
of the exterior cylinder. In this case the exterior surface is a finite part of a 
cylinder (without bases) and the interior surface is, as before, the complete 
boundary of a solid cylinder. We deriote the capacity of this condenser by Cjr.’ 

Finally we may remove the bases of the interior cylinder and consider the 
condenser formed by the two finite cylindrical surfaces constructed before, 
both without the bases. Let C denote the capacity of this condenser. 

It is interesting to compare the quantities 


(10. 2) ly, Cis, Cer, C. 


We prove the following inequalities: 


4 Added November 16, 1944. 
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(10.3) ly <LO < Cr < Ci < ly + (yA/r)# 


( where A is the area of the curve so. 
First we observe that Ci; is the minimum of the integral 


(10. 4) (4r) Sf | grad © |? dadydz 


where & (a, y, 2) is an arbitrary continuous function with plece-wise continuous 
derivatives in the fieid between S, and the finite cylinder, =( on S, and 
Y — 1 on the finite cylinder. Extending the definition of % to the space 
exterior to S, where we set & = 0, we obtuin an admissible function for the 
corresponding minimum problem defining Crs- Finally, extending the defini- 
tion of any function ¥*-admissible in this latter problem to the space in the 
interior of the finite inner cylinder where we set 7* = 1, we obtain an ad- 
missible function for the minimum problem defining C. This proves the 
inequalities connecting Cuir, Crp and C. 

As to the lower bound for C we denote by %,(z,y,2) the function for 
which the minimum C is attained: 


(10. 5) C = (47)7 ffs | grad Wy |? dedydz. 


This integral will he diminished by reducing the infinite domain of integration 
to the finite domain bounde® by the given finite cylinders and the two or- 

Â thogonal planes mentioned. The integral will be further diminished by 
omitting from | grad Y, |? the term (@)/dz)* so that 


(10.6) C > (1/47) fi ff [(0%/8x)° + (OV) /dy)? |dady}dz. 


(We assume that the perpendicular cross-sections are z = 0 and z =l.) For 
each fixed value of x, 0< z<i, the function %,(x,y,2) is an admissible 
function for the minimum problem (10.1) so that the interior integral is 
not less than 4ry. From this the assertion follows. 


In order to prove the upper bound for Cir, let (x, y) denote the function 
for which the minimum of (10.1) is attained. We define yo(z, y) = 1 in 
the interior of s,. If A(z) is an arbitrary continuous function of z satisfying 

< ‘the conditions 





h(2)=1 for 0S25 1, 
lim h{z) = 0, 


L~PEM 
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the function Yu(z,y)h(z) will be admissible for the minimum problem de- 
fining Cir. Consequently 


Ost < (1/4) LCF S [Ovo/00)* + (Oyo/ay)*]dedy) (he) Pde 
+ (1/4) [SS yotdady) (0 (2)) Ae 


In the first integral with respect to x and y we integrate only in the ring- 
shaped domain between the curves sọ and sı; this yields 4ry. The second 
integral with respect to « and y will be less than A. Hence 


(10:7) Our < y f (AG) de + (4/4) fw mya 
tr f (de (4/4) fe) 


co oo . 
+y f, AE d + (4/47) SW a) de. 
Writing, with A > 0, | | 
h(a) = 6, z = 0, 
(10. 8) h (2) = era-D, 2 
we obtain Ä 
(10.9) Cit < ly + y/A+ AX/(4r). 


The most advantageous value A is (4ry/A)*@ this furnishes the asserted 
inequality. i 


IV 


2. Of all closed curves which enclose a given area, the circle has the 
smallest outer radius (transfinite diameter).: This is the area theorem of 
Bieberbach (see Section 1). | 


Of all triangles with given area, the equilateral triangle has the smallest 
outer radıus. u 


. First, the outer radius is a continuous function of the coordinates of the 
vertices of the triangle. Tndeed, let A be a given triangle, k a positive con- 
stant. We denote by kA the triangle which arises by changing the sides of A 
in the ratio 1:%. If # is the outer radius of A, then the outer radius of kA 
is kř. Now let « be an arbitrary positive number, e < 1. If the vertices of a 
triangle A, are sufficiently near to those of A, the triangle A, can be enclosed 
between the triangles (1—e)A and (1+e)A. Hence the assertion follows. 

(The same argument shows that the outer radius of an arbitrary closed 


BEE 25. 0 > 2... L 


> Wi 
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polygon is a continuous function of the coordinates of the vertices, provided 
the polygon is convex or, more generally, star-shaped with respect to a certain 
peint.) 

Consequently, there must exist a triangle with given area and with a 
smallest outer radius. If this triangle were not equilateral at least two sides 
would be different. Symmetrizing with respect to a line perpendicular to 
the third side, the outer radius would diminish. This is a contradiction so 
that the triangle with the minimum property must be equilateral. 


Of all quadrilaterals with given area, the square has the smallest outer 
radius. 


Let ABCD be a quadrilateral with the smallest outer radius. If two 
adjacent sides were different, say AB >£ BC, we could symmetrize with respect 
to a line perpendicular to the diagonal AC, and the outer radius would 
diminish. Hence the minimum can be attained only for quadrilaterals with 
equal sides. If such a quadrilateral were not a square, symmetrizing with 
respect to a line perpendicular to a side, we could diminish the outer radius. 
Consequently, the quadrilateral with the minimum property must be a square. 


Of all tetrahedra with given volume, the regular tetrahedron has the 
smallest capacity. 


We symmetrize in thisgease with respect to a plane perpendicular to one 
of the edges. 
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ON FABER POLYNOMIALS.* 


By Issat ScHur.! 


I. Introduction.” Let 
oO 
(1). f(z) == 2+ 0 + Ge/2 + 3/2? +>- == z D arz” = 2g (1/2), ‘ao = 1 
v=0 
be a power series concerning the convergence of which no assumption is made.® 


* Received Nevember 8, 1943; Revised February 4, 1944. : 
* Died January 10, 1941, in Tel Aviv, Palestine. The Einstein Institute of Mathe- 
matics of the Hebrew University, Jerusalem, has undertaken the complete edition of 
the posthumous papers of the deceased, its honorary member since 1940. As the 
realization of this project under present conditions requires considerable time, some 
of the main results of this scientific legacy will be published in preliminary notes. 
The present note has been elaborated by Dr. M. Schiffer of the Hebrew University who 
worked over the notes left on the subject in cooperation with Professor M. Fekete, the 
general editor of the scientific legacy of the great scholar. The manuscript has‘ been 
revised in this country. _ | 
` ?Grunsky gave necessary and sufficient conditions for the coefficients of a function 
in order that it be meromorphic and univalent in a given domain D. (“ Koeffizienten- 
abschätzungen für schlicht abbildende meromorphe Funktionen,” Mathematische Zeit- 
schrift, vol. 45 (1939), pp. 29-61). If, in particular, D is the exterior of the unit circle, 
these eonditions take the form 


m m 
(i) | > PCP ly | SS | ey |, (m=1,2,...-), 
Auv=l pol 
where the c „y are defined by the formula (2) of this paper, if the function considered 
has the form (1). The identity Vu = Heyy is proved by Grunsky with the aid of 
Cauchy’s residue theorem. The late Professor Schur wanted to bring the conditions 
(i) into a more easily evaluable form and investigated, therefore, the relations between : 
the coefficients a, and the ¢,,. This paper gives the results he obtained: Another 
paper, caused by the same problem, dealing with the transformation of quadratic forms 
to principal axes will appear elsewhere. | 
$ In the formal algebra of power series, two series are called equal if corresponding 


00 
coefficients are identical. We define the sum of P{x) = Skye (a>—x) and 
: pra : 
00 oo 
Psia = 5 k* ev to be the series P(æ) + P*(o) = X (k, + k*,)aær and the product 
v=a ` v=0 | 
oo v-a 
P(æ)P*{(æ) to be $ Lav with l, == $ kpk*ņp Finally P(æ)- is the power series 
r=2a pa 
oo 
which satisfies P(x)P(æ)-1= 1], and the derivative P' (æ) of P(x) is >, vk wert, 


vad 
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We define a polynomial P„(f) in f(z) of degree m (m = 1, R,: < +) such that 
(2) Pn(f) == QUE Cons /2 + Cmaf2? + - i + Cmuf2# + - "2" + Gm(1/2), 


co 
On (£) = > Compo", 
pel 


Pa(f) is called the m-th Faber polynomial of f(z). The existence and unique- 
ness of P„(f) for m = 1 is easily shown by recursion. 


Let 
(3) GC) dae es SE a Res 
be any polynomial in f(z) of degree m. Then, writing Po(f) =1, 
| D(f) =Q(f) —dePm(f) — quPans (f) —* «> —QmPo(f) = a/a te: 


is a polynomial in f(z) the development of which with respect to z contains 
only negative powers. This being evidently impossible unless D(f) is identi- 
cally zero, we have the development 


(3°) QC) = Pa (F) Pal Hof). 
Letting 
(4) g (2)” = Ý amet (m—1,3,:.), mi 
pro 


and writing x == 1/2 we have 


f(z” Een gig (ayn com ZM + me -+ Amo”? == Fe + im -+ Am, m+1/2 + + 


whence, according to (3) and (37), 


: (5) f(z)” nn Pu(f) + GP + ee + Am,m-ıFı(f) +. AnmPo(f). 


Let dm (®) m 1 + Amit -+ nen + Cum" and Ym(T) == Am, mT u. By Sena 
—- Um,” + Ri ME Mer Then f(z)" = 2h (x) +- Wn (2) and therefore, by (2) 
and (5), 


(6) Win (2) == Gm (2) + Amı Gm- (x) +: Am, m-101 (2). 


This important identity establishes a relation between the coefficients cu 
defined in (2) and the «x, defined in (4). In fact, comparing coefficients of 
like powers of x, we have for v= 1, m 21, ` 


(7) (lm mav == Cmv Cin Cm.1,v + fmol may + En + Um,m-ıCıv» 


FR SR 
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In order to combine all these formulas in one, we introduce the infinite 
matrices 


1 0 0 
wb Ders 
À = Joa = (au u-v), Gpo == is p, -k = 0 for k = T 


(8) 


| == (Gypsy) > C sam Cag Cag °° = (cv). 


Then (7) can be expressed in the equivalent forms 
(7) B = AC, C = AB. 


With the aid of (7’) we shall give an explicit formula for the Cuy in terms of 
the coefficients a, of f(z). We shall see that each Cuy is a polynomial in the av 
with non-negative integer coefficients, and that vCuv = pCvu (Grunsky’s 
identity). This can also be shown by otber arguments * but we shall calculate 
the coefficients of these polynomials explicitly, and shall see in particular that 
Grunsky’s formula is an expression of a corresponding symmetry property of 
the polynomial coefficients. 


II. Computation of e elements of the matrix €. We define, in con- 
formity with (4), 
Où 
(£) g(s)" = 2 Bam, wt", (m = 1,2, +), -mo = 1. 
u=0 
ln particular, we have in @ p= pp the well-known Aleph-functions of 


Wronski. In order to establish relations between the a», and the ay, we 
make use of the following simple lemma : 


oO 
Lemma. Let g(x) = > ava” be an arbitrary power series. Then 
Pt) 
Lg (@)" — 2g"(x)g(x)**]x = 0 


where [u(z)]; denotes the coefficient of x* in the development of u(x) in 
powers of z. 


i The integral character of the coefficients follows immediately by induction from 
{7} since i) amp (by (1) and (4)) is a polynomial in «, with integral coeficients 
for m =I, «20; ii) Cy = ap for FE by (1) and (2). 
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The truth of the lemma is evident since 


o0 20 
giz) =È ape? and ag (0)g (2) — È (o/h) dupa 


We apply the lemma with k = p-—v, p and y (vy < ») being arbitrary positive 
integers, and obtain 


0 = [g(x)#"-— 2g (er | g(x Jr CE AI 


ae ES (5) J~- [5 > (À F v) av,at | 
Hence 


v + 1 y + 2 
(9) apr + + Op, p-v-18-v,1 + + p, p-v-2đ-v, tr = Aav pov = 0, 

















which, by (8) and (4), yields 

(10) At = (£ aar) ; av, = 0 for k= 1. 
Vv 

From (7) and (10) we obtain the formula 


i 
( 11) | Cu == = : UA -AQA Ar 
: = 


as a starting point for further calculations. 
We begin by computing &u= Pu, for wh@h we obtain the well-known 
formula 


Fa)! 
y Qg- > ` Qu?” 


(12) Dp = Dre 1) starr - .. tag (a + Xz +: 


Q l! Aal 2 "Au: 
(ar + 2a + + ++ pop =p). 


Differentiating the identity g(x) = -È >, Put À — 1 times with respect to a, 
we have | 


_, (A—1)!a4 co tp 
. en | 1e 
Hence by (4°) 

1 O19 4 
ana (=O Gay Ga 
and so by (12) 

(15) a sot > (— ya se. + 
Arp-A ar+2do+ . . . + (8-1) Gus pi 


a a en)! « 
x ( 1 + 2 ES it 1) A m AD) g, - . "pa, 


all" $ "Ona! 
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The m-th Faber polynomial P*,(f*) of f*(z) =f(z) +c is evidently 
connected with the m-th Faber polynomial P,(f) of f(z) by the relation 
P*,(f*) = Pu(f"— c) which, since P,(f* — c) = Pu(f), shows that the 
matrices O associated according to (2) and (8) with f(z) and f*(z) are the 
same and thus do not depend on a,. For our final aim, to compute the elements 
Cuv of C, we may, therefore, assume henceforth that a, = 0. The coefficients 
which correspond to this assumption will be denoted ai;,°. 

From (15) (with a, = 0) we have 


p: (A— 1+ +: +a)! 
(16) ay ete Zeigen . EN 


(Rue ++ (p—A) Apr = p — À). 
Also 
l à! 
OD aa TE TRIB Bral 
(2B +: + (+A) Bu = u + À). 
Introducing (16) and (17) into (11) we get 


Qafil Pe + : au 


u (A — ï + a) ! da aT + = @ actus 
( ) HY zw ) 2, ( ) (A—1) lag! a!l: . pA. 
r! Aafaa. E aßır 


® Seeley el Be Bam! 


where the abbreviations g == Xa + agp +t ayy, B= Bo + Bs +--+ Bray, 
A = Bas + Bag ++ (u—A)aux B = 2B + BBs +: ++ (A+ r) Baw 
have been introduced. From (18) we see that cy, has degree [4 (u + v)] (at 
most) and weight u + v. 
Let 
(19) ca — D OR.. at a, 
T-a+v 


= yp, Tip (ev) yas. 


We have now to compute the integers C44» uv From (18) and (19) 
we obtain 


a (A—1-+ <2)! 
20 + Cas) š — ys rennes 1 |" EE EP SE ee re 


Y2 yer\ #(y—i)! ¥ er os 
at eg ee BE __.1)# Tr 
À i beg yal + + ype! a, | y —— 1 Ko 
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Taking into consideration that in (20) the summation indices A, %,° °°, Qus 
are always connected by the equation À == u— A, we may transform it into 
the form 


H 
(mv) ed! 
(21) Cray, oe eo VP Ya ! Ya ! . + 6 Yus | 


A C a O 


where the summation is to be extended over all non-negative integer values 
of «;, the symbol (3) being defined in the usual way for u Z= v and as 0 for 


u <v even if u is negative. Thus we have to calculate only the expressions 


(4) sr. af Aly.. (ya fnm—1—AÀA 
Ve) Dr un = 2 ( 1) (E) ta el 


. Since (with our convention concerning ( a) the expression ( — 1 — A + *) 


y — 1 
vanishes unless a —A+oeZy, that is unless p—vy Z % + Ras -- - 
+ (u + vr—Tl)aur, we see that qu = Gay =" = Quy = 0, and so we have 

(2) er _4\afY2\...f Yay en 
(28) DER) (mr) (ETS 


where a; again takes only non-negative integer @lues and 


== Go dt" * + Que, À = 2024+ 38a, + + (u + r)a- 


III. The explicit formula for ep». The expression (23) can be summed 
successively with the aid of the following lemma. 


Lemma. Let m and n be integers, m>1,n>0. Let b) — 0 for 
b >n(m— 1) or k < 0, and let 6°) be defined for 0OZk=n(m—1) by 





1— g” \" n(m-L} 
(24) ( ) = > bc ak, 
k=0 


1 —+ 
(Thus 6) is a non-negative integer for m= 1, n Æ 0, and k arbitrary). 


Then (assuming the above convention concerning ( a) we have for arbitrary 


positive integers h and r the identities 


g 
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TE BoC) 


5e RS | 


P 


( (25) is trivially true for A > 0, r = = 0). 
We have (by the binomial theorem) 


] oe 
(26) (1— 2)” -{h+n) -S77 IHn) os 


whence 
G Ren | = a = (; ) 4 +n— i + à 
(27) my | 1) h+-n—1i 


i h -+ n-— 1 -4 r— m | 
Zr Rn ): 
On the other hand, by (24), 


i tae am) n Gor] - = [ST -1) Aim) i = ( w—1 —- >) | 
2? 
(28) (zx) p= nsp 2 kast ý 
P an Has m [h — 14r — p 
> D mp as T > bu Fe " 


por 1 


Comparing (27) and (28) we obtain (25). 


In the caseh=0,n>9, combination of (24) with (27) yields the 
additional equality . © 


(29) Sr) SET) ur. 


N — 1 


To carry out the summation in (23) we apply (25) and (29). Let 
y; (RZS a+ v) be the last non-vanishing term in yz," °°, yaw. Ii y= 2, 


then by (23) and (29) (and the convention about (3)) 


5 —1—%; 
(30) DIE -Yu > (— 1)% (7) 4 Ya 1 ) ss ET 


If j= 8 we set a = as H't H aj, A m Bas ++ je, Fr tim 
and obtain 


(31) DP. = F a(t) | (7) 
7 PE As aj 


> ne(e)( TELE). 
de he Y'a À 
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The inner sum can be evaluated by applying (25) with v = az, n = yz A = 7, 


m == 1, r= p —y— Ate. We obtain , x 
X D > (1) ee 

82 — 1) b 

en Sn) ru 7—1 


and thus from (23) and (31) 
(33) Di.. vuo = È DD eye 


Now if 7 = 4 we separate all terms in D nu u, which contain as and apply 
(25) with v = a, n = ys, and m = 2, obtaining 


A r {1} (2) (p-a Ya- Br Pa) 
(34) Dy -Yu T > byapara p 00 i nn Huir * 
Pas Ps T4 


We continue in this way and at each step the dependence of DE yuy ® à 


do I is expressed. a we consider D (Ys; - vi ental Let 
= pene re gaa rs Dar "Pire Then by (33) and (29) (with 
Qj = v, N = yj; T == W — Yj, M = a we have 


Fd « 
a) w—1— (7 —1)x (G-0 
(35) Doo 6 » Yar 27 > (— 1) ()( y; Batis 1 )- Ds YWrPam . s =D! 


Hence if J = 3 


Sa (1) y, (2) ey (sg) (3-1) 
(36) D, ee Yup — > D Yapa Dyspe * Dy o- 0 Ypap.. . -p33 » 


Por» s -s Dpt 


\ 
Since bm —0 for k > 0 and b) = 1 for k=0, we may write (30) and 7 
(36) in he common form (valid a each admissible set of the y;’s) 


(37) De ++ Yup — 2 D. a Den  etas+'''+ Pury == H — 
In particular we see by (19), (21), (22) and (37) that the cy, are m 
in Go, Ga, ©- with non-negative integer coefficients. 


An elegant expression can be given to (37) in the following way. By 
the definition of the b% we have 


1— IN 8,0 
( = 2 ba, m T 


1-2 px=0 


TI l— at = goes 5 ps? D 2 oh (u+v-1) Y 
A=2 l— + En Yapa Ser A Yew Pury * 


Pas + o s Patty 


and so 


Hence we have the following 
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THEOREM. Let y = y: + ys toot + Yum, T = Bye + I3y +. 
+ (ut v)ypw- Then 
tt TI — gr ”] er 
(38) w= 5 —# G= say ae [AG y] a an”, 
| Year y2! ya! Ype! [A 1— zg 


‘where |: - -Ju denotes the p-th coefficient of x in the expansion of the eg- 


pression in the bracket. 


Grunsky’s law of symmetry, namely that vceuy—=pcvp, may be derived 
immediately from (38). For 


”) wel, a 
wy, ep í == p —— JJ 
: + Very A Ya Ls Yury | Ya Yury 
an ! 
i = ! 
nn (y 1) y 
ply Yuy = BY yal Yaw! D Va. Yumy À 


Therefore, we have only to prove that 


utr fi rss u | i ( — go y] | 
139) [H uU 1—x ey II 1— r oon 
Now the expression 
1— gr? | u 
w OAE) itat o nE 02m 
satisfies the equation arg(1/z) == q(x) which yields qus—gs Since 


n = I — 2y = (p-— y) + (v—7y) we thus have gu, = g)-y, which is equiva- 
lent to (39). 


NOTION DE PROXIMITÉ ET ESPACES À STRUCTURE 
SPHEROIDALE.* 


By Letro I: Gama. 


1. Terminologie adoptée. Espace accessible == classe (H) de Fréchet. 


Espace régulièrement accessible == espace accessible où à chaque point a 
correspond une suite évanescente de voisinages, c’est-à-dire une suite de 
' voisinages 


(1) F, (a) =) V.(a) Irre.) Vn (a) Tjaa 


tels que tout V («) soit un sur-ensemble de Vy (a) pour n suffisamment grand. 
Les voisinages (1) seront nommés voisinages principaus de a; V,(a) est le 
voisinage principal de rang n. 


Espace strictement accessible = espace accessible où, & et b étant des 
points distincts, ilya un V(a) et un V(b) tels que Y (a): V(b) —0. C’est, 
donc, l’espace topologique de Hausdorff. 

Nous dirons qu’un espace régulièrement accessible est uniformément 
accessible, si, pour tout voisinage V d’un point a, il en existe un autre V’ C V 
et un nombre naturel n’ tels que e 


ae Ven >n -> Vala) CV. 


2. Proximité de deux points. Nous dirons que deux points a et b d’un 
espace régulièrement accessible sont proches (Pun de l’autre), s’il existe un 
nombre naturel n tel que l’on ait 


ae V:(b), be V(a). 


La borne supérieure des n pour lesquels ces conditions se vérifient s’appollera 
l'ordre de proximité, ou, Puno façon abrégée, la promimité des points a et b; 
on la représentera par (a,b). Si a et b sont proches et ab, wx(a,b) est 
un nombre naturel fini > 0. Si a =L, ona (a,b) =o. Si a et b ne sont 
pas proches, nous poserons (a,b) —0. L'égalité r(a, b) = n s4 0 entraîne, 
donc, toujours ae Va(b), be Vale). 


* Received March 1, 1944. Several references to the literature suggested by the 
referee have been added, with the author’s consent, by the editors. 
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+ 


3. Application à la théorie générale des suites. Nous dirons que deux 
suites {an}, {ba} de points d’un espace régulièrement accessible sont contigués, 
si, étant donné le nombre naturel N, il existe n’ tel que n > n — r (än, ba) = N. 


Dans un espace uniformément accessible deux suites contigues ont le même 
ensemble-limitet En particulier, si l'une est convergente et a pour limite I, 
l'autre sera aussi convergente et aura pour limite l. 


Soient {an} et {ba} contiguës dans un espace uniformément accessible. 
Posons d’abord lima, =}. Prenons un voisinage F de l. Il y a un second 
voisinage V/C F de let un nombre naturel y tels que tout voisinage d’ordre y 
d’un point situé dans V” soit contenu dans V. Donc on peut déterminer # de 
façon que les voisinages d’ordre v des points a, (n > k) soient tous contenus 
dans V. En vertu de la contiguite de {an} et {ba} on peut déterminer n’ > k, 
tel que | 

RON — ran, bn) Zv—> bre Vy(an). à 


Mais n > w -> Var) C V, ear w > k, donc n > n’ > b,e V, et lim bp = b. 
Ainsi la convergence d’une des suites vers une limite } entraîne la convergence 
de l’autre vers la même limite. L’identit& des ensembles-limites des deux suites 
en resultera aisément, car dans un espace régulièrement accessible, l’ensemble- 
limite d’une suite est l’ensemble des limites de ses sous-suites convergentes. 


Nous dirons qu’une suite {a,} de points d’un espace régulièrement accessi- 
ble est convergente-C, si, étant donné le nombre naturel N > 0, il existe n’ 
tel que : 
p,q > 1 > r (tp ag) ZN. 


On y reconnaît une extension de la condition de Cauchy, ce qui justifie la 
dénomination adoptée. 


Pour que {an} sow convergente-C wl faut et il suffit que deux sous-suites 
quelconques de {a,} soient contigués. 
Soient 
Avis ven) "ven; °° 
Ques dumm" ' 


1 Point-limite de {an} est tout point @ tel que, pour tout voisinage V de a, la 
condition a, e V se vérifie pour une infinité de valeurs de l’indice n. L’ensemble-limite 
de {a,} est l’ensemhle de ses points-limites. Dans un espace accessible il est toujours 
fermé, et pour qu’il ne soit pas vide il suffit que le support de la suite (ensemble de ses 
points distincts) soit compact. Dans un espace régulièrement accessible lensemble- 
limite d’une suite est l’ensemble des limites des sous-suites convergentes. 
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deux sous-suites (infinies) de la suite convergente-C {an}. (On suppose que 
les indices v et u soient croissants). Le nombre naturel N > 0 étant donné, 
il existe 2’ tel que 


(1) p,q >w > (Ap, dg) ZN. 


Déterminons n, tel que, pour n > n, on ait à la fois y(n) > w, n(n) >w. 
Alors, en vertu de (1), 
n > n > rl Avn), Qu] Z N, 


ce qui prouve la contiguité des deux sous-suites considerées. Pour prouver que 
la condition est suffisante, supposons que {@,} ne soit pas convergente-C, c’est- 
à-dire qu’il existe un nombre naturel v > 0 tel que, quel que soit n, on puisse 
toujours trouver des indices p, g > n, p < q, qui donnent | 


7 (Gp, Aq) <v 


On pourra alors déterminer deux suites (infinies) de nombres naturels crois- 
sants, {pn} et {qn}, Pu < Gn; pour lesquelles a (ap, da,) < v, et les deux sous- 
suites correspondantes, {ap}, {ban} ne seront pas contigués. 

Si l’on convient d’entendre par ensemble borné dans un espace régulière- 
ment accessible un ensemble dont tous les points appartiennent à la somme 
d’un nombre fini de voisinages principaux de points de cet espace, on pourra 
démontrer aisément que 


Le support d'une suite convergente-C egf un ensemble borné. 


Car le nombre naturel N `> 0 étant choisi arbitrairement, on peut trouver un 
autre nombre naturel v > 0 tel que n > v — r (arv, 41) = N, donc 


i n D v — lne Vr(ar), 


ce qui montre que tous les points de {aa} sont contenus dans les voisinages 
d'ordre N des points i, @e,: * - , av. 

On peut même affirmer, comme on le voit, que le support d’une suite 
convergente-C est totalement borné (dans un espace régulièrement accessible), 
c’est-à-dire qu’il est contenu dans un nombre fini de voisinages d’un rang aussi 
grand que l’on veut donné d’avance. 


Dans un espace uniformément accessible, aucune suite convergente-C n’est 
discrépante. 


En effet, si quelqu’une des sous-suites d’une suite convergente-C a une 
limite J, il en sera de même, par contiguïté, de toutes les autres, l’espace étant 
uniformément accessible. Il s'ensuit que Vensemble-limite de la suite con- 
sidérée ou bien est vide ou bien n’a qu’un seul élément. (Nous entendons ici 


r 


. .` ` 
t + 

u „un a u 
eo 
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par suite discrépante une suite dont l’ensemble limite contient au moins deux 


éléments). 


Dans un espace uniformément accessible, toute suite convergente-C, dont 
le support est compact, est convergente. 


Car l’ensemble-limite d’une telle suite se réduit à un seul élément, 1, et 
cela suffit pour que-l soit limite de la suite, son support étant compact. 


Dans un espace uniformément accessible, la convergence d’une sous-suite 
d'une suite convergente-C, suffit pour assurer et la convergence de la suite et 
la compacité de son support. 


Soit {an} la suite convergente-C dont la sous-suite 


(1) veus T na Aven)” * * 

a pour limite J. Il suffit de prouver que le support A de {an} est compact, 
Supposons, au contraire, que A contienne un sous-ensemble A, infini dont le 
dérivé soit nul. Soit 

(2) Gua’ " "pam" °° 


la sous-suite de {an} dont le support est Pensemble A, — (1). Prenons un 
voisinage V, de / tel que | 
| Vild: — (2)] — 0, 


ce qui est possible car A’, —Q Grâce à la condition que l’espace est uniformé- 


ment accessible, il existe un autre voisinage Va C V, del et un nombre naturel 
m > 0, tels que | | 
æ e Va — Vnn(a) C Vi, 
done : ; 
ae Va Vala) [4 — (1)] = 0. 


- Mais on peut déterminer i de façon que n > k — avm) € V2, done 


n>k> Valan) LA1 — (1) ] = 0. 


* jf " E . . * 
Ceci montre que, pour n > k, le voisinage Tordre m du point ayn de la suite 
(1) ne contient aucun point de la suite (2), et, par conséquent, 


n > k— r[avcn), Gun) | <m, 


ce qui est impossible, car {a} étant convergente-C, les sous-suites (1) et (2) ` 
sont contiguës. 
‚De ce qui précède on conclut que. 


Dans un espace uniformément accessible, la condition nécessaire et sufi- 
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sante pour qu'une suite convergente-Ü sort convergente est que son support 
soit compact. 


La notion ensemble complet s’étendra aux espaces régulièrement accessi- 
bles (= classes (H) de Fréchet à caractère dénombrable). On y dira que 
l’ensemble E est complet, s’il est vide ou si toute suite convergente-C formée 
avec des points de Æ est convergente. Ein s’appuyant sur les un qu’on 
vient de démontrer, on verra tout de suite que: 


Dans un espace uniformément accessible: 1° tout ensemble compact est 
complet; 2° pour qu’un ensemble E soit complet, il suffit que tout sous-ensemble 
borné de E soit compact; 3° la réunion d’un nombre fini d’ensembles complets 
est un ensemble complet. 


4. Ensembles clos. Considérons la borne supérieure P des proximites 
mutuelles des points d’un ensemble E, et appelons ouverture intérieure de E 
le nombre w(Æ) défini par les conditions 


©(E) =1/P, si 0< P< œ; w(E) —0, si P— ©; w(E) = ©, P =0. 


Cette notion s’applique à tout ensemble situé dans un espace régulièrement 
accessible. Nous dirons qu’un ensemble Æ d’un tel espace est clos, si E == 0, 
ou si tout sous-ensemble e de E, pour lequel w(e) 4 0, est fini. Tout ensemble 
fini est clos. Dire qu’un ensemble infini Æ est clos équivant à dire que, pour 
tout sous-ensemble infini e de FE, on a ofe) = g- Dans un espace métrique 
dire que l’ensemble infini # est clos c’est dire que tout sous-ensemble infini e 
de # a son diamètre intérieur (= borne inférieure des distances mutuelles des 
points de e) égal à zéro. 

Nous avons déjà convenu de dire qu’un ensemble est totalement borné 
quand on peut le renfermer dans un nombre fini de voisinages principaux d’un 
rang aussi élevé que l’on voudra. 


t 
Dans un espace régulièrement accessible, tout ensemble clos est totalement `. 


borné (la démonstration s'appuie sur Vaxiome du choix). 


Soit Æ un ensemble clos bien ordonné. Donnons-nous le nombre naturel 
N> 0, Supposant connu un sous-ensemble En =£ 0 de F, on peut définir, 
comme il suit, un sous-ensemble Æ,,, de Fn: en désignant par a, le premier 
élément de Æ,, on appellera En, l’ensemble des points a de En pour lesquels 
m(ün 4) <N. Lys, peut d’ailleurs être vide. En prenant pour E, l’ensemble 
E lui-même, on définit par là une suite d’ensembles décroissants 


ee Die a, 


LE 


y- 
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dont les premiers éléments. a,; Qz, Qa" © ~ vérifient la condition 


(1) (ip, Aq) <N,: (p < 9). 


Nous allons montrer que la suite @,,Q3, 4,‘ © * est finie. En vertu de (1), 
les points a, &,: * - sont distincts et leurs proximités mutuelles ont une borne 
supérieure < N. L'ensemble A de ces points a donc une ouverture intérieure 
w(A) £0. Il en résulte que l’ensemble A, étant un sous-ensemble de Pen- 
semble clos E, est fini. La suite {a,} se réduit donc bien à un nombre fini 
de points 


(2) | Qis Cr," ° 


5 7 
ce qui revient à supposer Ex, == 0. Si alors é est un point quelconque de F, 


il ne peut pas arriver qu’on ait à la fois 
T (a, é) <N, m (G2, é) Le » T (Oi, é) <N, 


puisque le système de ces inégalités entraînerait ée 1,1, contrairement à 
Phypothèse By. == 0. Tl y a donc au moins un point de la suite (2), soit ai, 
pour ‘lequel (ai, £) ZN, d’où EeVy(a;). Ainsi l’on voit que 


BC Vy(a1) + Vy(a2) + -+ Va), 
c’est-à-dire que F est totalement borné. 


x 


5. Espaces à structure sphéroïdale.? On peut, moyennant la notion 
de proximité, définir une clasge particulière d’espaces régulièrement accessibles, 
Nous dirons qu’un tel espace (c’est-à dire une classe (H) de Fréchet à caractère 
dénombrable) est un espace à structure sphéroïdale, si pour chaque nombre 
naturel N > 0, il en existe un autre y, tel que, a et b étant des points, distincts 


ou non, de l’espace, 


(1) ` [V¥v(a)- V,(b) 0] [a, Be Vo(a) + V,(b)] > x(a, 8) ZN. 


Si cette condition se vérifie pour l’indice v, il en sera évidemment de même 
lorsqu’on y remplace v par a >v. La plus petite valeur de l’indice » pour 
laquelle (1) se vérifie est le module de proximité N. 

Il s’ensuit de la definition que, dans un espace à structure sphéroïdale, 
à tout nombre naturel N > 0, il correspond un autre v tel que, quel que soit 
le point a de l’espace, 


2 A spheroidal space is, by (2), a space of uniform structure in the sense of A. Weil 
with the added restriction that the uniformity is (by 1 (1)) countable. Cf. A. Weil, 
“Sur les espaces à structure uniforme et sur la topologie générale,” Actualités 
scientifiques et industrielles, no. 551 (1937). Weil’s hypothesis U,,,, p. 7, is essentially 
5 (2) of the present paper and his hypotheses U, and U,,, p- 7, are assured by 1 (1). 
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2) a Be Vv(a) > x(a, 8) ZN. 


Nous appellerons sphéroide de centre a et d’ordre N, en symboles: o(a, N), 
le premier voisinage V,(aj (n ==1,2,: - +) pour lequel la condition (2) se 
trouve vérifiée. 

Voici les propriétés fondamentales d’un espace a structure sphéroidale. 

a) N< N'—0(a, N) Dola, N°). 

b) Quel que soit N, o(a, N) C Vr(a). 

[Car geo{a, N) —>r(a, 0) Z Nue Vy(a)]. 
c) La suite o(a n), (n = 1,2, ` -), constitue une famille de votsinayes 
de a équivalente à la famille donnée des voisinages de a. 

d) Si v est le module de proximité N et si a est un point quelcongue de 
l’espace 
Vala) Cola, N), (I) 
Yala) C Vy(a). (IL) 
(I) est une conséquence immédiate des définitions de vet de o(a, N). Quant 
à (II), il suffit de montrer que P,(a) C Vy(a). Soit @eVv(a); tout voisi- 
nage de & contient un point de V,(a), done Vy(a) : Vv(a) >20. Il s’ensuit, 
compte tenu de ce que v est le module de proximité N, que (a, a) = N, d’ou 
ae Vy (a) . | 

On voit, d’après II. que l’axiome de régularité (cf. Sierpiński, Intr. to 
General Topology, cap. v) est satisfait. è 


w= y —> j 


e) Étant donné le nombre naturel N > 0, il existe n’ tel que, pour tout 
point a de l’espace. 


beVi(a)-:n=n — Va) CVr(b). 


Soient v le module de proximité N et n’ le module de proximité v. . Alors, 
‘d'après la propriété antérieure, n = n > V,(a) C Vy(a). Soient b un point 
fixe et 8 un point variable de Pa (a) (n =n’); b et B appartiennent à V,(a). 
Par suite, vu que v est le module de proximité N, on a r(b,8) = N, d’où 
BeVx(b). 


f) Tout espace à structure spheroidale est strictement accessible [== espace 
topologique de Hausdorff (à caractère dénombrable) |. 

Soient, en effet, a et b des points distincts d’un espace à structure 
sphéroïdale ; posons (a,b) == n, et prenons un nombre naturel ne > mr. Soit 
y le module de proximité n Les voisinages V,(a) et V, (6) sont disjoints, 
car Vy(a): V,(b) 540 entrainerait r(a,b) Zn, > ni, tandis que (a,b) = n. 


g) Tout espace à structure sphéroïdale est uniformément accessible. 


nf 


N 
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Soit V un voisinage quelconque de a. Prenons le nombre naturel N assez 
grand pour que Pon ait Vy(a) G V, et soit v le module de proximité N. Si 
aeVi(a) et Be Va(a), n = v, on aura z(a, f) ZN, car Via) - Vala) 5 0 
et v est le module de proximité N. Donc Be Vy(a). Ainsi 


ae Vr(a) n>v> Vala) C Vy(a) CV, c. q. f. d. 


6. Métrisation des espaces régulièrement accessibles. THEOREME.® 
Pour qu'un espace régulièrement accessible [= classe (H) de Fréchet” à 
caractère denombrable] soit un espace métrique, il faut et il sufit que ce soit 
un espace à structure sphéroidale. 


La condition est nécessaire. Il suffit de prendre pour voisinages prin- 
cipaux des points de espace métrique les sphères (ouvertes) de rayon 1/n 
(n = 1,2,---}. On constatera que les limitations * 


r(a,b) =n, p(a,b) < 1/n 


sont équivalentes, et, dès lors, si æ et B sont des points situés dans Viw(a) 
-}- Vay (b), et pourvu que Vay(a) - Vay (b) 40, on aura p(a, 8) < 1/N, donc 
ra, B) ZN. | | 

La condition est suffsante. En supposant connu le nombre naturel vn > 0, 
POSONS vn = vn + pn, OÙ l’on désigne par un le module de proximité vn dans 
un espace à structure sphéroïdale donné. En nous donnant arbitrairement la 
valeur de vı, nous aurons par là défini une suite infinie {vn} de nombres naturels 
croissants, où le terme vn;1gest plus grand que le module de proximité vn. 
Appelons F, le système des voisinages de rang yn: Fn forme une couverture 
de lPespace envisagé. Nous allons montrer, d’après le théorème de Alexandroff 
et Urysohn (Cf. Fréchet, Espaces Abstraits, 1928, p. 220), que {Fa} est une 
suite monotone complète. 1° Soient War, Uni. deux éléments, distincts ou 
non, de Fa ayant un point p en commun. Soit « un point de U'n, ou de 
Un. Comme l'un et U”, sont des voisinages principaux de rang mu et 
que va est plus grand que le module de proximité vn, on aura r(p, a) = wm, 
d'où ae Vy, (p). Par suite Wan et U”, sont tous les deux contenus dans 
Pélément Vv,(p) de Fa. La suite {Fa} est dene bien monotone. 2° Soient 
é un point quelconque de l’espace et {Un} une suite telle que Un e Fn, Ee Un. 
Il s’agit de montrer que {Un} constitue une famille de voisinages de é équiva- 
lente à la famille donnée des voisinages V(é) de & Que tout Un contient un 
V(é) découle immédiatement de ce qu’on a affaire à une classe (H) de Fréchet. 
Réciproquement, soit 7(£) un voisinage donné de é Prenons N de façon que 


3 Cf. A. Weil, loc. cit and J. W. Tukey, Convergence and Uniformity in Topology, 
Princeton (1940), p. 61, Theorem 6.1. 
ip(a, b) = distance des points a et b. 


4 
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Vr(&) CV(E). Par la propriété (2) des espaces à structure sphéroïdale 
(4), il existe n’ tel que, quel que soit le point a de l’espace, 


Ee Vi (a) n Zn > Vale) C Vy(6) C V(É). 


. Comme V, est un voisinage de rang », d’un certain point a de l’espace, il suffit 
de prendre vn = n pour que Vinclusion U, C F (£) se trouve vérifiée, 


~ 7. Rôle de la notion de proximité dans les espaces métriques. D’après 
le théorème qui précède, il est intéressant d’examiner le rôle que joue la notion 
de proximité dans les démonstrations des propriétés des espaces métriques, en 
cherchant à retrouver ces propriétés directement dans un espace à structure 
sphéroïdale. On y trouvera, peut-être, une méthode assez simple d’étudier les 
propriétés des espaces métriques sans faire appel à la notion de distance. Nous 
nous bornerons, dans ce numéro, à deux théorèmes classiques. | 


~ 


I. La condition de normalité (au sens strict). Si A et B sont des en- 
sembles séparés (AB + AB — 0), on peut déterminer deux ensembles ouverts 
P, Q, tels que AC P, BC Q, PQ =0. | 


À chaque point a de A associons le premier voisinage principal, Va(a), 
tel que Var(a) : B = 0, et, en appelant » le module de proximité M, posons 


P = SVi(a), 


la sommation s'étendant à tous les points a de A (p varie, en général, avec 
le point a considéré).’ De même, associons à ch®que point b de B le premier 
voisinage principal, Vy(b), tel que Vx(b):A—0, et, désignant par v le 
module de proximité N, posons 


Q R xP,(b). 


Il suffit de montrer que PQ —0. Supposons, au contraire, que kePQ. Le 
point k appartiendra à un couple d’éléments Vu-(a’) eP et Vr(b’)eQ, et, 
st Var(a’), Vy-(b’) sont les voisinages associés aux points a’, b’, les indices 
wy seront, respectivement, les modules de proximité W’ et de proximité N’ 
Doit y = y, Alors, comme il s’agit d’un espace à structure sphéroïdale, on 
-aura, pour deux points quelconques «a, 8 pris dans Vw(a’) + Fv (b), z(a, B) 
= AM”. On a, en particulier, r(a’,b’) = M’, et, par suite, b’ e Vay (a), ce qui 

est impossible, d’après la définition même de Var («). 
II. Le théorème de Borel-Lebesgue. Pour démontrer ce théorème dans 


un espace à structure sphéroïdale, on peut employer le mode de raisonnement 
utilisé par M. Fréchet dans sa démonstration directe du théorème pour le cas 


— 
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des espaces métriques en s’appuyant aussi sur l’axiome du choix. Soit K 
l’ensemble compact et fermé, couvert par la famille infinie SA, de sorte que 
K C 31, I étant lintérieur de A. Nous considérons K comme un ensemble 
bien ordonné. Associons à chaque point a de K le premier voisinage principal 
de a, U(a), ayant la propriété d’être contenu dans un J. Il suffit de prouver 
que K peut être couvert par une collection finie des voisinages U(a). Sup- 
posons que cela wait pas lieu. On peut alors, en partant du premier élément 
a, de K, et en utilisant le bon ordre de K, définir une suite infinie {a,} de 
points de X, de telle façon que an (n > 1) ne soit contenu dans aucun des 
voisinages U(a,),- © +, U (n+), associés, comme on l’a expliqué, aux points 
Qis” © "zn. Les dn sont évidemment des points distincts. L’ensemble A des 
ün étant compact (puisque A C K), on peut extraire de {an} une sous-suite 
{an} convergente vers un point é du dérivé A’; ce point é appartient d’ailleurs 


- à K (puisque K est fermé). Envisageons le voisinage U (é), associé au point é. 


+ 


En vertu de l’uniforme accessibilité d’un espace à structure sphéroïdale, il 
existe un voisinage de & W C. U(é), et un nombre naturel n’, tels que 


aeW-n>n’> Vala) CU(É). 


Soit done N > n’ un nombre naturel assez grand pour que l’on ait o(é, N) 
C. W, et considérons deux points o;, &,, de la suite {a,} contenus dans o(&,N), 
ce qui est possible, car lima, = é On aura (4, &4) = N, d’où 


(1) hist e Vr(a;). 
b a 


Mais, d’autre part, puisque N > n’, Vy(a:) C U (£), et, par suite, Vy(a;) est 
contenu dans un J; il en résulte que Vr(a;) C U (a), puisque U(a;) est 
le premier voisinage principal de a; ayant la propriété d’être contenu dans 
un I. Comme, d’après la définition même de la suite {an}, ai, n’est pas 
contenu dans U( Gi), on aura 


(2) , Xim € Vi). 
Les conclusions (1) et (2) sont contradictoires. 


IIT. Remarque sur les ensembles totalement bornés. Il nous sera utile 
d’avoir observé que, si Æ est nn ensemble totalement borné dans un espace à 
structure sphéroïdale, il existe, pour chaque naturel n > 0, une collection finie 
de points de E, &,,- © - , &, tels que 


BC Va(é) + Va(és) He + Fal). 


5 American Journal of Mathematics, vol. 50 (1928), p. 70. 
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Étant donné N, on peut, en effet, déterminer y tel que, pour tout point a 
de l’espace et pour tout point be Ÿ,(a), on ait (5, e) 


(1) Yıla) G Va (b). 


D’autre part, puisque Vensemble Æ est totalement borné, il admet une inclusion 
de la forme 
EC Vo(a1) + Vo (ae) ++ + ++ Polo), 
avec HVy(as)+£0 (s=1,2,:°-,h). Alors, si &¢HVv(as), on aura, 
d’aprés (1), | 
Vy (as) C Vx (é), (s SS) a 85 k) 
donc 


EC Vy(&) + Vw(é) +: + Vi). 


8. Suites évanescentes d’ensembles. Nous allons étudier les propriétés . 


des suites évanescentes d’ensembles, définies dans un espace métrisable, en 
utilisant encore la notion de proximité au lieu de celle de distance, c’est-à-dire 
en prenant pour base un espace à structure sphéroïdale. Nous appellerons 
suite évanescente d’cnsembles (dans un espace régulièrement accessible) toute 


suite {En} d’ensembles satisfaisant aux deux conditions suivantes: 


1° quels que soient les indices p, q, Épbase 0; 


2° à chaque En correspond un point a, de En ayant cette propriété: étant 
donné le nombre naturel v > 0, il existe n’ tel que n > n — En C V (an). 

Le point a, sera nommé le centre de En. Si une des suites {En}, {En} 
est évanescente, il en est de même de Vautre. 


a) Dans un espace à structure sphéroidale, si {En} est une suite évanes- 


cente et st a, est le centre de En, alors étant donné le nombre naturel v > 0, 


il existe nw tel que n>n — B,C o(an,v), donc aussi (5,6) En C Vi(an). 


Grâce à la propriété d) (n. 5), on peut déterminer m de façon qu’on ait, 
quel que soit le point a de l’espace, Vn(a) C o(a, v), et, en suite, déterminer u 
de façon que Fafa) C Vn(a). On aura alors, quel que soit a, Vu(a) C a (a, v). 
Or, d’après la définition d’une suite évanescente, on a En C Vu(a,) des que 
Pindice n soit suffisamment grand. 


b) Si{E,} est évanescente dans un espace à structure sphéroïdale, 1° toute 
suite {En}, Où En e En, est convergente-C'; 2° si l’on prend dans chaque En un 
couple de points én, mn, Les suites {én}, {mn} seront contiguës. 


8 Of. G. Birkhoff, “ Moore-Smith convergence in general topology,” Annals of Mathe- 
matics, vol. 38 (1937), pp. 39-60. 
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limite w (Cest ce qui résulte des théorèmes d) et e) du n. précédent). Nous 
allons montrer que 


Dans un espace à structure sphéroidale, il y a identité entre les notions 
d'ensemble complet et d'ensemble cantorien. 


Soit Æ 40 un ensemble complet. Considérons une suite évanescente 
{V (an)}, dont chaque terme est un voisinage principal d'un point dy 
(n= 1,8," ::) de E. {dn} est une suite convergente-C (8, b), qui a une 
limite w, puisque E est complet. Donc (8, c) la suite {V(a,)} a pour point- 
limite w, et, par suite, # est un ensemble cantorien. 

Soit # s4 0 un ensemble cantorien. Considérons une suite convergente-(), 
{an}, dont les termes sont des points de E. Soient n(1) le plus petit nombre 
naturel pour lequel 

n> NL) > rame), a] 21; 


n(2) le plus petit nombre naturel > (1), pour lequel 


. n > n(2) > wlOugy, An] = 2, 
‘et ainsi de suite. Il est manifeste qu’on définit par cette norme une suite 
(infinie) de nombres naturels croissants n(1),n(2),: - - ,n(v),- : ayant 
cette propriété: 
(1) n > nr) ran, On} Z v. 


. . . è = o . . . 
Envisageons la suite suivante de voisinages principaux des points du: 
(2) Vilana]. Velan], © +> Vrbenay J, + + 


Si a est-un nombre naturel >», on a nu) >n(v), et, d’apres (1), 
| anov Gn] = v, dene 


p> Vo Œnçu) € Volanom]. 


Ceci montre. que chaque voisinage de la suite (2) contient les « centres > anm) 


- de tous les voisinages suivants, et, par conséquent, cette suite remplit la condi- 


tion 1° d’evanescence (8); elle satisfait en outre à la condition 2°, car elle 
est formée de voisinages principaux dont les rangs v sont croissants. Et alors, 
puisque # est un ensemble cantorien, la suite (2) possède un point-limite o, 
et on aura 

lm um = ©. 

900 
Mais {am} v==1,2,° © +, est une sous-suite de la suite convergente-C {an}; 
il s'ensuit (3) que e == lim an. Done E est un ensemble complet. 
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10. Propriétés transitives. Nous dirons qu’une propriété P d’ensemble 
est transitive, si, pour tout ensemble non vide Æ jouissant de cette propriété, 
la condition suivante est remplie: 


a) Pour toute décomposition #= E + Ez, l’une au moins des parties 
E, Er possède la propriété P. 
Si l’on ajoute à cette condition la restriction suivante: 


= b) si le sous-ensemble e, de Æ ne jouit pas de la propriété P, il en sera 
de même de tout sous-ensemble (non vide) de e, 

alors la propriété P deviendra ce que nous avons appelé une propriété 
héréditaire." 

Si POPA BP Em (E20), toute propriété transitive ou 
héréditaire de Æ se transmet à Pun au moins des produits HE, EE, © -, EEn 
qui ne solent pas vides. : 

Nous dirons qu’une propriété P d’un ensemble Æ (340) est localisuble 
en un point a, si tout voisinage de a contient un sous-ensemble e5<0 de It 
possédant la propriété P. [Cette définition de la localisation d’une propriété 
est un peu moins restrictive que celle que nous avons adopté dans l’article cite]. 


Dans un espace à structure sphéroidale, toute propriété transitive d'un 
ensemble totalement borné et complet E (#0) est localisable en un point au 
moins de la fermeture de ES 


[Avec la définition plus restrictive de la lécalisation d’une propriété, ce 
théorème est valable pour les propriétés héréditaires. C’est là le point de vue où 
nous nous sommes placés dans l’article déjà cité]. 

Pour le démontrer, soit #540 un ensemble totalement borné et complet 
(dans un espace à structure sphéroidale) jouissant d’une propriété transitive 
P. Nous considérons E comme un ensemble bien-ordonné. Æ étant totalement 
borné, il existe, pour chaque nombre naturel n > 0, des collections finies 
formées de voisinages de rang n de points appartenant à E, chaque collection 


couvrant Æ. D’après le principe du choix, on peut donc, à chaque nombre” 


naturel n > 0, faire correspondre une telle collection, soit Ka. Les éléments 
de I, (voisinages de rang n de points de Æ) seront censés ordonnés dans 
l’ordre même de ces points. 


T“ Sur quelques points de la théorie des ensembles abstraits et la notion d’aceumu- 
latif,” Anais da Academia Brasileira de Ciencias, vol. 12 (1940). Dans la definition 
donnée dans cet article nous avions employé l’expression «l’ensemble E> dans un sens 
générique, en y laissant done sous-entendu que les deux conditions a) et b) devraient 
être remplies pour tout ensemble E ayant la propriété envisagée. 

8 La démonstration s'appuie sur l’axiome du choix. 
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Puisque E C Ka, il existe un premier voisinage U, dans la collection K;, 
tel que | | 
EU, 5 0, EU,e(P), 


(P) désignant la classe des ensembles qui jouissent de la propriété considérée 
P. On peut alors définir une suite infinie Uy,-- +, Un, © -, (Une Kn), ayant 
cette propriété: quel que soit n, 


(1) ` | BUU,+ © Un 0, 
(2) RO + Uwe (P). 


4 


Car, une fois determinée une suite finie U,,- - -, Um remplissant les conditions 
(1), (2) pour n==1,2,- - :,m, le produit EU; "Um, qui est un sous- 
ensemble non vide de F, est contenu dans Ku, et, puisqu'il a la propriété P, 
on trouvera dans la collection K.,, un premier voisinage, Um+ı, tel que 


0 EU; : => UmU mar € (P). 


Il est maintenant aisé de voir que la suite {U,} ainsi définie est une suite 
évanescente (8); car, d’abord, p et q étant des nombres naturels > 0, on a, 
en vertu de la condition (1), UpUys40, ce qui montre que la condition 1° 
d’évanescence est remplie. D'autre part, soit » > 0 un nombre naturel, et 
désignons par @, le point de Æ dont Un est un voisinage. Il est clair que 


n>v> U n(n) C Vy(üx) ee Fyfan), 


ce qui.fait voir que la condition 2° d’évanescence est aussi remplie. 

E est un ensemble cantorien, parce qu’il est complet dans un espace à 
structure spheroidale (9). Il s’ensuit que {Un} admet un point-limite w. 
Soit V un voisinage quelconque de w: il y a un Un C F, et, par suite, 
EU, Um CV. Mais l’ensemble EU, - - - Um possède la propriété P d’après 
la condition (2). La propriété P est done bien localisable au point œ: L’on 
voit en même temps que we F, comme on devait s’y attendre. Le théorème est 
donc démontré. 

En voici une application. 


Dans un espace à structure sphéroïdale, la condition nécessaire et suffisante 


pour qu'un ensemble soit compact, est que cet ensemble soit totalement borné 


et complet. ; - 


Soit, en effet, Æ un sous-ensemble infini d’un ensemble totalement borné 
et complet (dans un espace 4 structure sphéroïdale). Æ sera lui-même un 
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ensemble totalement borné et complet. Or, la propriété pour un ensemble 
@étre infini est transitive. Ily a donc un point w dont tout voisinage contient 
une infinité de points de F. Mais alors we #’, done F’ 40. La condition est 
donc suffisante. La condition est nécessaire, parce que, d’abord, dans un espace 
uniformément accessible quelconque, un ensemble compact est toujours com- 
plet, et, d’autre part, il est facile de voir que, dans un espace à structure 
sphéroïdale, un ensemble compact est toujours clos (et, par suite, totalement 
borné, 4). En effet, si ae H’, et si N > 0 est un nombre naturel quelconque, 
il y a un point b-£a de E contenu dans le sphéroïde o(a, N) (5,c); par 
suite r(a,b) ZN et w(E) —0 (4). \ 


11. Note sur le théorème de Borel-Lebesgue. D’après cela, le théorème 
du numéro précédent sur la localisation des propriétés transitives peut être 
énoncé sous cette forme : 


Dans un espace à structure sphéroïdale, toute propriété transitive d’un 
ensemble compact E (#0) est localisable en un point au moins de la fer- 
meture de E. | 


Sous cette forme, cette proposition peut être établie bien aisément en 
s'appuyant sur le théorème de Borel-Lebesgue. Mais il est intéressant de 
remarquer ® que ce dernier théorème n’est lui-même qu’une forme particulière 
de la proposition qu’on vient d’énoncer, c’est-à-dire que la propriété de Borel- 
Lebesgue découle, dans les espaces à structure sphéroïdale, d’un processus de 
localisation d’une propriété transitive (ou héréditaire, lorsqu’on adopte la 
définition plus restrictive du concept «localisable»).® Voici comment on 
peut le montrer. 

Soit # un ensemble compact et fermé couvert par une famille infinie F 
(ensembles &, dans un espace à structure sphéroidale. Il est manifeste que 
la propriété P pour un ensemble de n’être pas couvert par une collection finie 
des ensembles œ est transitive. Supposons, alors, que lPensemble donné E 
ait cette propriété P. Soit we Ë = F un point de localisation de la propriété 
P. Le point w (parce qul appartient à Æ) est dans l’intérieur J d’un ensemble 
&, de la famille de couverture F. Soit V un voisinage de œ tel que V G I. 
Puisque la propriété P est localisable au point œ, V contient un sous-ensemble 


c de Æ qui n’est couvert par aucune collection finie des ensembles #, ce qui- 


est en contradiction avec l’inclusion eC ¢, (e CV CIC di). 


OBSERVATORIO NACIONAL, 
RIO DE JANEIRO, BRAZIL. 


° Voir l'article déjà cité Sur quelques points etc. 


à 


nn er en 


— 


DUALITY THEOREMS FOR GENERALIZED MANIFOLDS.* 


By Epwarp G. Beere.! 


— 


In a previous paper ? we gave a new definition of a generalized manifold.” 
By combining cohomology theory and some óf our results on homology local 
connectedness, we were able to give a short proof of the Poincaré Duality 
Theorem for these manifolds. The object of the present paper is to show 
that the same methods can be used to give equally simple proofs of several 
other duality theorems, including, in particular, the Alexander Duality 
Theorem, for generalized manifolds. 

The proofs require a discussion of open generalized manifolds, i. e., 
locally compact spaces with the Jocal homology and cohomology properties of 
Euclidean spaces. Accordingly, the first four sections below are devoted to 
the required definitions and the changes necessitated in passing from the 
compact to the locally compact.case. The Poincaré Duality Theorem is proved 
in Section 5 and is used in Section 6 in proving other duality theorems. We 
conclude in Section 7 by showing that the algebraic isomorphisms established 
in the Alexander Duality Theorem also have a useful geometric property. 


1. Homology and cohomology theory of locally compact spaces. In 
addition to the ordinary Čech homology and cohomology groups of a topo- 
logical space, there are two other pairs of groups which are necessary for the 
treatment of open generalized manifolds. In the following, the coefficient 
group is assumed to be an arbitrary but fixed field. 

Let € be a locally compact * space and let {ZA} be the collection of all 
compact subsets of ©. We partially order the collection {ZA} by: In < Lu 
if, and only if, La D Zu. Since the sum of two compact sets is compact, it is 


* Received March 13, 1943. 

* Most of the results of this paper were obtained while the author was a National 
Research Fellow. 

2“ Locally connected spaces and generalized manifolds,” American Journal of 
Mathematics, vol. 64 (1942), pp. 553-574. This paper will hereafter be referred to as 
[B]. Numbers in square brackets refer to the bibliography at the end of [B]. A 
knowledge of [B] is necessary for the understanding of the present paper. 

3 Our generalized manifold includes and is very similar to Gech’s [5]. If the space 
in question is compact metric, both types are the same as Wilder’s [20]. 

i Compact = bicompact. All spaces considered here are understood to be normal. 
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clear that if Dy and Ly are arbitrary then La == Lu v Ly is such that Ly < Zn. 
Ly < Er, i.e., {In} is a directed set [17]. | 

Let 217 denote the group of p-dimensional Cech cycles of G which are 
carried 5 by Ly, and let fx? denote the subgroup of zx consisting of those cycles 
which bound on Zn. If Ly < Lu, the identity mapping is a homomorphism 
ox of zy? into z?. Hence {2}, o*,#} and {f,?, o*,#} are direct systems of 
groups [see 15, p. 57]. We denote’their limit groups by #(S) and P(S). 
The quotient group, 4?(©), is.called the p-dimensional compact homology 
group of ©. The elements of zæ (©) are called compact cycles. 

Note that since {2)?, o*),“} is a direct system, a compact cycle of © is 
- determined, up to homology, by any one of its coordinates. 

Next let Z> be the group of p-dimensional Čech cocycles of © mod © — Ly 
and let Fpò be the subgroup of those cocycles which are ~ 0 mod © — In. 
The identity mapping is a homomorphism o of Z,X into Zp”. Hence {Z,X, ox} 
and {FX ot} are inverse systems of groups. The limit groups are denoted 
by Z (©) and F,(S) and their quotient group by H,(S). The latter is called 
the p-dimensional infinite cohomology group of © and the elements of Zp (©) 
are called infinite. cocycles. 

If Y? is a compact cycle and Ty ar infinite cocycle, g < p, the collection 
{Y,?-T,4} is easily seen to be a compact cycle, Y”?, and we define this to be 
the intersection, (Y?- Ty) of Y? and Tg.. 

The Kronecker Index, K/(Y?, Tp), induces a pairing of h? (©) and H,(G ) 
to the coefficient field, and, as Lefschetz has shown, these two groups are 
- orthogonal under this pairing. Hence [15, pp. 262, 77]: 


THEOREM Ln. If either one of the groups h?(S), H,(S) has a finite 
basis, there is an isomorphism 6, of h®?(G) onto H,(S) such that if Y? is any 
basis element of he (©), then KI(Y®: 6,(Y?)) — 1. 


_ Paralleling these groups are the groups of compact cocycles and infinite 
cycles of ©, denoted by.hk,(S) and H?(@). These are defined in the same 
manner as the above groups, but with the family {Là} replaced by the family 
{O1} of all open subsets of © with compact closures.’ For the details see 
[15, p. 262]. In this case a compact cocycle is a direct system and is defined 
up to cohomology by any one of its coordinates. Here also the intersection 
of T? and Ya, g = p, can be defined and is a compact cycle of dimension p — q. 


5A set L carries a cycle T if all coordinates of T, as well as all chains used in 
establishing the homologies between different coordinates, are on L (in the sense of 
[B, p. 5611). Z is called a carrier of T. A similar definition holds for cocycles, the 
carrier this time being an open set, 


rt 
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It is clear that if © is compact, then AP(&) — H?(S) and 
h,(8) = H5(S). 


THEOREM Ly. If either one of the groups HP(S), hy(S) has a finite 
basis, there is an isomorphism b, of HP(S) onto h,(S) such that if T? is a 
basis element of H?(S), then KI(T?-6,(T?)) =1. | 


Since these isomorphisms do not exist in the case of infinite bases, our 
results below hold only for groups with finite bases. It is therefore understood 
without further mention that all the homology groups below are assumed to 
have finite bases, and all Betti numbers and local Betti numbers are assumed 
to be finite. | 

In many cases the locally compact space © appears as an open subset of 
another locally compact space ©, and it is desirable to relate the groups of © 

( with those of & Denote by Hr(&mol(®—&)) the group of p-cycles of 
mod (TE — S) reduced modulo those which are ~ 0 mod (T — ©). Simi- 
larly, let Hp (ZT mod (T —— ©) ) be the group of p-ci cycles of a which are in © 
reduced modulo those which are ~ 0 in ©. ` 


THEOREM 1.1. If the closure of Gin © is compact, then Hi (Z mod (T— 6) ) 
is isomorphic to hp(€) and H?(X mod (Z — G)) is isomorphic to H? (©). 


Proof. The second part of this theorem follows from Theorem L, and 
from Theorem (4.7%) of Chapter VII of [15]. Hence we need only prove 
the first isomorphism. 

ye Let then T, be a cocycle of © which lies in © and let 11 be a covering 
(all coverings are understood to be finite) of X such that Tp has a coordinate 
r“ on U. By a theorem due to A. D. Wallace [15, p. 263], there is a refine- 
ment % of U and a neighborhood O of &— © such that «*v"Ty" is on T— O, 
a compact subset of ©. In the same way, if Y, is a compact cocycle of © 
such that Yp~ 0 in ©, then r*,“Y,"~ O in a compact subset of ©. This 
proves the theorem. | | 

We recall that in definitions of local connectedness a 0-chain is to be 
considered a 0-cycle only if the sum of its coefficients is zero. In defining 
local co-Betti numbers, it’ is necessary to make an analogous convention 
regarding 0-cocycles. The most convenient method of doing this is to aug- 
ment © all complexes involved, i.e. to add to each complex a new element of 
dimension — 1 which has with each 0-simplex the incidence number 1. The 

homology and cohomology groups based on augmented complexes are denoted. 


t For a complete discussion of this notion, see [15, p. 130]. 
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by Ha, H° etc. Clearly, for p > 0, H? and Ha? are the same. However, Ha? 
has one less generator than H°, and similarly for H and Hy. The duality 
theorems above still hold in the augmented case. 

In the following, in all definitions of local connectedness, local Betti 
numbers, and local co-Betti numbers, all the complexes involved are understood 
to be augmented. In all other cases all complexes are unaugmented unless the 
contrary is explicitly stated. 


2. Local connectedness in locally compact spaces. For such spaces, 
Gech’s definition of local connectedness [8] is most useful. | 


Definition 2.1. © is g— lc at a point s if given a neighborhood P of s 
and a covering ® of ©, there exists a neighborhood Q = Q1(P) C P and a 
covering A == M(H, P) <B such that if Xu is a cycle on AQ, then 
AY == WYO, where Y¢" is a chain of (Av B)*P. Gis q—lcif itis g — le 
at every point, and © is Ic? if it is g — te for all q S p. 

Definition 4.2 of [B] is a definition of uniform local connectedness, and 
hereafter the notations g — ulec, ulc?, ete., will be used for this property. If 
© is compact, then definitions 4.2 of [B] and 2.1 are equivalent, but in 
general this is not the case. In particular, Theorem 5.5 of [B] is not a 
consequence of. Definition 2.1. However, we can prove an analogous but 
weaker theorem which is sufficient for our purposes. i 


THEOREM 2.1. Let L be a compact subset of © and O a neighborhood 
of L. If © is læ, then for each pair € and B of coverings of ©, there exist 
coverings § = (E; L, 0) and A — %?(B,E;L,0) such that if K is a 
complex of dimension Sp + 1 and r is a partial realization of K on ArL 
of norm < $, then r can be extended to a realization + of K on (AuB)»O 
of norm €. 


Proof. For each q == p and each compact subset L of S, it follows, by 
the usual argument, that for each covering € of © there is a refinement 
SE; L) and for each covering 8 there is a refinement M(B, €; 2) such 
that if X4 is a cycle of A L of diameter < (€, L), then X4 = FY"" where 
Y«* is a chain on Av B of diameter < €. 

Now suppose that the theorem has been proved for g—1. Choose an 
open set O, such that L C 0, C O, C O and such that O, is compact, Given 
©, choose €, < & such that St(0,,&) CO. Then choose &, *< 91 (G, O:) 
and set SE: L, 0) = $3(@,;L,01). Given B, let B, — M(H, €; 0,) 
and set M(B, ©; L, 0) = M (8, €; L, 01). | ` 


Lt ne te a 


A 
` 
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That these choices of § and À are satisfactory follows by essentially the 
same argument as used in the proof of Theorem 1.1 of [B]. | 

The proof of Theorem 5. 5 of [B], using Theorem 2.1 in the appropriate 
places, now yields l 


THEOREM 2.2. Let © be ler, L a compact subset of ©, and O a neighbor- 
hood of L. Then there is a covering Wo of © such that if TI and TT, q Sp, 
are cycles of S with Ti ~T, on Un L, then T1— MN in O. 


The following corollary, which is an immediate consequence of the above 
theorem, generalizes a theorem due to Wilder [21] from locally compact 
metric spaces to locally compact spaces. 


COROLLARY 2.3. Let © be ler, L a compact subset of ©, and O any 
neighborhood of L. Then there are at most a finite number of p-cycles in L 
which are independent with respect to homologies in Q. 


3. Open generalized manifolds. 


Definition 3.1. A locally compact space M is an open generalized 
manifold of dimension n if 
a) dim M = n; 
b) M is ler, 
c) For each point se Mt, R,(s) — 0, p < n, 
d) For each point se M, Ra(s) = 1. 


M is said to be orientable if there is an infinite n-cycle T” on Mt which is 
not homologous to any cycle on any proper closed subset of W. 

Note that any open subset of an open generalized n-manifold, or of a 
compact generalized-n-manifold, is itself an open generalized n-manifold. 


4. Cochain realizations. Let K be a finite complex of dim <# and 
let U be the nerve of a covering ll of the open orientable generalized manifold, 
M. A function r* which assigns to each chain X¢ of K a cochain 7* (X1) 
= X... of U-is called a cochain realization of K on U if 


a) 7* is a linear mapping, 


b) «*(#X¢) = Fr*X2, where F on the left is the boundary operator 
and on the right is the coboundary operator. 


c) KI(X°) = KI(T":+*X°) for every 0-chain X° on K. 
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‚The last condition has meaning since by b) the image under r* of a 
Ö-chain (necessarily a 0-cycle) of K is an n-cocycle of U and hence of M. 

The definition of a partial cochain realization r* is now parallel to 
definition 1.4 of [b]. The norm of r* or r* is defined in the obvious manner. 


THEOREM 4.1. Let Dt be an orventable open generalized n-manifold. Let 
L be a compact subset of M and O a neighborhood of L with a compact closure. 
For each covering € of Mt there is a refinement S, (C; L, O). and for each 
covering B of Mt there is a refinement W,(B,E; L, O) such that if r* is a 
partial cochain realization on BoL of norm < §n(G;L,0) of an n- 
dimensional complex K, then there is a cochain realization "Xi = n* Pr’ Xi 
whenever the latter 1s defined. 


The proof of this theorem is entirely parallel to that of Theorem 2.1 using 
conditions c) and d) of definition 3.1 in place of local connectedness, | 


5. The Poincaré duality theorem. For open generalized manifolds this 
theorem takes the following form: 


THEOREM 5.1. If Mt is an orientable open generalized n-manifold, then 
HP (Mt) = he (M). i 


Proof. By Theorem L., Hr (W) is isomorphic to ha (Wt). Let Yp be any 
compact cocycle of Mt. Then (T”- Yp) = Y"? is a compact cycle of M which 
we denote by $(Y,). Clearly $ induces a homomorphism of h,(M) into 
he*(0t). We show first that s(h,(M)) covers h” (Mt). 

Let Y” be a compact cycle of Mt and L a compact subset of M which 
carries it. Let Q,, Os and O, be neighborhoods of Z in M with compact 
closures such that 0, D 0, D O, = Os. Let © bea covering of M? such that 
St(Os, ©) < 0., and: choose ©, *< H”(E, Os, O2) such that St(L, €,) C Où. 
Let li, be the covering of Theorem 2. 2 corresponding to the sets O, and Ö, and 
let U, be an n-dimensional refinement of U, which is * < §n(€1; D, 02) and 
<A" (Up, ©: Os, Oo). Tn each open set of U, there is a compact'n-cocycle of M 
whose intersection with T” has Kronecker index equal to 1. We may assume that 
these cocycles each have a coordinate on a U; where U, < IL. Now we define 
r* by letting 7* assign to each vertex of 7, the corresponding n-cocyele of Ua. 


r*’ satisfies the conditions of Theorem 4.1, so there is a cochain realization 


Tr of U,eL of norm < €, on Uan O; where W, = A, (U, €1; L, Os). In 


Ea 
particular, if 2," is the coordinate on U, of Y##, then r*z,"? = qp isa | 


cocycle of 03% O}, and ©»? is in Os. Hence tp = Yp is a compact cocycle of W. 


2 —— 0 ms qq, 


m 
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We wish to show that (T”- Y,) ~~ Y"? in O,. To this end, let K be the 
product of U, Ôa with the unit interval, simplicially subdivided so that all 
the vertices of K are on the base and the top of K. We identify U, ~ O, with 


the base of K. Note that if 27 is a cycle of U," Ô, and if &t is the corre- 
sponding cycle on the top of K, then there is a chain y@* in K such that 
Fyt == ga — Ñ, 

We define now a partial realization + of K as follows: on the base of K, 
r is the identity mapping and for any chain ® on the top of K, at 
== (— 1) (Xe: réa), where X,” is a coordinate of I” on U,. To show 
that +’ is a partial realization it is only necessary to show that Fi! = Fra 
(see definition 1.2 of [B]).” But we have, for any 27 on the top of K, 


Fat me BL (1) "arg? (Kar 702) ] = (— 1) MR (Kor 1*2) 
= (1) (FX 3% + rat) + (— 1)" (Xa: Fr*at) ] 
— (— 1yrterd),,,i ( Xn. r” Fa) i | 


Also, Fat == (— 1) m (Xa" r* Fat). Since n(g+1) and n(g—1) 
are odd or even together, 7’ is a chain mapping and hence a partial realization. 
Since ©, *<'S"(, Os, O2), norm 7 < $*(€;0,, O2). Therefore, by the 
choice of U, < N” (Us, Œ; Os, O2), 7 can be extended to a realization r of K 
on (Uv Uo) r Ox. | 

Now let y%#-1 be a chain on K such that Pyr?" = g"? — q”, where 
v”? is the coordinate of Y»? on Ui. Then Pry ®?-t =v"? — ag! (X 5" réa?) 
and ry"rtison (Uru Uo) Og. Let r be the natural mapping of (U,v Uo) 
into Uo Then Frry t-i = poor — m mat (Nr 2), Thus the coordi- 
nates of Y”? and (T*-Y,} on U, are homologous on Oa. But by Theorem 2. 2; 
this is suffcient to show that (T?-Y,) — Y"? in Ö, Hence ¢ is a homo- 
morphism of Hr(M) onto hrr(M). 

To complete the proof, ıt is sufficient to show that there is a homo- 
morphism y of Ar (WM) onto H#(Mt). The existence of such a homomorphism 
is demonstrated by the same methods as used above but starting with hAr+(M) 
and Theorem L,. The details are left to the reader. 


Remark. The above proof shows that the two groups involved have the 
same number of generators. Since the coefficient group is a field, this means 
that the two groups are isomorphic. However, since each one of the groups 


"In a similar construction in the proof of Theorem 7.3 of [B], the factor (— 1)"? 
was omitted. It should be inserted there. 


~ 


a 
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has a finite basis, it is easy to see that the Bomemorpiism $ constructed above , 


is itself an isomorphism. . 

In the above proof we hare assigned to uct compact cycle Y*-? a compact 
cocycle Yp, which we denote by r*YŸ#?, in such a way that (I™- r*y"-?) ~ y”?, 
H Y” — 0 on a set 77, then there is a chain y"? on U,n L, (same notation 
as above) such that Fyr»1 = q», Then r*y"-?-t = yêp is a cochain on U, 
such that Pyf = 7* Fy," =: 1%," ? = ep. Hence r*¥"? ~ 0, ‘and it is 
clear that this cohomology can be made to take place in any assigned neighbor- 
hood of Lı. We gather these results in the following lemma for future use. 


LEMMA 5.2. Let M be an orientable open generalized n-manifold and 
lei Y”? be a compact cycle on a compact set L and ~ 0 on a compact set Ly. 
Then for any choice of neighborhoods O and O, of L, La, there is a compact 
cocycle Yp = 7*¥"? in O such that (T": Yp) ~Y"? in O and Yp~0 in O, 


6. The Alexander and other duality theorems. In Section 6 of [B] 
we reproduced Cech’s definition of local Betti numbers and also gave a defini- 
tion of local co-Betti numbers. Now suppose that S is a closed subset of a 
space & and that s is a point of S. Then there are local Betti and co-Betti 
numbers of the complement of S at the point s. These are defined in the 
same way as the local Betti and co-Betti numbers of S at the point s but 
with the neighborhoods P and Q of s replaced by P— S and Q —S. These 
numbers are denoted by RI(T— S, s) and Rg(X— 8,s). We shall hereafter 
use R1(S,s) and R,(S,s) to denote the local Betti and co- -Betti numbers 
of Sat s. 


THEOREM 6.1. Por each point s of S, RIT — S, s) = RT — 8, 8). 
The proof is exactly the same as that of Theorem 6.2 of [B]. 


THEOREM 6.2. If Re(&,s) = Rin (Z, s) = 0, then Ran(& — 8,5) = 
R, (4, s). | 


Proof. We first show that R(S,s) = Ren (© — 5,8). Let O be any 
neighborhood of s in T. Since Ru(T,s) = 0, O contains a neighborhood P 
of s such that R,(0, P,s) —0. Let Q be any neighborhood of s which is in P. 

Now let T,7,- + *, T4 be cocycles of § in QnS$ which are independent 
in O° 8. Let Ug be a covering of T such that each Tg! has a coordinate X, 
on Us. Then FX, is a (q + 1)-dimensional cocycle in Q—S. Let us 
suppose that these cocycles are not independent in P—S. Then there is a 
chain Yq? on Up, for some Up < Ur, such that Fẹ is in P—S and 
FY P = nr" 3fi (FX). Then (Yo? — ati) is a cocycle of T in P. 


` 
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By the choice of P, this cocycle must bound in O. Hence there is a chain 
Zr, on Up, for some Up < Up, such that Z4,., is in O and FA%q, = np Ya 
—r*yPa* SSf,Xqis. But since Yọ” is in O — S, we have Xfire — 0 in O08, 


which is impossible. Therefore the cocycles FX,‘5 are independent in P — 8, 


and hence we have R,(0°8,Q9°S8,s) S Reu(P —S,Q—S,s). From this 
we have immediately that Ry(S,s) = Rau (Z — 8, 8). 

To prove the reverse inequality, let O be an arbitrary neighborhood of s. 
Since Rg..(%, S) = 0, there are neighborhoods P D Q of s contained in O 
such that Ryii(P,.Q, 5) = 0. 

Now let Tas‘ © <, I“ be cocycles in Q — S which are independent in 
0— 8. By the choice of Q with relation to P, each of these cocycles bounds 
in P. Hence there is a covering UW of © such that each Ttg has a coordinate 
Zi on Ue, and there are chains Fait on Ut such that Y,# is in P and 
FY gi Ti Let Yo = Ait + BE, where Ag’! is the part. of Y,'S in 
T— sS. Then each Bẹ! is a g-dimensional cocycle of S in Pag. Let us 
suppose that these .cocycles are not independent in OS. Then on some Up, 
Up < Uk, there is a chain Z,, in O such that FZ, = Hr; By + CP, 
where Cf is in O— 8. Then we have 0 = FFZq., = FOP + 2% pS3fi(FBg#*) 
== FOP + nf (PP ot — Ag). Then r" Pot = rl 
== F (OP + r*)SfiAatt). But Cf is in O—S and so is each 44#. Hence 
SfiTou ~ 0 in O--S, which is impossible. Therefore the cocycles BJ are 
independent in OrS, so we have Ran(O— 5, Q—S,s) = #,(0°8, 
P-$,s). From this we have immediately that Raa (Z — 8, $) = Ra(S,s) 
which completes the proof. 


. THEOREM 6.3.8 If ha (T) = MWg (T) =0, then hgt(S) = hgn (Z —S). 


Proof. Let Y, : -, Y# be independent compact cocycles of S, and let 
Tot be a Čech cocycle which is a component of Ya’. Let G be an open set whose 
closure in X is compact and which carries all the Ti. Repeating the con- 
struction in the first part of the proof of the above theorem, we obtain the 
cocycles FX. By a suitable choice of Up, these cocycles all lie in an open 
set G’ C &—S whose closure in & is compact. Hence we may use Theorem 
1.1 to obtain compact cocycles z!gı FX in G’. Also, by the argument 
above taken in conjunction with Theorem 1.1, these compact cocycles are 
independent in T — S. Thus rank (hg*(S)) S rank (hu (T—8)). The 
reverse inequality is proved in an analogous fashion. 


8 See pp. 227-229 of (157. Also, see P. Alexandroff, “General combinatorial 
topology,” Transactions of the American Mathematical Society, vol. 49 (1941), pp. 41- 
105, where this theorem is called Kolmogoroff’s duality law. 
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As in the case of Theorem 5.1, the particular construction used above 
leads to an isomorphism since each one of the two groups has a finite basis. 
We are now ready to prove our main theorem. 


THEOREM 6.4. [Alexander’s Duality Theorem]. Let M be an orientable 
open connected n-dimensional generalized manifold which has the homology 
groups of the n-sphere. If L is any closed subset of M, all of whose Betti 
numbers are finite, then Ha! (L) shot (M — L) for q=n—1. 

Proof. Since Mt is connected and n-sphere-like, AM) = 0 for 
q = n— 1. Hence hÿ (M) — 0 for g<n—-1. Therefore, by Theorem 6. 3, 
HelL) = heL) = Ka M— L) for q <n — i. Since q + 1 > 0, 
C1 (M — L) = ha (M — L), and by Theorem 5.1, han (Mt — L) 
~ hai (M— L). Since q < n— 1, n—g—1>0, so Ahra!(M— L) 
~ har (M -— L), which completes the proof for g < n— 1: 

For g =n — 1, let Y'n1,: ©, Yn- be compact cocycles of L which are 
independent on L. As in the first part of the proof of Theorem 6. 3, there are 
compact cocycles Yat, © <, Ya in M — L which are independent in M — L. 
By Theorem 5.1, to each Y„? there corresponds a compact cycle Y of WM — L 
in such a way that the Y;° are independent in M — L and furthermore 
KI (Y) = KI (I”": Ynt). But since each Ynt is ~ 0 in M, KI(T"- Ynt) — 0. 
Hence the Y;° determine independent elements of ha? (Pt — L) and so rank 
(H.”*(L)) = rank (he (M — L)). 

Conversely, let Y.°,- > -,Yx° be independent compact cycles of M — L 
with KI(Y:°) = 0 for each i. By Theorem 5.1, there are compact cocycles 
Ynt of M— L, such that (I - Yai) — Yi. Hence KI(T”- Yat) —0. I 
. follows from Lefschetz’s Theorem ([B] p. 568) that each Ynt ~ 0 in M. .Now 
the second part of the proof of Theorem 6.2 together with Theorem 1.1 
applies to show that there are at least k compact (n — 1)-cocycles of L which 
are independent on L. Hence rank (A (WM — L)) = rank (H.”!(L)), and 
this is sufficient to show that Ha" (L) = ha? (M— L), which completes the 
proof. | 

Cech [7] has shown that the above theorem can be localized in the fol- 
lowing manner: Let X be a locally compact space and S a closed subset of X. 
Let P D Q be neighborhoods of a point s of S. Denote by rı(P— 8, Q — 8) 
the maximum number of compact g-cycles in Q — $ which are independent 
with respect to homologies in P—$S. Then, using these numbers, define 
r1(& — S,s) in the obvious way. 

THEOREM 6.5. Let M-be an open generalized n-manifold and let L bea 
closed subset of M. Then for each point s of L, RI(L, s) = rrm (M — L, s) 
for al q=n—1. | 


ju 
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Proof. Let P Q be neighborhoods of s such that Rg(P,Q) = Rou(P, Q) 
= 0 and &,(P,Q) =1. Then, since Z is closed in MW, P— L and Q—L 
are open orientable generalized n-manifolds. Now, by trivial modifications in 
the proofs of Theorems 6.2 and 5.1, we have Ra(P a L, Qa L) = R(P à L, 
Q^ L) = Ram (P — L, Q — L) = rrai {P — L, Q-— L). This proves the 
theorem. i 

As an immediate consequence we have the following result on uniform 
local connectedness.’ 


COROLLARY 6.6. Let W be a compact generalized n-manifold and let L 
be a closed subset of M. If RI(L,s) — 0 for every point s of L, then M — L 
is (n—q— 1) — ule. 


7. Geometric linking. Let $ be a closed subset of a compact space &. 
À cycle I? of S and a compact cycle Y? of Z — S are said to be linked if neither 
one is homologous to zero (as a compact cycle) in the complement of any 
carrier ë of the other. If (T?) is the element of Hr($) containing T? and 
(Y2) the element of h1(T — S) containing Y4, we say that (T?) and (Y?) are 
linked if any element of one class is linked with any element of the other. 


THEOREM 7.1. Let Mt be a compact orientable generalized n-manifold 
which is n-sphere-like, and let L be a closed subset of Mt all of whose Betti 
numbers are finite. Then in the isomorphism of Hr(L) and (MM — L) 
established in Theorem 6.4, corresponding elements are linked. 


Proof.° If we trace the isomorphisms involved in the proof of Theorem 
6.4, we see that to each element (I?) of H?(L) there is assigned an element 
(vr?) of Av? (Mt—L) in the following way: an arbitrary cycle I? is 
chosen in (IT?) and a cocycle T, of L is given by Theorem L, such that 
KI(T®-T,) 0. Then {FT} = {Apn} is a cocycle of M — L. By Theorem 
1.1, {Abu} is cohomologous to a compact cocycle Yo of M—L. Then 
(T”- Ypa) = YP- is a compact cycle of Jt— L and the class (Y7?) is the 
one assigned to (T?). | | 

Now let I? be any cycle of L and let ¥*?~ be the compact cycle of Nt — L 
which is obtained from I? by the above process, and let Y”?"! be any element 
of (ver). If we can show that T? and Y"?"! are linked, the theorem will 
be proved. RER ae 


9 Cf. Theorem 1 of [20]. 

10 Cf, L. Pontrjagin, “Zum Alexanderschen Dualitätssatz,” Göttingen Nachrichten 
(1927), pp. 315-329. I am indebted to Professor R. L, Wilder both for the suggestion 
that this theorem might hold and for an outline of essentially the proof used here. 
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First let us suppose that there is a carrier [Ÿ##-1] of Y"?7+ such that 
TP— 0 on a compact set T which does not meet [Y"?-]. Then there is a 
neighborhood O of [¥*-?-1] whose closure is compact, is contained in M — L, 
and does not meet T. By Lemma 5.2, there is a compact cocycle Ya 
== 7*Yr 2 in O such that (T”-Y,,,) ~rr in O. ‘Since H?(L) has a 
finite basis, the homomorphism Y,,1 > (T+ Ypi1) is an isomorphism. There- 
fore, since Y*-?-? ~ Yr-77 in Nt — L, Your ~ Yp in Mt— L, where Yp is the 
compact cocycle above such that Yer == (I"- Yp,,). 

Let Us be a covering of M such that Tp has a coordinate on Us. Let Up 
be a refinement of Ut such that m*p Frp == m" Ap ~ Yp on Ur and such 
that Ypi ~ Ya on Up. Let By? in M—L be such that FBP = r* p Apn 
— Yep, and let Cpe in M—ZL be. such that FC, = Y?p,.— Yap. Then 
Pr TS — Bp + CP) = Yn. Since [Yp] does not meet T, the part 
of (m*o T — Bye + Cy) on LuT is a cocycle T, of LuT. Also, 
KI(v?-Ty) = KI(T Tp?) = KI (DP -n*o Tp) = KI(T’-Tp), since BY 
and Cp do not meet L. But KI(T?-T,) 0 while KI(T?-T,) =, since 
r? ~ 0 on Lu T and consequently has Kronecker index zero with every cocycle 
of LuT. This contradiction shows that T? cannot bound in the complement 
of any carrier of Yet, 


. On the other hand, suppose that there is a closed set T such that Yr? 


bounds on T while T does not meet some carrier [ITP] of T?. Let O be an 
open set containing 7' with the closure of O not meeting [Tr]. By Lemma 5.2, 
there is a cocycle Ypa in O°(9t—L) such that You Vous in M—L as 
above. Also, since Yr?1-— 0 in T, Yı ~ 0 in O. Now let Ue, Up, BP, and 
CP be as above. We may also assume that on Up there is a chain Dp? in O such 
that FD == Y’. Let the part of D on L be D,P, so that D,” is a coordinate 
of a cocycle T, of L. Now (x*p'T)S— Bp + Cp?) — Dy? is a cocycle of Up 
and hence of W. Since M is n-sphere-like, this cocycle must be cohomologous 
to zeroin Dt. Therefore there is a U, < Up such that ru? ("pfp — By? + CP) 
— aD, == FE, The part of E“p- on L is a chain #4,_, such that the 
part of Fr, which is on L is just "er" ST — rw Dp. Hence Typ ~D, 
‘on L, and consequently KI(T?-T,) — KI(T?-T,) #0. But T, is in O, 
which does not meet [T?], so that the intersection of T? and Tp must be vacuous, 
This contradiction completes the proof of the theorem. 
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THE CONTACT OF A CUBIC SURFACE WITH A RULED 
SURFACE.* 


By J. ERNEST WILKINS, JR. . 


1. Introduction. If a surface § in three-dimensional projective space 
is nonruled, it is known (see Lane [1]) that there exists a four-parameter 
family of cubic surfaces having contact of order four at a general point of 8, 
The only nonruled surfaces, at each point of which there exists a single cubic 
surface with contact of order five, are the cubic surfaces, and at each point of 
a cubic surface there is a one-parameter family of cubic surfaces having con- 
tact of order five. It is the purpose of this paper to investigate these questions 
for ruled surfaces. We find it convenient to separate the discussion into two 
parts, according as S is developable or not. In the first case we shall prove 
the following . 


THEOREM I. At a general point of a developable surface, not a plane 
or a cone, there is a three-parameter family of cubic surfaces with contact of 
order five. There is a unique cubic surface with contact of order six and no 
cubic surface with contact of order seven. 


In case $ is nondevelopable we shall prove the following 


THEOREM II. At a general point of a nondevelopable ruled surface J, 
there is a one-parameter family of cubic surfaces with contact of order five. 
The only such surfaces for which at each point there exists a cubic surface 
with contact of order six are the cubic ruled surfaces and for these surfaces 
S the only cubic surface with sixth-order contact is the surface S itself. 


‘In order to prove these theorems we shall develop power series expansions 
for the surface S. These expansions are obtained from a system of partial 
differential equations which S must satisfy. It is hoped that other applica- 
tions of these series will be made on another occasion. 


I. Developabie Surfaces. 
2. The differential equations. It is known (see Lane [2, p. 98]) that 


* Received October 21, 1943; Presented to the American Mathematical Society, 
April 28, 1944. 
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the parametric vector equation of a developable surface not a plane or a cone 
can be taken in the form 


(2. 1) z(u,v) = y (v) + uy (v), 


where y(v) is the edge of regression of the developable and is a skew curve. 
Moreover, we may assume that the proportionality factor and the variable v 
have been chosen so that y(v) satisfies the Laguerre-Forsythe canonical 
differential equation (see Lane [2, p. 84]) 


(2.2) f = cy’ — dy, 


the quantities c and d being functions of v. Then it is easy to see that 
z(u,v) is a solution of the completely integrable system of partial differential 
equations 


, Fr 
Cuu = 0, Tuo = T —— Ulus 


(2.3) Tovo == (U? + che — (ut + cu + d) Eu — un + Ur. 


Conversely, if x(u,v) is a solution of these three equations, the first two 
imply that x has the form (2.1) and then the third implies that y satisfies 
(2.2). : 


3. The power series expansions. Since $ is not a plane, the points 
T, Ly, Ty, Lyy may be chosen as the vertices of a local tetrahedron of reference 
at the point æ with the unit point so selected that a point X = 4,7 + Tfu 
+ Taty + Tstuy Will have local homogeneous coördinates proportional to 
(21, To, Ta, da). IË X — œ(u + Au, v + Av) is a point on S near v, we can 
employ a Taylor series and the differential equations (2.3) in a familiar 
fashion to express each of the local coordinates of X as a power series in Au 
and Av. These series, to as many terms as will be needed in the subsequent 
discussion, are as follows: 


a, = 1 + AuAv — usuan? + % (u? + c) Av? + Yutaudr? 
+ Wald — d'A +--+, 7 
Lo == Au — uAudd + Yu?Audrv? — W (ut + cu + d)Avi-+- -, 
(3. 1) a, = Av + WYAuAdv? — uav — YeuAdudr® + 154 cAv* 
+ Yao (Re — d) Av? +: >, 
La = KAY? + ur? + YAudv® + YeqeAv® 
+ Ya — d + cujar +. 


If local nonhomogeneous coördinates are introduced by placing 
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T = L/L, Y = Laf Ti; 2 = bB; 
we find that they may be expressed in power series as follows: 


z= Au — uAuAV — Av?Av + eu AuAr? — ¥ (ut + cu + d)Avi+---, 
(3.2) y = Av — YaAuAv? — Ku Ar + pususan? — Ya (4u + 3c) Av‘ 
+ RAWAT + Yo0(dd—3)Av +- - -, 
2 = WAV + YuAv? — YAudr’ + U gududvt — Y so (10u? + Ic) Av® 
+ VB Au?Av* — 20 (120 — 14d + 19cu + 20u*) Ave +- - - 


It is now possible to calculate an expansion for z as a power series in x 
and y. Thus we obtain 


(3.38) z= By’ + Kuy + Kay + Yu? yt + huryt + Yo (10u? + 3c) y? 
+ Kay + Yutay® + Yeo (Bd + 5d + 65ut + 28cu)y° +. 


We conclude that the expansion (3.3) for one nonhomogeneous coördi- 
nate z as a power series in the other two nonhomogeneous coördinates x and y 
of a point represents an integral surface of equations (2.3) in a sufficiently 
small neighborhood of an ordinary point x whose local nonhomogeneous 
coordinates are 0,0,0, the vertices of the local tetrahedron of reference being 
the points T, Tu, Ly, Toy and the unit point being suitably chosen. 

4, Contact of a quadric surface with a developable surface. Before 
taking up the proof of Theorem I, it is of some interest to discuss quadric 
surfaces. Writing the equation of the most general quadric surface and 
demanding that it be satisfied by the series (3.3) identically in z and y as 
far as terms of the second degree, we find that there exists a three-parameter 
family of quadric surfaces with second-order contact. The equation of a general 
one of these is | 


(4.1) ~ g —Iy? + karz + kyz + kaz? = 0, 


where ks, k, and k, are the parameters. The quadric surface has third-order 
contact if, and only if, k = 0, k = — u/3. We conclude that there exists 
a one-parameter family of quadric surfaces having third-order contact. The 
equation of a general one of these is | 


(42) . 7 z — 4y? — uyz/3 + kaz? = 0, 


where k, is the parameter. It is interesting to note that the quadrics (4. 2) 
are all quadric cones with their vertex at the focal point on the generator 
through the origin. Finally, we find that the quadric (4.2) never has fourth- 
order contact for any value of ky. 
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5. . Contact of a cubic surface with a developable surface. We now 
proceed to the proof of Theorem I. We write the equation of the most general 
cubie surface and demand that it be satisfied by the power series (3.3) 
identically in x and y as far as terms of the fifth degree. Thus we find that 
each member of the three-parameter family of cubic surfaces whose equations 
are 

(9h, + 15k3) y® + kaz + (12k, + 40uk,) 22? + 80k xyz 
(5.1)... + Luke + Buk, + (40u? + 18c) ks] yz? — bkz? — 18kıyz 
+ (6ukı + Bk + 30u’k,) y°2 — 0ksz + 4ökzy? = 0, 


has fifth-order contact with S. Moreover, there is a unique member of this 
family which has sixth-order contact with 8. Its equation is 


> a 


(5.2) 135y° + (80u° + 108c) 2% + 18022? + 120u?y2? + 90uy?z — 270y2 = 0, 


This cubic surface could be called the osculating cubic surface of the develo- 
pable surface. Finally, the cubie surface (5.2) never has contact of the seventh 
order. These remarks complete the proof of Theorem I. 

We have incidentally proved that there are no cubic surfaces which are 
also tangent developables of twisted curves. | 


6. The degenerate developables. Let us now consider the cases that 
arise when the developable surface $ is a plane or a cone. In the first case 
we may assume that the equation of the plane is z = 0. Then it is easy to 
see that there exists a thirteen-parameter family of cubic surfaces with second- 
order contact and no non-composite cubic surface with contact of the third 
order. 
If the developable surface S is a cone and P is a point on S at which we 
` wish to investigate the order of contact of cubic surfaces, we may suppose 
that the director curve y(v) is a plane curve through P and that the pro- 
portionality factor and variable v have been chosen so that y(v)-is a solution 
of the Laguerre-Forsythe canonical differential equation 


(6. 1) y” u py. 


Let z == 0 be the plane of this curve and pick the points y, y, $y” as 
three of the vertices of a local tetrahedron of reference. The fourth vertex 
of the tetrahedron is picked as the vertex a of the cone and the unit point is 
selected so that a point X = ayy + sy + 1737” + z,a will have local homo- 
geneous coordinates proportional to (%,%2,%3,%4). Then the power series 
expansion for the cone analogous to (3.3) for a general developable is 


ae nm 


— 
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(6.2) © y= + pr /10 + p'af/60 +- - - 


To see that this is true we need only remark that with the coördinate system 
chosen as it is the equation of the cone cannot contain the variable z and must 
be the same as the equation of the director curve y(v) in the plane z = 0. 
The expansion (6.2) is well known to be the latter equation (see Lane [2, 
p. 57]) when the curve y (v) satisfies the differential equation (6.1) and the 
coördinate system is selected as it is. . 

Employing this expansion we readily find that de exists à ee 
parameter family of cubic surfaces with sixth-order contact with S at P and 
that all these cubic surfaces are actually cubic cones with the same vertex as $. 
We conclude that the theory of contact of a cubic surface with a cone is 
coextensive with the theory of contact of a plane cubic curve with a plane 
curve, at least for orders of contact greater than five. It follows from this ' 
latter theory that there exists a one-parameter family of cubic surfaces 
(actually cubic cones) with seventh-order contact, and that ordinarily there 
ig a unique osculating cubic cone with eighth-order contact. If at every point 
of the cone the osculating cubic cone has ninth-order contact, then the original 
cone is itself a cubic cone. 


II. Nondevelopable Ruled Surfaces.. 


7. The. differential equations. As is well known, the parametric vector 
equation of a nondevelopable ruled surface S can be written in the form 


s(t, v) 7 y(v) + uz(v), 


where y(v) and 2(v) define director curves on S which satisfy differential 
equations of the form (see Lane [2, p. 165]) 


a)  g=—3B(v)y+C(v)z, = —A(v)y + 4B(v)z. 


It follows that z(u,v) satisfies the completely integrable system of partial 
differential equations 


We 2) i Tuu = 0, Coy = dyut + YLu; | 
where y is defined by 
(7.3) - y = Au? + Bu + 0. 


Conversely, if (7.2) is a completely integrable system, then y is of the form 
(7.3) and æ— y + uz, where y and z satisfy the differential equations (7.1). 
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If y==0, the integral surfaces of (7.3) are quadrics, while if y0, 


the conditional equation y — 0 defines the flecnode curves on S. We shall p 


hereafter suppose that y>40 on the region of 'the surface in which we are 
interested. 

The most general transformation of asymptotic parameters u,v and 
proportionality factor which leaves invariant the form of (7.2) is given by 


(7. 4) u* = U (u), v* = V (v), T = 72%, tU’ V’ 0, 
where 7, U and V are defined by | 


(1.8) 17 (au+b)(w+d),, U= (eu + f)/(au +b), 
| V = (gv + h)/ (w + d), 


the quantities a, b, c, d, e, f, g and h being constants such that 


(eb — af) (gd — he) I. 
Under this transformation y is carried into 
y = U’,/V" = A*u*? + B*u* + C*, 
where A*, B* and C* are defined by 


A* — (gd — hc)? (Ab? — Bba + Ca?) / (eb — af) (ev* — g)*, 
(7.6) B*—— (qd — he)?(2Abf — Baf — Bbe + 2Cae) / (eb — af) (cv* — g)‘ 
CE = (gd — he)’ (Af? — Bfe + Oe?) / (eb — af) (cv* — g)*. | 


8. The power series expansions. Let Ps be an ordinary point on S. 
Since S is not developable, the points £, Lu, Zo, Zu» may be chosen as the 
vertices of a local tetrahedron of reference with unit point so selected that a 
point X = gıt + Lolu + ty + Tatur Will have local homogeneous coördinates 
proportional to (21,2, Ts, Ta). E X = z(u + Au, v + Av) is a point on 8 
near v, we can employ a Taylor series and the differential equations (7. 2) 
in a familiar fashion to express each of the local coördinates of X as a power 
series in Au and Av. These series, to as many terms as will be needed in the 
subsequent discussion, are as follows : 


ty = 1 — Uyu Av? — yy Au An? — I ya ADS — Y2yamwAuAv? 

+ YG (Yu? — 2yyuu — 2yuw) AVE +: °°, 7 
Go = AU + yAn? + YyyyAudr? + Yey,Av® + YaywAuAv? 

+ YaayoAv* + We (yu? — 2yyuu + Ryuvv) AUAN 

a 20 (yuyo — Yyuv + yom) Av? + en 
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(8. 1) Ta = AV — Th oyuAv® as 14 9 yuu AUAVS SE Vo 4 yuvAV* 
— Yayuududv’ + g0 (yu? — Ryyuu — Syuw)Av® +: ++, 
©, = Audv + %yAv? + M pyaAUAT + YoyAv* + YayudtAr* 
+ Yaoyudv® + go (Yu? — 2y yuu + Byun) AUAN” 
ae 20 (Yuyo s YYav F- Ayo) AV° — acy 


If nonhomogeneous coördinates are introduced by placing 


T == Lo/ Ts y er ET LR ETA Ts/Ti, 


we find that +, y and z may be expressed in power series as follows: 


t= Au + Voy Av? + LoyaAUAT? + + Yy,Av? + YyuAu?Av? 

i y e + La (Yw + 3yyu ) Abt + VY 2 yuuvAU? AV 
+ %a (Yuvv + 3yyau + Byu7) AuAv* 

à 74.20 (Youn T 4y yuv -+ yuyo) Av" —- ee 

(8.2) y = Av + yaso? + Veyuududv® + 1 4 yu AVE + YayumAuAv! 

+ 420 (Ayu? + 2yyuu + yuo) Av? + "©, 

= AuAv + YeyAv® + To yAUALS + YayAvt + YyyuuAuAr® 
+ Peywhudv* + 20 (3Yvv + Dyyu) AVS + VA 9 yuuvAU?AV* 

+ 20 (Iyu? + Tyyuu + Auvo) AuAv® | 

+ 00 (16yuyo + Jyyuv + 4yviw) AVS + 


It is now possible to calculate an expansion for z as a power series in x 
and y. Thus we obtain 


(8.8) — z= ry — %yy? — Yyury® — Mayıy! — Yoyuur’y® — Az Vs" 
+ %o (10yyu Eu you) Y° a VY gyunvt y* 
+ Yo (10yyuu + 10yu? — Yuvv) TY° 
H Ys 60 (2Oyuyo + LB yyuv — Yeow) Y? +` 


"The expansion (8.3) for one nonhomogeneous coordinate z as a power 
series in the other two nonhomogeneous codrdinates x and y of a point repre- 
sents an integral surface of equations (7.2) in a sufficiently small neighborhood 
of an ordinary point x whose local nonhomogeneous coürdinates are 0,0, 0, 
the vertices of the local tetrahedron of reference being the points T, Zu, Vv, Luv 
and the unit point being suitably chosen. We remark that all the terms in the 
series (8.1), (8.2) and (8.3) except those of the highest degree can be 
obtained from more general series to be found in the treatise of Lane [2, 
pp. 127-129]. In fact we merely have to put p = fu = 0) = B = 0, q = — ty 
in the series (V: 4.3), (V: 4.6) and (V: 4.7) of his book in order to 
obtain these terms. 
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9. Contact of a cubic surface with a nondevelopable ruled surface. 
We now proceed to the proof of Theorem II. We write down the equation of 
the most general cubic surface and demand that it be satisfied by the power 
series (8.3) identically in x and y as far as terms of the fifth degree. Thus 
we find that the equation of any cubic surface having fifth-order contact with 
S may be written as 


` 
"m eme nn 


+ 


(9.1) (1/3)yy? + D2 + (z— zy) (Pa—Eyeo/y)y + Mz +1) + yz(ly + Jz) = 9, 


where D is an arbitrary parameter and P, M, I and J are defined by the 
following formulas: 


7 == (Lb yn" + 40y?yu — 12 yyov) /80y°, . 

= (40y’yuyo + 12yyayın — 807° p= 15y) /820y%, — 
= (5yo + 40y?yu 
J = (1öyuy" + 40y? ya” — 12y yuyo aly Tr 840. 





If we examine the terms of the sixth degree we see that three of the 
directions of the sextuple point which the curve of intersection of the surface 
S and the cubic surface (9.1) has at Ps coincide in the direction dv = 0, 
i.e., the direction of the generator through Pz, and the other three satisfy 
the equation | 


(D — Pyuu/6) du? + Adu’dv + B dudv? + 8 dv? = 0, 
where @, B and @ are defined by the following formulas: 


A = [ (15 yn? — 12yyov — 40 y?yu) (yuyo — Yur ) 


(9. 2) | + 40° (yuyv =F Yyuv) a] /960y*, 
B = [1600y* (2yyuu — yu") + 960% (Yuyo — yur)» 
(9. 3) — 24000 (yuyo — yyuv) + (12yyov —- 15 yo") ?]/57600Y%, 


B= |— 209? (Yuyo — yruv) — 47? yoev + 18 yyoyou — Ld yo? ]/1440y’. 


We conclude that there exists a unique cubic surface with fifth-order 
contact and intersecting S in a curve with a sextuple point, four of whose 
directions coincide in the direction of the generator. The remaining two 
satisfy | 

Adu? +B dudv + 8 dv? — 0. 


It is obvious that there exists a cubic surface having sixth-order contact 
with S if and only if @ = B = 48 = 0 and that then it is unique. In par- 


ticular this will be true at every point of S if © is itself a cubic surface. 


To complete the proof of Theorem II, it is sufficient to prove the converse of 
this last statement. 
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Suppose now that Q = B = 8 =0. From (7.3) we find that 


Yuyo — Yıw = TU — pu + T, 
where 


m == AB’— A’B, p= 4’C -- AC, o == BC’ — BC. 


Then we find. that 9604 is a polynomial of the sixth degree in u whose 
leading coefficient is (...)r -+ 80A%» and in which the coefficient of uë is 
(...Jr+ (...)p— 804%o. Since Üæ=0, these coefficients must vanish. 
If +==0, then either A=0 or p==0. In either case p= A’C — AC’ =0. 
Then either A=0 or c==0. If A==0, we find from (9.2) that 96077 
is a quadratic polynomial in u whose coefficients are, respectively, given by 


Lı = (— 40B* — 12BB” + 15B”)o, 

M, = — (80B°C + 12BC” + 12B"C — 30B’C’)o, 

N, == (— 40BO? — 1200” + 150%) o. | 
Since Ü == 0, these coefficients must vanish. Therefore 


0 == CL, — BCM, + B?N, = 150°. 


We conclude that r=0 implies p == o == 0, yuyo — yyw = 0. If the last of 
these equations holds, it is easy to show that 


(9. 5) y= f(u)g(v) = (lw + mu +n)g(s), 


where 1, m and n are constants not all zero and glv) 0. 

The equation @ == 0 may be regarded as a linear homogeneous differen- 
tial equation satisfied by y(u, v) = yuyo — yyu» with independent variable u. 
Uniqueness theorems for such differential equations imply that if there exists 
a point (uo, vo) for which (wo, vc.) = 0, then y(u, vo) ==0 in u. Suppose 
that there is a value vo for which r (vo) 0. We put 


Uo = {p(vo) + [e7 (v0) —- r (vo) o (vo) P}/r (vo). 


Then y(u, ve) = 0 and this is a. contradiction. Hence- = 0, so that p= 0 = 0 
by our proof above. Thus we have proved 


LemMA 9.1. The equations yuuu = 0, A == 0 hold if and only if y is 
given by (9.5). . 


If @ = 0 we can reduce the equation B == 0 by means of (9.5) to the 
fom | 


(9. 6) = 1299" — 15g? + 408g? —0, 8? = m? — Alm, 
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‚and we can reduce the equation. 4 == 0 to the form 
(9. 7) 0=— 4979" + 1899’ 9" — 15g" = 89" (g3) = 0 
Then the identity gf’ — 39’f==— 39 proves the following 
Lemma 9.2. If yumu = Q = B = 0, then 6 = 0. 
If 8 = 0, it follows from (9.7) that g must have the form 
g(v) = 1/(Av? + po + v)’, 


-where À, » and v are constants not al Zero. Such a de mn satisfy 
(9.6) if and only if 


(9.8) 3e = — 108, ê = p? — 4i, 8? = m? —Aln. 


Therefore, y satisfies yuuu = = B-== 8 — 0 if and only if 


(9. 9) y= (lu? + mu + n) / (0? + mw + v)’, 


where the constants satisfy (9.8). 

We are now in a position to complete the proof of Theorem IT by showing 
that any integral surface of (7. k with y defined by (9.9) is necessarily a 
cubic surface. 

If è= 0, so that e—0, we make the transformation (7.4), (7.5) 
selecting a,b so that 1b? — mba + na? — 0. Then A¥== 0. Since the equa- 
tion B? — 440 — 0 is invariant, it follows that B* —0. We choose €, f so 
that be—af == 1. Since e= 0, if we choose c, d so:that Ad? — ude + ve? = 0, 
then also 2Adh — udg — uch + 2veg == 0. Then we find that 


C8 = (gd — he)? (If? — mfe + ne?) / (Ah? — ugh + vg?)? 0. 


Since d = &4, c = £\3, where £ is arbitrary, we can make C* = 3 by picking 
é == 33(1f? — mfe + ne?)4, and the choice of g,h is arbitrary except that 
gd— hc=£0. Thus we see that we may assume that the equations (7. 2) 
have the form 

Tuy = 0, Loy — 32x. 


Four linearly independent solutions of these equations are 
t, = 1, de = V, Ta = U + 3v°/2, Ga = uv + 30°. 


These are the parametric equations of a cubic surface known as Cayley’s 


cubic scroll (see Lane [2, p.136] or Wilczynski [3,p.145]). Its implicit ` 


equation is 21 (Tırı — 72%) + Të = 0. 


soe 


= 
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If $0, so that e540, we make the transformation (7.4), (7.5) 
selecting a, b, c, d, e, f, g and h so that | 


lb? — mba + na? = lf? — mfe + ne? = 0, 
(9. 10) Ad? — dc + ve? = Ah? — ahg + vg? = 0, 
(be — af) (gd — he) 0. 


Then A* = C* = 0 and B* is given by 


. (gd — he)? (2lbf — maf — mbe + 2nae) — 


Bar EN e A er re ee 2 
2 v*? (be — af) (2Adh — pdg — poh + 2veg)? ° 


. Making use of equations (9.10) we find that B*—=$/e&v*?. Then from 


(9.8) we conclude that B* — — 3/10v*?. Therefore, we may assume that 
the equations (7.2). have the form 


Tuu = 0, Lw = — 82/200? + 8ur,/100". 
Four linearly independent solutions of these equations are given by 


Di”, Lo == V7, Ta = VSU, Ta = VSU, 


i 


where r = 4 + 10%, s= 4 -+ 2:102. This is also-a cubic surface and its 
implicit equation is %ı’®4 — T£; = 0. For a discussion of this cubic surface, 
see Wilczynski [3, p. 145]. 

These remarks complete the proof of Theorem II and also prove the known 


COROLLARY. Besides the cubic cones, there are only two projectwely 
inequivalent cubic ruled surfaces. 


10. Geometrical interpretations of the invariants @ and @. We have 
shown that @ — 0 if, and only if, yuyo — Yyın = 0. It then follows from some 
results stated in Lane [2, pp. 165-166] that @ — 0 if, and only if, the flecnode 
curves are asymptotic curves, or if, and only if, S possesses two (distinct or 
coincident) straight line director curves. These are the flecnode curves of the 
preceding characterization. Moreover, @ = 0 if, and only if, S belongs to a 
linear congruence and the directrices of the congruence are the flecnode curves 
above. Finally, @ = 0 if, and only if, the curved asymptotics belong to linear 
complexes. 

To interpret 8 we consider the curve of intersection of $ with its tangent — 
plane at the point Pz. The intersection has two branches, one of which is 
the generator y = z = 0 and the other of which may be obtained by setting 
z = 0 in the power series (8.3) and solving for © as a power series in y. 
Thus we find that the equations of this branch are 


6 
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= Yyy? + YAayıy? + Ase (By — 10yyu)Y* 


10.1 
— so (10yayo + Syyuv— youu) Y +, = 0. 


a * 


The equation of the osculating conic of the curve (10.1) is found to be 
(10. 2) == P + e — Yyy? — 14 (yo/y) ay = 0. 


We see from (9.1) that this conic may also be given the following charac- 
terization. Any cubic surface with fifth-order contact with S intersects the 
tangent plane in a cubic curve which decomposes into the generator y == 0 
and the conic (10.2). Our desired interpretation of @ is supplied by the 
fact that the conie (10.2) hyperosculates the curve (10.1) if, and only if, : 
G = 0. 
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A LIPSCHITZ CONDITION PRESERVING EXTENSION FOR A 
VECTOR FUNCTION* | 


By F. A. VALENTINE. 


1. Introduction. The existence of an extension of the range of definition 
of a function f(x), defined on a metric space M to a metric space M’, so as 
to preserve a Lipschitz condition (1), depends upon Mm and Mm’. In a 
previous paper [5], the author has established the extension when M and 
Yn’ are both Euclidean planes. Both McShane [3], and the author [5], have 
established, in different ways, the extension when M is a metric space, and 
when Mn’ is the one-dimensional real space. Zorn [6], has shown that if Mm 
and M’ are a large class of Minkowski spaces, the extension, in general, does 
not exist. For another example, the result of a discussion with my colleague 
W. T. Puckett, see Valentine, [5]. In this paper it is shown that. the extension 
exists when each M and M’ is, (1) the n-dimensional Euclidean space; (2) the 
surface of the n-dimensional Euchdean sphere; or (3) the general Hilbert 
space. The-author wishes to take this opportunity to express again his grati- 
tude to his colleagues Max Zorn and W. T. Puckett who have made helpful 
suggestions concerning these topics. 

The following notation is used. A sphere S; in (M with radius ry and 
center æ; is the set of points & for which || z, gi | Sri. Any notation in Mm’ 
corresponding to one in M will be distinguished by means of a prime. The 
extension of f(x) so as to preserve a Lipschitz condition 


(1) If), Fa)" | a, 2 | 
necessarily depends upon the following property. 


PROPERTY E. Consider two sets of spheres M and M’ contained in the 
metric spaces M and W respectively. Suppose that to each sphere S;eM, 
having center x; and radius ti, there corresponds a sphere S'i e M”, having 
center 2; and radius ri. Furthermore suppose that 


(2) nr, [ras I Sl) 2,25], 





* Received July 28, 1943; Presented to the American Mathematical Society, March 
17, 1943. 
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for all corresponding spheres Si and S'i, and for all corresponding pairs 
(Si, Si) and (9,85). 

The spaces M and M are said to have the extensibility property E if 
under ihe above assumptions the condition 


(3) | 18:70 

implies 

(4) 118; 0. 
M’ ; 


In establishing the validity of Property E for the case M = M’ = Rn, 
the n-dimensional Euclidean space, it is first proved for the range (t= 1,: > -, 
n +1). The property E is then proved for arbitrary sets M and M’ by means 
of a theorem of Helly, [2]. An advantage of the above procedure lies in the 
fact that property E is a necessary as well as suficient condition for the ex- 
tensibility of f(x) so as to be Lipschitz preserving. 


2. Property Ein Rn. 


THEOREM 1: Property E holds when each M and M is the n-dimensional 
Euclidean space Ra. ] 


Proof.. Let S; (t =1,:--, n +1) be any set of n + 1 spheres in the set M. 
We shall first prove that condition (3) implies condition (4) for (t = 1,:::, 
n+1). Let A(2's,- + *,Znn) be the Euclidean simplex (degenerate or non- 
degenerate) determined by the centers z’; of 8; (i= 1,:: °,n<+1). Sup- 


pose that A (2'1, © +, Z'n) 1s not covered by the sets S'i. Then choose z and 
x so that ` 
z n+l | : +1 
(5) LE I Si, C EAEG 30 an) — 2 S'i, 
=! =1 


and let R; and À”; be the n-dimensional vectors drawn from x and z’ to z: and 
7; respectively. Conditions (5) and (2) imply that 


(6) | Rs Ra > Ri: Bi, (t not summed), 
Mm (Ri — R) (Ri—R";) S (Ri—R;): (Ri—Rk;), 


where the products involved are vector dot products. Conditions (6) and 
(7) yield the inequalities | 


(8) FE’; PB; > Hs Bj. 


N- 
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Since the point + is contained in A(n +, u: there exist constants a’; 
(t= 1, ::,n+1) such that 
| n+1 ` l 

(9) a, = 0, Da; 0, a ,k’; = 0, (4 summed). 

i=1 : 
Multiplying (8) by a’ia’;, summing on v and J, one obtains 
(10) (ik) (W41) > (Ri) (ak), 
which by (9) implies that 

|a’:R,|?><0, (i summed), 
which is impossible. Hence A(afı,' - -, Zu) is covered by the sets Si. 
Furthermore conditions (3) imply that 


(11) Si: S; B(z,2;) 0 

where B (zı, 2;) is the side of the simplex A joining 2; and 2;. Conditions (2) 
and (11) then yield the conditions 

(12) Si BaL) 0. 

By a theorem of Knaster, Kuratowski and Mazurkiewiez,! conditions Se and 


the fact that A(41,° °° , Zm) is covered by the sets $”;, imply that il 8’, 0. 


Since we have shown that each set of n + 1.of the spheres 8’; have a point 
in common, it follows by a theorem of H elly, that all the spheres 8’; have a 
point in common. Thus Theorem 1 is proved. 


3. Property Ein Kn. Let Kn be the surface of the (n + 1) -dimensional 
Euclidean sphere En in Rn. Although Lemmas 1-3 are used to establish 
property E for Kn, they are of independent geometrie interest. | 


Lemma 1. Let Mm and M be two n-dimensional spherical surfaces 


Kn and Kn belonging to two Euclidean spheres En and Enn, respectively, 


: See Alexandroff and Hopf, [1, p. 3771. The theorem states: If the closed sets 
+, À, cover the simpler T, and if for each side Gi rt, of T, we have 


nr a, CC AT ane 28 +A, 
then A,-A,-...:A, 76 0. 

2 See [2] or [l, p. 297]. The theorem states: If each n + 1 sets of a family of 
closed bounded convex sets of the n-dimensional Huclidean space intersect, then there 


is a point in common to all the sets. 


An: æ 
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of equal radii; if in the statement of property E, i=1,: : :,n + 1, then 
conditions (2) and (3) imply conditions (4). 


Proof. Since i—1,: - - ,n + 1, the set of centers 2; of S; must hie on 
the surface of a closed hemisphere Han of the sphere Ens. A corresponding 
statement holds for the points 2’;. It'should be remembered that S; and 8°; 
are here n-dimensional spheres in Kn and K’, respectively. We first assume 
that x’; are interior points of the surface of Hn». Denote the surface simplex 
ne or non-degenerate) on Hnn, determined by the oui is by 


ot," © *,Anu). Attach a corresponding meaning to o(s’ °°, d'u). 
Condition (3) implies that 
(13) . Si: Sj: Bi, 2) #0, . (i j = 1,: sn D) 


where B(x, £j) is the side of the simplex o joining 2; and z;. 
By virtue of conditions (2) and (13) we have | 24,27; |sr: + r is 
so that 


(14) i Si ` S”; | B(«;, 5) =£ 0, 
Choose the point v so that 

n+i 
(15) ze II Si 0. 
Suppose that the simplex o(41,° * *, 2n) is not covered by the spheres S'i. 
3 +1 Pi 
Hence choose 2’ €o(#'1,: © ',® Una) = S'i, which implies that 

i=1 

(16). | 2, di PT ee 


We now show that (16) contradicts the hypotheses (2). Let Ai, R be the 
(n + 1)-dimensional vectors in Ran drawn from the center of the sphere 
Enn to the points x; and x, respectively. Attach à corresponding meaning to 
Has Conditions (2) imply that 


(17) (Bi — Bj) (Ki Ri) S (hi — Bj) - (RR) 

hold, where these are vector dot products. Furthermore conditions (16) yield 
the inequalities 

(18) (R’-— R':): (R’— R) > (R— Ri) (R—R:). 

Since | Ri |= | Bi |= | R | = | Æ |, conditions (17) and (18) imply that 
(19) Ri- R Z Ri- R, E | 


| G,j=1,'''.2r-41). 
(20) R-R>R-R,;, 
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Since v'e (1, + ',2n41), and since the 2’; are interior points of the surface 
of the hemisphere H'a there exist, by a Bon) pr operty of vectors, con- 
stants A’; such that 


+L 
(21) B= NR’, M>0, «= EKO;  (isummed). 


4=1 


On multiplying both sides of (19) by A Wi: summing on ? and 7, one obtains ` 


(iR) (NRG) = (AGBs) A;R;) 
which, on account of (21), yields _ 
(22) INR: | SIR |, (4 summed). 
Similarly on multiplying both sides of (20) by Ai, summing on 3, one obtains 
R- (RX) > BR, | 
which implies, since | R’ | = | R |, that 
(23) TARI > | B’ | (i summed). 


Since (22) and (23) are contradictory, the assumption that o (21, © >, Ema) 
is not covered by the spheres 8°; is false. Then conditions os imply, by the 


theorem of Knaster, Kuratowski and Mazurkiewiez, that il 8’;540, and 


t=1 
Lemma 1 has been prove! when the a’; are interior points of the surface 
of HE neje : 


Since 4 = 1, : :,n +1, the remaining case is that in which all of the 
points v’, are on the boundary of the surface of H’,,1. In this case there exist 
sequences of points £mi, such that | a, dns ||’ S |} vi, 2; |, mi Zi as 
m—> oo, and such that £mi are interior points of the surface of H’ası. For 
example if P is the center of the surface of H’n,1, choose Yami on the great 
circle joining =’; and P so that | vm, 2’; |’ = e(m), where e(m) — 0, as 
m—> oo, for (t=1,--+,%-+1). Then by the above proof Lemma 1 holds 
for the points x; and 2%mi, and hence by passage to the limit, for the points 
t; and v'i. 


Lemma 2. Let M and -M’ be two sets of points, each set lying on the 


surface “An of an (n -+ 1)-dimensional Euclidean sphere Ens of radius r. 


Suppose that to each point x£ M there corresponds a point gz; e M. 


3 Loc. ett 
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Furthermore suppose that there exists in M” a set of points g'i, (i=1,-::, 
m+2,1=m=n) which determine an (m + 1)-dimensional Euchdean 


simplex Al," © ", Um) containing the center O of En: in tts interior. k 
If we have 
(24) | as, 25 || S ai, 8; | 


for all corresponding pairs in M and M”, respectively, then 
(25) ECESE || = | wa, a | 


for all such pairs. 


Proof. Since K'a = Kn, we can omit the primes on the metrics entirely. 
The lemma is proved first for £ı,* ` *, 8m2. If the strict equality in (24) A 
holds, the lemma is empty. Hence suppose. without loss of generality, that, * 
. for example, 


(26) ETLI EG | es, de |. 


Let (x,y) be a diametrically opposite point pair in Ky and attach a corre- 
sponding meaning to (#1,y’). Then by definition 


I, | + | ea, y | = arr, - on 
lene + lene lar, Be) 
Conditions (24), (26) and (27) imply that | ç 
. ar > k 
` (28) Ha, UE le y À, (i= 8, <- m+ 2), 


| v2, y’ | > | re, y |. 


Let Ri, R'i,R, RK be the (n + 1)-dimensional vectors drawn from the center O 
of Enn to the points £i, Vi, y, y respectively. Since the center O of Em is 
interior to the Euclidean simplex A (a, + ‘ ,%m42), the point y” is interior to 
the surface simplex o(2’s,: + +, @mi2), and o(a’2,° + *, 2m2) must be on the 
interior of the surface of a hemisphere Hası of Ens. This last statement: 
implies the existence of constants X; > 0 (t= 2,:°+,m-+ 2), such that 
R'—NiR'i, (i summed). Conditions (24) yield conditions (19) with 
(i, j =2,; >- m42). Conditions (28) yield the inequalities, | 
5 > BF. JY, | 
(29) nn G=3 omt?) T 


Conditions (19) and (29) imply, just as in the proof of Lemma 1, the contra- 
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dietory results (22) and (23) with (1==2,- - .,m+2). Since: in (26), | 
©, and a, were chosen without restriction, Lemma 2 is proved for 
(i= 1, - -m+ 2). 

Secondly, to complete the proof, let x; be any point in M, with zs ~ a, 
(i= 1,:~-,m-4-2). Since Lemma 2 holds with (i= 1, - -,m + 2), con- 
ditions (25) imply that the (n<+1)-dimensional Euclidean simplex 
A (21° © +, 2msz2) can be moved rigidly so that z’; = xı. Hence move the 
set M’ rigidly in us so that ah; = xı, (i= 1,; -,m<+®). Suppose that 
Lemma 2 is false, so that, for example, 


(30) | | 1, 2's | < | as, as |. 

Since conditions (27) hold with 4 replaced by s, conditions (80) give the result 
(31) das y | > re, y À 

Conditions (24) and (31) imply that 

(32) Wi: Es Z R Rs, (i= 2, m +2), 
(33) | R Re ke ips. 


Conditions (32) yield the result (À) B's = (AGRi)- Bs, (à summed). 
Since 2; = ti, y =y, we have A, = Ri, R = R, whence by the previous 
sentence RR, = R: Rs, which contradicts condition (33). Thus Lemma 2 
is proved, ` 


Lemma 3. Let M and W be two sets of points, each set lying on the. 
surface Kn of an (n + 1)-dimensional Euclidean sphere Enn of radius r, and 


suppose that to each point xie M there corresponds a point vie M. If the 


set of points W do not all lie on the surface of a hemisphere Harı of Enis, and 
if conditions (24) hold for all corresponding pairs (xı, di) and (2,05) in 
M and M’, then conditions (25) hold for all such pairs. 


Proof. We use the same notation used in the proof of Lemma 2. Choose 
an arbitrary point in M, and without loss of generality denote it by vı. Suppose 
that y’, the point diametrically opposite to 21 on Enn, is such that y eM’. 
Let £s be an arbitrary point in M. Then since 


| Ta, vs | + I es, y | = ar, Id, | + ls y | = rr, 
| Viu ds | S | ty ts |, Voy | S | tay |, 
we must have | 2^1, z's | = || z1, £s |. Hence conditions (25) hold in the first 


case. The same proof holds if y” is a limit point of W. 


90 F. A. VALENTINE. 


Secondly, suppose y  M’, the closure of W’. Let O(M’) be the convex 
hull of W. Since AM’ ¢ Han, C(M’) contains the center O of En, in its 
interior. Hence the line joining +’: and O meets when extended the surface of 
C(M’) at a point P¢ M’. Hence let A(2’2,- + >, 8m2) (OS mS n) be the 
smallest ‘simplex of the surface of C(M’) containiig P in its interior. Then 
the simplex A(2’1, 22," * *,2'ms2) contains O in its interior, and hence satisfies 
the hypothesis of Lemma 2. Thus (25) holds, and Lemma 3 is proved. By 
using the closure of W’, the above argument yields the 


Remark. Suppose that M’ € Kn, the surface of Eu. of radius r. If each 
set of m+ 2 (0=m=n) distinct points of W” lie on a hemisphere of Fm 
_ of radius r, then M” lies on a hemisphere of Kan. 


THEOREM 2. Property E holds when each M and Nn’ ts the n-dimensional 
surface Ky of the (n+ 1)-dimensional Euclidean sphere En. 


The proof of this theorem falls naturally into two cases. 


Case I. Suppose that the centers +’; of the spheres 8’; e W’ all lie on 
the surface of a closed hemisphere Has of Ens. By Lemma 1, each set of 
n+ 1 of the sets Fi: Hna have a point in common. The projection of the 
sets S'i’ Hna on the base plane of the hemisphere H»,: are convex sets, which 
we denote by Ci. Since a projection sets up a one-to-one correspondence 
between points of the surface of HA, and points of the base plane, each set of 
n + 1 of the sets C’; have a point in common. By a theorem of Helly + [2], 
or [1, p. 297], it follows that all the sets C”; have a point in common. Thus on 
account: of the one-to-one correspondence, Ha Ir’; 540, and Theorem 2 
is proved for this case. 


Case IT. In this case suppose that the centers x; do not all lie on the 


surface of a hemisphere of En... Then by Lemma 3, | 2's, x; | = || ti, 2; ||. 
Hence by a rigid motion of M’ in Rn, we can make 2’; = g; for all corre- 
sponding pairs S; and S'i. Since r; = 17;, we have S; = S'i. Thus Masi ~0 
is identical with IyS’;40. Consequently Theorem 2 has been proved in 
all cases. 


4. Property Hin W. Let A be a general Hilbert space, the number of 
dimensions not necessarily being denumerable. 


“THEOREM 3. Property E holds when each M and M is a Hilbert space U. 


t Loe. cit.” 
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This theorem is a consequence of the following statement. If each finite 
set of the spheres Si in N have a point in common, then they all have a 
‚point in common. To prove this let the spheres S; be well-ordered, and let the 


corresponding products Il Si Ta, (% = transfinite ordinal). ‘Since the sets 


Ta are well-ordered, s aie ake that the first one which is zero is Tg. If B is a 
limiting ordinal, then since the space X is regular, and since the sets Ta are a 
transfinite bounded monotone decreasing sequence of closed convex sets, a 
theorem of Smulian [4] states that Tg3£0, contrary to our assumption.? 
The remaining case is that in which the first of the Ta which is zero is Tg, 
with 8 = ò -+ n, where ö is a limiting ordinal and n is an integer. In this 
case reorder the spheres Si, so that the first set of the sets IT Si; = Tat which 


gel 
is zero is Ta, where 6,8. If ßı is not a limiting ordinal, repeat this 


process so as to obtain a sequence of sets 7'g,* (8, and À are ordinals). so that 
If à > u, By < Bp. The ordinals 8) must then have a smallest member, denoted 
by By. The number 6, must, by construction, be either a limiting ordinal or 
an integer. In the former case we have, by the Smulian theorem [4], Te, £0, 
whereas in the latter case this condition follows by assumption. Since in all 
cases 7",* #0, (A= fixed ordinal, «== any ordinal), the statement above is 
proved. =e N 
In a Hilbert space any n +1 spheres Si must have intersections in the 
same n-dimensional Euclidean space Ra. Since for any n +1 spheres 9; in 
H, the n-dimensional Euclidean Ras Si Rn, I'i R'a satisfy the hypotheses 
of Theorem 1, we must have iat 5°; 70. Since n is an arbitrary integer, 


4=1 


by the italicized theorem in the preceding paragraph we must have Hag: 0. 
Hence Theorem 3 is proved. 


5. The extension. 


THEOREM 4. Let f(x) be a function which maps a set S in a metric space 
M into a set 8’ in a metric space M, so as to preserve the Lipschitz condition. 
Furthermore suppose that M and In’ have the property E. Then f(x) can be 
extended to any set T DS so as to preserve the Lipschitz condition. 


A Lipschitz extension is possible as soon as one establishes the extensi- 
bility of f(x) from an arbitrary set U to any additional point zo. To do this 


5 The Smulian theorem and its applicability here were suggested to me by my 
colleague Max Zorn. The italicized statement in the above proof also holds when X 
is a regular Banach space and when S, are bounded, closed, convex sets. 
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here let S; be spheres in 7h with centers a and radii rı = || z,, v: ||, respec- 
tively, and let S’; be spheres in M’ with centers &; = f (ai) and radii 7: = r: 


respectively. Let x; range over U and denote the corresponding set of spheres. 


by M. Since we have assumed that property E holds, any point 2’, © MarS: 
>= ( serves as an extension f(%o), for || Zo, f(ti) ||’ S || Zo, Ti | for all corre- 
sponding pairs [z;,f(z;)] in U and U’. If the spaces Mm and M’ are 
separable, the function f(z) can be extended to a denumerable dense set by 
ordinary induction, and then to the whole space by passage to the limit. For 
example, see [5, p. 106]. If Mm and M’ are not separable, the extension 
follows by transfinite Induction. 


THEOREM 5. The extension described in Theorem 4 holds for the cases; 
(1) M = W = Ran; (2) M = W = Ka; (3) M = M =X. Furthermore 
for cases (1) and (3) the extension [f (x), xe T] can be defined so’as to be 
contained in any closed, convex set LD D. 


The first statement follows from Theorem 4, and the fact that Rn, Ks and 
& have property E. 

To prove the concluding statement for the space Rn, let 8”; u =], 
n + 1) be any n + 1 spheres in M. Then the simplex A(a’/1,- °°, 8na) C i 


n+i 
Since in the proof of Lemma 1, A(a’1,- - - ,T'uu) HS :3£0, we have 


L: is ~0. This together with the fact that MaS: 340, implies by a 


ern of Helly ® [2], that L- MaS: £0. Thus we can choose z's © D+ Ir S is 
so that the extension f(x) € L. By induction, it follows that the total ex- 
tension can be defined so that [f(e), xe T] CL. 
A corresponding result holds for a Hilbert space X, since by the pre- 
E ntl 
ceding reasoning we have L':I[S"::<0, where n is an arbitrary integer. 


i=1 
Hence by virtue of the italicized statement in the proof of Theorem 3, we 
have L IS”; +4 0, and the rest of the argument is the same as that for n. 


COROLLARY. Suppose that the function f(z) maps a set S in Rn into a set 
S’ in Rn, and suppose that there exists a constant K > 0 so that 


(34) Ira), F(42) E E [zs 2 | 


for all pairs zı and za in S. Then f(z) can be extended to any set T 2 8 so as 
to preserve condition (34). This also holds for a Hilbert space H. The 
concluding statement of Theorem 5 also holds. 


8 Loe. cit? 
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This is an immediate consequence of Theorem 4 and of the fact that 
k | 21, 22 | = | kzı, ke |. In the proof of Theorem 4, let a; == kzi, 2’; = f(z), 
To = hao, ri == 1°; = || xo, vi |. Then by the argument in the proof of Theorem 
4, the extension f(%) exists. The rest of the proof is the same as that given 
for Theorems 4 and 5. f 
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NORLUND METHODS OF SUMMABILITY THAT INCLUDE THE 
CESARO METHODS OF ALL POSITIVE ORDERS.* 


By J. D. Hint. 


1. Introduction. In a recent paper! H. L. Garabedian has established 
the existence of Hausdorff methods of summability having the unusual 
property of including the Cesäro methods of all real and positive orders. The 
object of this paper is to consider the corresponding problem for Nörlund 
methods. We begin by recalling a few facts on which the sequel depends. 

The Nörlund method of summability [N ; {x} ] is defined by a triangular 
matrix (ax) whose elements are of the form Amk == fm-k/ Fm (k = 0,1,2,--+,m; 
m==0,1,2,---), where {pz} is a sequence of complex numbers such that 
Py = Po + Pa +" ++ pm is different from zero for all m. One generally 
takes pọ == 1 since no loss of generality results. We then have amm = Pm! 40 
for all m, so that the Norlund transformation 


(1. 1) i= Fa er Pm-kôk (m 01% oF 
k=0 


is reversible; ? that is to say, corresponding to each convergent sequence {tm} 
there exists a unique (convergent or divergent) sequence {s+} satisfying the 
equations (1.1). 

The Silverman-Toeplitz regularity conditions for [N ; {px} ] reduce to 


en 2) Ÿ | Pk | = O (Pa) and Pm == 0(P») as mm —> œ, 
k=0 


Our results are based on the following general theorem of S. Mazur.’ 


THEOREM OF Mazur. Let A with matrix (ur) be a gwen reversible 


* Received January 17, 1944. 

1H. L. Garabedian, “ Hausdorff methods of summation which include all of the 
Cesaro methods,” Bulletin of the American Mathematical Society, vol. 48 (1942), 
pp. 124-127. 

? S. Banach, Théorie des Operations Linéaires, Warsaw, 1932, p. 90. 

? S. Mazur, “ Über lineare Limitierungsverfahren,” Mathematische Zeitschrift, vol. 
28 (1928), pp. 599-611. For the theorem in the form stated here in which Mazur’s 
hypothesis of normality is replaced by that of reversibility, see J. D. Hill, “ Some 
properties of summability,” Duke Mathematical Journal, vol. 9 (1942), pp. 373-381; 
in particular, p. 376. 
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method, and let B with matrix (bmx) be any method whatsoever. Let the 
sequences {é} and {&"} be defined as the (unique) solutions of the equations 


oO 

(1.3) D Amé = 1 (m = 0,1,2, > +); 
| k=0 
oo 

(1. 4) > Omie” = Òn” (m, n = 0, 1; 2, Ha ) 3 
k=0 


where Sn" is the Kronecker symbol. Then in order that B include A the 
following conditions are necessary and sufficient. 


(1.5) B— lim {&} exists and = 1; 
(1.6) B — lim {&®} exists and = 0 (n=0,1, 2, +); 
(1.7) je (Qr =È | Ibm |} < @ (m= 0,1,2,- +-+); 
oo oo 
GE 8) ene Om = > | > b mE” |} <n. 
m n=0 k=0 : 


2. The condition that [N; {px}] D (C;a> 0). We shall now apply 
the theorem of Mazur with A=(C;¢>0) and with B= [N; {m}, a 
regular Nörlund method. Since (C;a) is itself a (reversible) regular 
Nörlund method [N ; {px(«)}] where 


ma = (* + rh and Px(a) -(*7°) (k= 0,1,2, >), 
&— 1 & 

we see that (dm) in the preceding theorem becomes a triangular matrix whose 

elements are Pm-r(@)/Pm(a) ; and that (bmx) is to be replaced by (Pux/Pm). 

With these replacements it follows immediately from (1.3) that &=& (a) =1 

(k =0,1,2,---), and in (1.4) it is known that‘ 


Ej” = é” (a) = (-— Lye (" T “1 ) (k, n= 0, 1,2,° | >: 


a k—n 


where the final binomial coefficient is „defined as 0 if k—n< 0. Since 
lim. &(%) = 1 and lim: &"(«) = 0 (n= 0,1,2,: : :) we observe that (1.5) 
and (1.6) are automatically satisfied on account of the assumed regularity of 
IN; {p#}]. Condition (1.7) is likewise automatically fulfilled since for each 
m, Qr"(a) is constant for fixed « and r > m. | 

Our problem is consequently reduced to a study of the conditions under 
which (1.8) will be satisfied. We find in the present case that 


+J. D. Hill, “On perfect methods of summability,” Duke Mathematical Journal, 
vol. 3 (1937), pp. 702-714; in particular, pp. 705-707. 
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& 
D Qula) =] Pal PE ("EY Sy! (2) pm | 
n=0 J 4- 
e . * * * à 
To assist in the analysis of this expression we introduce the following power 
series: 


(2.2) p(z) =È nt; C # 
(2. 3) Ca 2) = (1 —2)8p(2) = È on(a) 2% 
so that 
(2, 4) e(a) = Š (— 1) (F) mn 
(2.5) C*,(2) =$ Cala) | z": 
n= r N 
(2.6) (1 — 2) 10%, (2) = D gm(a)2", 
so that | 
(2.7) mE" ) lemalo). 


Since the series in (2.2) has a positive radius of convergence * it is evident 
that the same is true of the series in (2.3), (2.5), and (2.6). In view of 
the foregoing definitions we observe that (2.1) reduces to the form On («) 
== | Pm |" gm(&). The condition (1.8) is therefore equivalent to the condition : 


(2.8) ~ gn(a) = O(Pm) (mc). + 


We express the results of the preceding discussion in the form of the following 
theorem. | 


THEOREM 1. In order that a given regular [N ; {m}] include (C'; «) 
for a given a >0 it is necessary and sufficient that the condition (2.8) be 
satisfied. 


COROLLARY. If a regular [N ; {p:}] is independent of « and if (2.8) 
holds for each & > 0, then [N ; {px} ] includes (C; «) for all positive a. 


To illustrate the applicability of Theorem 1 the reader may easily very 
the well known result 


(2. 9) (038) (Cie) (B>a>0). = 


5 See footnote 4, p. 706. 
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In the next section we derive Theorem 2 as a special case of the preceding 
corollary, and use it to give an example of a method [N ; {#x}] that includes 


“all of the N 


3. An example of [N; {p.}] that includes (C; «) for all « > 0. If 
for a fixed & > 0 the condition 


(3.1) Cn(a) = 0 | wa 0,1,2,:-:), 


holds for a given regular Nörlund method, it follows at once from (2.3), 
(2.5), and (2.6) that 


> Im (a) 2 = (1 on — > Pre, 


m=0 m=0 


Consequently, gn(a) = Pm. Ge 0,1,2,° +), so that (2.8) in this event 
is trivially satisfied. On the other hand, for n = 1 the relations (2.4) and 
(3.1) yield ia) = pı — & Z 0 or p Ze. Thusif [N;{##}] is independent 
of æ condition (3.1) can not hold for all values of « In view of these circum- 
stances we are led to seek some modification of (3.1) and the following one 
proves to be useful. We shall say that a Nörlund method satisfies Condition S 
if, and only if, (i) it is regular; (ii) independent of a; and (iii) there exists 
an integer r—=r(«) such that the condition 


(3.2) Cala) Z 0 for all n=r(«), 


is satisfied for each & > 0. 
We now state the following theorem. 


THEOREM 2. If [N; {pm}] satisfies Condition 8 and if 
(3.3) m* = O (Pm) (mo œ), 
for each « > 0, then [N ; {px} ] includes (C;«) for all positive a. 
Proof. From (3.2), (2.3), and (2.5) it follows that 
r-i 
C*a(2) = 2 ln (a) 2” + Ca(z), 


where hn(a) = | cn(a)| — canla) for (n—0,1,2,: -,r— 1). Then (2.6) — 
becomes 


man) Suo (MIT) ato, 


where P(z) = (1— z)"'p(2) = SPme". Hence for m= r—1 we obtain 


Y 


98 J. D. HILL. 


r-1 eh 
| Im(«) ==, | = | > h;(e) ” 9 + £ 
f=0 & 





r-i 
< SIMON 
A j=0 


Therefore 

(3. 4) Gm) = Ha wi + | Pom | (m=r—1), 
r-i g 

where Ha== 5 |h;(e)|. Finally, by means of (3.4) and the well known 
j=0 

relation | | 

m + a me a 
( or )= Tai) (« x£ — 1, — 2, — 3, ; m> o), 


we see that (3.3) implies (2.8). The theorem then follows from the corpua 
to Theorem 1. 


Example. The Nörlund method |N ; {cosh k*}] satisfies the conditions 


of Theorem 2. For since m = cosh kè > 0 (k= 0,1,2,: - :) the regularity 
conditions (1.2) reduce to pu —0(Px). But this condition is easily seen 
to be satisfied since the inequality f 


m | 
Pm = 1 + f cosh aż da == mi sinh m? — 2 cosh m? + 3, 


‘immediately yields the estimate Pm/Pm = O(m). Part (i) of Condition 8 
is therefore fulfilled. 

Since part (ii) is obvious we pass on to part (iii). On account of (2. 9) 
we may clearly restrict « to integral values. We take r(a)=« and set 
p(x) == cosh æ so that px = (kh) for (k= 0,1,8,: + -). Then in the usual 
difference notation (2.4) becomes ¢a(a@) == Af%p(n—a) for nze. By a 
familiar elementary theorem Atd(n — a) == p(%)(n — a0) where 0 < 6 < 1. 


Since the Maclaurin expansion of (s) shows that all of its derivatives are 


positive for v > 0, we conclude that (3.2) is satisfied. 

Finally, to see that (3.3) holds we have merely to observe that Pamm” 
< Dm tm < Imsemmi — 0( 1) for each « as m— œ. 

Consequently, [N ; {cosh %}] is an example of a Nörlund method that 
includes (C;«) for all positive a. | 

As a final remark it is of interest to notice that Abel summability (A), 
on the other hand, includes all regular Nörlund methods corresponding to 
real sequences® {px}. Thus we have the relation (C;«) © [N; {cosh k*}] 
C (A) foralla>0. 


MICHIGAN STATE COLLEGE. 
°G. F. Woronoi-J. D. Tamarkin, “ Extensions of the notion of the limit of the sum 


of terms of an infinite series,” Annals of Mens, Second series, vol. 33 (1932), 
pp. 422-428; in particular, p. 426. 
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MONOTONE DECOMPOSITIONS OF CONTINUA* 
By M. E. SHANKS. 


A continuous transformation of a T, space (points are closed sets [6, p. 59]) 
generates a decomposition of the space into disjoint closed sets which fill up 
the space. Conversely, every such decomposition defines one or more hyper- 
spaces, whose points are the sets of the decomposition, depending on the 
manner in which these sets are topologized. For each such hyperspace there 
is a continuous transformation.of the given space which takes a point into the 
set to which it belongs. A discussion of different types of decompositions and 
their hyperspaces can be found in [6]. | 

Until recently, there had been no investigation of the class of all such ‘ 
decompositions without regard for the different possible topologies that might. 
be put on the hyperspace. In a recent paper B. H. Arnold [1] considered the 
class of all upper semi-continuous (u. s. e.) decompositions [6, p. 67; 4, p. 123] 
of a T space and showed that it is possible to construct a space from the 
decompositions, which are partially ordered, homeomorphic to the given space. 
In another paper [2] the author obtained results on the semi-linear space of 
all metrics on a compactum, compatible with its topology, by considering the 
lattice of all u. s. ce. decompositions of the space. 

In the same order of ideas, it is natural to consider special types of decom- 
positions and to inquire as to how their structure as an ordered system reflects 
the topological structure of the space. In this paper there will be considered 
monotone decompositions of compacta, and especially continua, for the study 
of whose structure they are particularly well suited. 

It is shown that two continua are homeomorphic if and only if their 
lattices of monotone u. s.c. decompositions are isomorphic under a restricted 
type of isomorphism. The restriction is essential as it is shown that the lattice 
of monotone decompositions on a dendrite, or a linear graph, is isomorphic 
with that for an are. 

A wide class of continua, which we call generalized dendrites, is defined . 
and characterized as those continua for which the monotone u.s.c. decom- 


* Received February 24, 1944; Revised June 2, 1944; Presented to the American 
Mathematical Society November 27, 1943. The author wishes to thank G. E. Schweigert 
and B. H. Arnold for the critical comment and suggestions they have made in con- 
versations and correspondence. 
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positions form a sublattice of the lattice of all u.s.c. decompositions. This 
class includes dendrites and Knaster continua, and both types make the lattice 


of monotones distributive. “Finally, a characterization of dendrites is obtained. ` 


The paper concludes with some examples and problems. 


1. The lattice of monotone decompositions. Denote by D1(X) the class 
of all decompositions of the compactum X into disjoint closed sets. The sets 
of a decomposition are called slices. Partially order D,(X) as follows: if 
Dı, Die D(X), then D, < D: if each slice of D, is contained in some slice 
of D,. Then, as is easy to show, D,(X) is a complete lattice. Denote by 
D(X) the set of all u. s.c. decompositions of X with the same ordering as 
before. It is shown in [2] that D(X) is also a complete lattice. The join, 
D, V De, of two decompositions is the decomposition whose slices are the 
intersections of slices of D, and Də. Their meet, D, À De, is the join of all 
decompositions less than both. 

The ordering chosen here is opposite to that used by Arnold and may 
seem unnatural. Nevertheless, it is natural in the sense that the natural 
ordering of the quasi-metrics on X induces the above ordering of the decom- 
positions [2]. 

Denote by Dn(X) the subset of D(X) consisting of all monotone de- 
compositions, 1.e. those whose slices are continua, degenerate or not. Then 
Dm(X) will not in general be a sublattice of D(X) since in general the 
intersection of continua is not a continuum. However Dm(X) will be a 
lattice with respect to the order relation in it. The details are left to the 
reader.* l 

Since D (X) is complete, it has a least element O which has a single slice 
equal to X, and a greatest element J whose slices are all points. J is always 
monotone while O is monotone only if X is a continuum. Slices consisting 
of but a single point are degenerate. A decomposition is said to be simple 
if it has but one non-degenerate slice. Let Dan(X) denote the class of all 
simple monotone decompositions, which are necessarily upper semi-continuous. 


THEOREM 1.1. The continua X and Y are homeomorphic? if and only 


1 That it is actually a lattice will not be needed in this paper. The join in 9), (4) 
of two monotone decompositious is merely the monotone factor of the monotone-light 
factorization of their join in F(X). In other words, the slice containing any point æ 
is the component containing æ of the intersection of the slices of the given decom- 
positions which contain 2. 

*It would be desirable to give lattice conditions on J) (X) which would insure 
that X be a continuum and then reconstruct the space from the lattice. This is one 
of a class of unsolved probiems of characterizing properties of a space in terms of the 
decomposition lattice or the monotone decomposition lattice. 


r 
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if there i an isomorphism of Dm(X) onto Dn(¥ ) which carries Dsm(X) 
onto Dem(Y). 


Proof. To each point x of X associate the class é of all elements of 
Dsm(X) which contain x in their non-degenerate slice. This class, é is 
maximal with respect to the property that the meet of any finite number of 
its elements is in Dam(X), and in fact in é This characterizes é since the 
slices of any such maximal collection form a maximal collection of continua 
with the finite intersection property, and hence a common point. Under the 
isomorphism r, é transforms into a collection 7 of elements of Dsm(¥) which 
is also maximal with respect to the above property, and thus determines a 
point y of Y which is clearly unique.* There is thus defined a transformation 
T of X into Y. Because r is an isomorphism it is iasy to see that 7 is one-one 
and onto Y. | 

To establish the continuity of 7 we note that if C is a continuum in X 
and 0’ =T (GC), then C’ is also a continuum. For, C determines a simple 
monotone decomposition D which belongs to each € associated with the points 
x of C, and similarly for D’ = r(D) as regards ©’. Thus C” is a continuum. 

Suppose %,°- *,2n,° °°, is a sequence of points of X approaching x, 
and lim m = y ÆT (x), where yn =T (an). If T is not continuous at v 
this situation prevails for some sequence of points 2. 


Case 1. If X is locally connected at s, or infinitely many «„ are on a 
locally connected subcontinuum containing v, there is a monotonically de- 
creasing sequence of continua, Cn, closing down on x, such that each Cn 
contains infinitely many 2x Thus On = T (Cn) contains infinitely many yn 
and hence y, so each C’n contains y and T(z). But to Cn and C%» there 
correspond simple monotone decompositions Dn and D’„ respectively. Since 
the Cn close down on v the D, have a join equal to J, while the D’, will have 
a join which is a simple monotone decomposition whose non-degenerate slice 
is the intersection of all the C’,, and unless y = T (s) this join would 
not be Z. : 


Case 2. Suppose À is not locally connected at + and no locally connected 
subeontinuum contains infinitely many 2%. There exist then non-degenerate 


3 Jt must be noted that £ contains simple monotone decompositions with arbitrarily 
small slices which are non-degenerate. This insures that the finite intersection property 
holds. The fact that the slices can be arbitrarily small is reflected in the lattice by 
the property that £ contains a sequence increasing, in the sense of the order, to J. 
Thus 7 contains such a sequence. 


102 M. E. SHANKS. 


pairwise disjoint continua, Cn, (n=1,2,: > +), containing * £a and converging 
to a continuum C containing x, im Ca = C. Consider 0, = T (Cn) and 
suppose that the continua (”, converge to a continuum? 0°. If $isthe greatest 
diameter of C, On, (n—1,2,:  '), then as 8— 0, T(C), C'n, and C’ must 
also have their diameters approach zero, for otherwise the associated decom- 
positions would not approach I. So, for 8 sufficiently small T(C ) is distinct 
from C’. Suppose that this is the case. 

Let D, be the monotone decomposition whose non-degenerate slices are 
Cn, (m= 1,2,- +--+), and C. Then D’, = r(D) has the non-degenerate slices 
Cu, (n=1,2,: -), €, and T(C). Since T (C) is disjoint from C’, one 
gets another u. s. c. decomposition D,” greater than D,’ by allowing all points 
of T(C) to be point slices. Therefore r!(D,”) is greater than Do and has 
for its non-degenerate slices Cn, (n —1,2,: : :), but not C. But this de- 
composition fails to be u.s.c. This completes the proof that the specified 
isomorphism implies the homeomorphism. The converse is obvious. 

An examination of the above proof for the case of locally connected con- 
tinua gives the following theorem. 


THEOREM. 1.2. The locally connected continua X and Y are homeo- 
morphic if and only if Dsm( X) is isomorphic to Dm(F). 


If X is not a continuum Theorem 1.1 is false, for Dn(X) reduces to a 
single element if X is 0-dimensional. Also, the assumption that the simple 
monotone decompositions correspond cannot be relaxed as is shown by the 
results of the next section. ` 


2. Factorization theorems. 


THEOREM 2.1. Jf X = X, -+ Xs, where X, Xı, Xo, are compacta, and 
X, and X, have at most a finite’ set of points in common, then D(X) is 
isomorphic to the direct product of D,(X:) and D u(X>). - 


Proof. If P is any monotone u.s. c. decomposition of X and S any slice 
of D, then S == Sı + S, where 8; =S-X;,1==1,2. Let Di, (t= 1,2), be 
the monotone decomposition of X; whose slices are the components of S; for 
all S. To see that D; is u.s. c., suppose that lim inf 8;"- Si 540, as n— o, 


4 By possibly choosing a subsequence. - 

* The following example shows that X,. X, may not be uncountable. Let I, and X, 
be two ares intersecting in a perfect set non-dense on either are. It can be shown that 
the lattice of monotones on X is not modular, while the direct product of the monotones 
on X, and X, is distributive. The countable case is open. 
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where 8;*, S; are the slices of D: contained in the slices 84, 8 of D respectively. 
Then lim sup S;27 C S = 8, + 8. But lim sup Si C X; so that 
lim sup #57 C Si. 

We have thus a natural mapping, r, of Dn(X) into Du(X1) X Du(X2). 
To see that 7 is a mapping “onto ” the direct product, suppose Die Dm(Xi), 
(i = 1,2), and &,,° - -,@» are the points common to X, and X.. If X, and > 
X. have no points in common the proof is immediate. Each a; € 87’, 8:”, 
where 87’, S;” are slices of D, and D: respectively. The set F = > (Si + 87”) 


is the sum of a finite umber of continua. Now define ‘a decomposition D 
of X whose slices are the same as those of D, and D: together except for 
8’, 84", (i=1,: ":,n). These latter slices are replaced by the components 
of F. D is obviously monotone and is easily shown to be upper semi-continuous. 
It is apparent that r maps D on the product of D, and De. It is also easy to 
see that r is one-one since the intersection of X, and X; is finite. 


COROLLARY. If A is an arc, then Dn(A) is isomorphic to Dy(A) 
X Din(A). 


THEOREM 2.2. Jf A is an are, then the direct product of countably many 
Dm(A) is isomorphic to Dn(A). Ä 


Proof. For simplicity suppose that A is the unit interval (0,1). It will 
suffice to decompose A into a countable set of arcs, {An}, such that each mono- 
tone decomposition defines a unique decomposition of each A„, and conversely. 
Such a set is the following: Ai == (0,1/2), A: — (1/2, 3/4),- - -, À, 
CBN ( (2% — 1) /2*, (Aut — 1) /2***), ae ar . 


THEOREM 2.3. If Dm(X) is isomorphic to D(A), where A is an are 
and X is a continuum, then X is hereditarily locally connected.® 


‘Proof. Let r be such an isomorphism, r(Du(X)) = Dm(A). If X is 
not hereditarily locally connected it contains a continuum of convergence Co. 
which is the limit of disjoint continua Cn, (n —1,2,: : ‘). Denote by D the 
monotone u.s.c. decomposition whose only non-degenerate slices are the Ch, 
and by D, the simple monotone decomposition whose non-degenerate slice is Cn. 

Now the join of D; and Dj, if 149, is I and so also for r(D;) and r(D;). 
The non-degenerate slices of r(D;) and r(D;) therefore do not overlap. Con- 
sider the decomposition, D*, of A which is the meet of r(Di), (i= 1,2, °°). 


8 The.converse is false for the continuum of the previous footnote is hereditarily 
locally connected, and in fact regular. 
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Since the non-degenerate slices of r(Di),iÆ 1, and r(Do) do not overlap, the 
same is true for D* and r(D,). Thus r(D) <D*<r(D,) if +21. Now 
D* is u.s.c. since it is a monotone decomposition of an arc, and so r"!(D*) 
is also. Thus D < r1(D#) < Di, if i È 1, and the non-degenerate slices of 
7*(D*) are the same as those of Di, i È 1, but different if «= 0. But then 
C is not a full slice of r!(D*) and the latter is not upper semi-continuous. 
This contradiction completes the proof. 

An example exists of a continuum which is hereditarily loeally connected, 
and in fact regular, for which D„(X) is not isomorphic to Dm(A). 


THEOREM 2.4. If X is a linear graph or a dendrite then Dm(X) is 
isomorphic to Dm(A), where A is an arc. 


Proof. If X is a-linear graph, it is the sum of a finite number of arcs 
with a finite set of points in common, and one may apply Theorem 2.1 and 
its corollary. 

If X is a-dendrite, it is the sum of a countable set of arcs piqi, 


(4=1,2,---), and a set # of end points, such that pig: is a null sequence, 
n-1 f 


and PnQn' X Digi = Mm [4, p. 89]. Denote by X» the connected linear 
i x 


graph 2 Pigi. 


If D; is a monotone decomposition of pigi, for (i = 1,2,- - -), we show 
that these decompositions determine a decomposition D of X which coincides 
with D; on pigi The decompositions Di, (t= 1,:  ',n), determine a unique 
monotone decomposition D” of X, since Xn is a linear graph. If ce X, and 
` is contained in the slice S, of D*, the addition of more ares pig; can only 
increase the slice containing v. Let S == Xien, na, ... x, and consider all the 
sets, or “slices” 8. These fill‘ up X except possibly for some end points. If 
an end point is not in some S, then define the slice containing it to be 
degenerate. The sets © are continua and furthermore are disjoint. For, if 
Sn, SA are disjoint slices of D”, then S and S’ cannot have a point in common. 
If they were to, this point would not be in X, and there would exist an are 
in X exterior to Xn joining Sn and S'n, but this would give a simple closed 
curve in X. Therefore the sets S, regarded as slices, define a monotone 
decomposition D. It is clear that D is u.s.c., since the slices form a null 
family. D coincides with D; on pigi by construction. 

Conversely, if 2 is a monotone decomposition of X, then D defines on 
pigs a unique decomposition Di. The slices of D; which intersect X» define 
slices of D” which are unique. These decompositions D" determine D as 
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described above. To see this, suppose that the D” were to determine a decom- 
position D’, different from D. Then D’ and D would differ on some are of X 
and therefore on one of the arcs piqa. This is a contradiction. 


3. Generalized dendrites. Up to this point we have not considered the 
structure of D„(X) in relation to the containing lattice, D(X), of all u.s.c. 
decompositions. We observe that there are two distinct problems ; the structure 
of Dm(X) by itself as a partially ordered system, and its structure as a sub- 
system of D(X). In addition, one may embed both in D,(X), the lattice 
of all decompositions: The reader will easily verify that, while Dm(X) as a 
partially ordered set is a lattice, it is not in general, a sublattice of D(X). 

Define a continuum X to be a generahzed dendrite if there is a unique 
irreducible subcontinuum containing each pair of its points. It is easy to prove 
that X is a generalized dendrite if and only if the intersection of two continua 


is either a continuum or is vacuous. 


THEOREM 3.1. The continuum X is a generalized dendrite if and only 
if Dm(X) is a sublattice of D(X). 


Proof. Since the meet of monotone decompositions is monotone, we need 
only consider joins. Suppose then that X is a generalized dendrite and D: 
and D, are monotone u. s. c. decompositions of it. Their join, D; V De, is the 
decomposition whose slices are the intersections of slices of D, and Dz. But 
these intersections are continua. 

Conversely, suppose Dm(X) is a sublattice of D(X). Then the join of 
two monotone decompositions is monotone, which implies that the intersection 
of continua is a continuum. Therefore X is a generalized dendrite. 


THEOREM 3.2. If X is a dendrite, then Dm(X) is a distributive sub- 
lattice of D(X). l 


Proof. By a theorem due to S. Bergman, it suffices to show that relative 
complements are unique [5, p. 75]. This may be done directly, but it is 
simpler to use Theorems 2.4 and 8.1. Then D„(X) is a sublattice of D (X), 
isomorphic to D,,(A). Itis clear that the structure of Dm(X) as a partially 
ordered system coincides with its structure as a sublattice. To prove its dis- 


' tributivity it is only necessary to show that D(A) is distributive, or that 


relative complements are unique. But this latter is not difficult since A is an 
arc, and is left to the reader. 
A continuum, each of whose subcontinua is indecomposable, will be called 


_ a Knaster continuum. The only example of such a continuum is due to 


B. Knaster [3]. 
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THEOREM 3.3. If X is a Knaster “continuum then Dm(X) is a distribu- 
tive sublattice of D(X). 


Proof. À heci is distributive if and only if it does not contain one of 
the lattices L, or La as a sublattice [5, p. 75]. 


Is: D, > D, Ds, D: > D; and 
Oy DVD =D VD: = DVD =D. 
(b) Ds À D; =D À Di = Ds À Di = Ds. 


Lo! Dy > Da, Ds, Da b Ds, with Ds > D; and 
(e) D: V Da = D; V Di D, 
(A). DAD-DADED. 


If Cı and C2 are subcontinua of a Knaster continuum with a non-empty 
intersection, then either Cı > C: or Ca C, [3, p. 281]. This implies that 
the Knaster continuum is a generalized dendrite. 

Let Si, (i= 1,- - -,5), be the slices of D; containing an arbitrary N 


=. Observe that because of the above property of Knaster continua, to get - 


the meet of two decompositions, one merely chooses the decomposition whose 
slice containing an arbitrary point x is the greater of the two slices. It js easy 
to see that this is an u. s. c. decomposition. 

Consider ZA. From the ordering of the Di it follows that 8: © S2, Se, Sa 
C Ss, and from (a) that 82: S83 = Sı, so either 8 G Ss or Ss & So. Suppose 
the former, then Sı = Sa But 8S Sa = Sı = Sa, and so Si = 6, = Ov. 
It follows from (b) and the manner in which meets are formed that 
ed er a ee ee ee Thus, Si = Sj, 
(1,7 =1,:--+,5). Since this holds for the slices containing an arbitrary 
point, Dy =D, (4,7 = 1,-- -, 5). 

Now consider La With the same notation for slices, we have 
Si C Ba, Sas Sa C Ss and S C 8;.. Then from (c), 8: = 82° 8, = 83° S4 and 
there are three cases to be considered. 


(1) NLA Ss. 


(2) 8a C Se C Sa 
(3) ,CH,CH. 


In case (1) we get from (d) that S4 -+ S: = Ss = Se = I, + So = Sis | 


and from (c) that 82° = Sı = So == Ds Si 8, Thus 8, = 83. 
In case (2) we get from De that Sa- Ia = 8, = 8S. = 8&3: 8, = Sa. 
Thus 8, = 83. 
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In case (3) we get from (d) that Ss + 5S4 = 8; 85 = Do + Sa = Io 
Thus S: = 82. 

So in all cases S = S, and the two relative complements are equal. 

Consider now the system, D,m(X), of all monotone decompositions of the 
continuum X, u.s.c. or not. It is almost immediate that X is hereditarily 
locally connected if and only if all monotone decompositions are u. s.c., or 
Dim(X) = Du(X). For if there is a continuum of convergence, O, in X, 
lim Cr = C, then the slices Cn define a monotone decomposition which is not 


‘upper semi-continuous. Conversely, if all monotone decompositions are u. s. €., 


then every sequence of continua is a null sequence and there are no continua 
of convergence, 


THEOREM 3.4. The continuum X is a dendrite if and only if D»(X) is 
a sublattice of D(X) and one of the following conditions is satisfied: 


(1) Dim(X) = Dn(X) ; 
(2) Dy(X) is isomorphic to D»(A), where A is an arc; 
(3) Simple monotone decompositions have complements in Dm(X). 


Proof. The sublatiice condition makes X a generalized dendrite and 
(1), (2), and (8) each imply the hereditary local connectivity of X. The 
only statement to verify is (3). If X were to have a continuum of convergence, 
C, then it is easy to see that the simple decomposition having ( as its non- 
degenerate slice has no complement. 


4. Examples and problems. On the unit interval, (0,1), denote by Æ 
the usual Cantor set, obtained by deleting middle thirds. The closures of these 
deleted sub-intervals define a monotone decomposition, Dz, of (0,1), which 
a be called the Cantor decomposition. Since Dz has no complement, 

Dm{(0,1)} is not a Boolean algebra. 

It has been shown that D„(X) is distributive for ale and Knaster 
continua, two extreme types. Thus the distributivity of D„(X) need: not 
imply anything about the local connectivity of X. However in the simpler 
non-locally connected continua Dm(X) need not even be modular. Suppose 
X contains an are A, which is the limit of the distinct arcs Ai, (t = 1,2,° °°). 
For example, X might be the familiar sinusoid. Consider, for simplicity, each 
arc A; as the unit interval (0,1), with points on A; with coördinate a, having 
as a limit the point on 4, with coördinate a. 

In forming the Cantor decomposition there have been removed after the 
n-th stage 2° — 1 middle thirds. The remaining intervals define a monotone 
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decomposition D,’. The closures of the removed intervals define a monotone 
decomposition Dn”. Dn’ V Dy’ =I, and Dy’ A Dy” =0 on An 

Let D, be a monotone decomposition of X which coincides with Dn’ on An, 
(n = 1,2,---), and has degenerate slices everywhere else. Let D, be the 
monotone decomposition which coincides with Dn” on An, (n = 1,2,°- -), and 
with the Cantor decomposition on A». Let D be the monotone decomposition 
which coincides with D,” on An, (n = 1,2," : +), and has A, as a single slice. 
All other slices are points. Let Ds be the monotone decomposition which has 
exactly An, (n = 0,1,2,---), as its non-degenerate slices, and let D, =I. 
It is easy to see that Dy, De, Ds, Ds, and Ds form the lattice Le of the proof 
of Theorem 3.3, and hence D»(X)- is not modular. 

The following problems suggest themselves. 


(1) Give a lattice characterization of D(A). 


(2) How does the lattice structure of D„(X), where X is a Knaster 
continuum, differ from that of D„(4)? 


(3) Are there continua for which D„(X) is modular but not dis- 
tributive ? 
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AXISYMMETRIC HARMONIC VECTORS.* : 


By Morris MARDEN. 


1. Introduction. As is well-known, the theory of analytic functions of 
a complex variable provides an important method for the study of harmonic. 
functions of two real variables. As shown by Bergman? the theory of 
analytic functions may also be used in the study of harmonic functions of 
three real variables as well as “harmonic vectors ” H (s, y,z) i.e. triples 
H,(«, 4,2), H.(2,y,2), Hs(x,y,2) of harmonic functions such that the 
vector 


H(z, y; 2) a A, (2, Y, Z)is + H(z, Y, z)iy + H, (x, y; %) te 
satisfies the two relations 
(1:3) V-H—0, VXH—0. 


The essential feature of Bergman’s approach is the use of his operator 
(a generalization of the Whittaker formula) : 


12) © PUL) = P(T, T) — ni) f fu nerd 
Here # is a complex variable, 
(1.3) u = + (i/8)[(y + i2) + (y —iz)él, 


T is a closed, rectifiable curve in the £-plane and (z, y, z) represents a point 
in a sufficiently small neighborhood T of some given point (So, Yo, Zo). Let 
S be a region in the w-plane which contains the locus of points u satisfyinÿ 
relation (1.3) when the point (a, y,z) is in T and the point ¢ is on F. The 


* Received May 8, 1944. 

+ À large part of the material in this article was obtained while the author was a 
fellow under the program of Advanced Instruction in Mechanics at Brown University. 
Part of the material was presented to the American Mathematical Society, September, 
1943, under the title of “On Axial Symmetrie Flows” and the remainder presented 
in April, 1944, under-the title of “ Axisymmetric Harmonie Vectors.” 

25. Bergman, Mathematische Zeitschrift, vol. 24 (1926), pp. 641-669; Matke- 


> matische Annalen, vol. 99 (1928), pp. 629-658 and vol. 160 (1929), pp. 534-558; Bulletin 


of the American Mathematical Society, vol. 49 (1943), pp. 163-174. See also E, P. 
Beckenbach, Bulletin of the American Mathematical Society, vol. 48 (1942), pp. 937-941, 
in which harmonie vectors are called “ Newtonian ” vectors. 
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operator P (f,T, T) transforms the class of functions f(u, £) which are analytic 
in u for u in S and continuous in £ for ¢ on T, into the class of complex 
functions H,(z,y,2) which are harmonic in T. -As proved by Bergman, the 
harmonie functions 


(1.4) H:(x,y,2) = P[ (1/2) (€ + E) T, T], 
H; (v, Ys 2) == P[9 (EL )f, T, 1]; 


together with A, (x,y,z) have the properties that H, (z, y,z)de + H.(a, y,2) dy 
+ H,(2,y,2)d2 is a total differential and that the vector H(z, y, 2) 
== H,(2,y,2)i, + Hz (x, y,z)i,y + H; (2, y, 2)iz satisfies the two relations (1.1). 

An important subclass of harmonic functions consists of the axisymmetric 
harmonic functions (v, p), where p?==y?-+2?. Such functions may be 
generated by the operation P (f,T, T) applied to the function f(u, £) = pu), 
where ¢(u) is analytic in #. As an axisymmetric harmonic function, ®(2, p) 
may be regarded as the velocity potential of a flow symmetric in the z-axis 
and thus to it corresponds a so-called Stokes’ Stream Function (2, p).2 As 
we shall see in the following section, 


(1. 5) ¥ (2, p)? = p°H2 (2, Y; z)° + p’Hs(z, Y 2)?, 


where .,(2,y,z) and H,(x,y,z) are the functions obtained from formulas 


(1.4) when f(u, £) = ẹ (u). 


We are thus led to consider the axisymmetric harmonic vector 
(1. 6) H (x, p) = Bla, p)is — p' (2, p)ip 


where #, and i, are the unit vectors along the v and p-axes in the meridian 
plane. In the following sections we shall study the properties of the vector 
H (zx, p) in relation to the properties of the analytic function (u) associated 
with H(z, p). Physically speaking, our problem is the study of the axisym- 
metrice flows represented by the vector H(z, p) in relation to the two-dimen- 
sional flows represented by the associate function (u): 

Thus, in 2, we shall express H(z, p) in terms of (u) and, conversely, 
g(u) in terms of H(z,p). In 8, we shall study the H(x,p) corresponding 
to a b(u) having a pole of order n; the corresponding H(z, p) has, in general, 
a branch line along a circle. In 4, for the purpose of constructing a flow of 
more practical interest, we shall consider the (u) obtained by superposing 


3 In general, both ®(z,p) and Y(æ,p) will be complex functions and there is thus 
an axisymmetric flow whose potential and stream-functions are respectively 2 (®) and 
F (F), and another such flow with these functions as A (8) and A (Y). 
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certain continuous distributions of poles (multiple sources arid multiple 
vortices). The corresponding H (æ; p) then represents the flow due to a super- 
position of multiple source filaments and multiple vortex filaments. We study, 
in 5, the H(z, p) corresponding to essential singularities in $(w) and, in 6, 
the H(z,p) corresponding to periodic é(u). Finally, in 7, we compute the 
energy in the field due to any branch of H (x, p) in terms of the transforms 
of the energy in the field with force potential ¢(w). E 


2. The vector H(x,p) and the associated analytic function ẹ(u). 


‘We shall begin by computing H, (x, 4,2), when f(u, ¿) = (u), where ọ (u) 


is analytic in a p-convex region §; i. e., a region $ which, if it contains a point 
(x, p), contains also all of the points (x, àp) with — 1 SA S1. 


H, (x, y, 2) = P[$(u), | & | a 1] Te (2a) foc + ty cos t + 12 sin t) dt 
9, 
— (2r) f le + ip cos t) dé, 


where y = p cos g and z = psin x. Hence, 


(2.1) H, (2,4,2) = (2r) f "(a + ip cos t) dt = &(x, p). 
6 
Next, let us evaluate Æ,(x, y, 2)iy + H;(z, y, 2) iz. 


Holy + Hais = P[(i/2) (E+ £1) 6(u), | é| = 11i 
+ PL(1/2) (£-- C4) o(u), | ¢ | = 1] 


37 
== 4( 27) f (æ -+ iy cos t + 22 sin t) (iy cos t -+ i, sin t) dt. 
0 


Expanding cos(¢t-+ a) and sin (t + «), using the fact that f a (u)sin tdi = 0 
| 0 


and substituting ip == i, cos t + i, sin t, we find ® 


A 2 
(2.2) Hoi, + Hi, = i(8r) tip f f (2 + ip cos t)cos tdt = — p“ Y (x, p)ip 
0 RL 
and thus i 


' 27 
H (x, p) = bi, — prip = (dr)! f p(x + tp cos t) (iz + Tip cos t) dt. 
+ G 








‘Shortly after our first announcement of this formula (Bulletin of the American 
Mathematical Society, vol. 49 (1943), p. 694, abstract 225), the formula appeared in 
print in the paper by L. Bers and A. Gelbart in Quarterly Journal of Applied Mathe- 
matics, vol. 1 (1943), pp. 168-188. 
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We shall now show that W(a,p), as defined by formula (2.2), is the 
Stokes’ Stream Function corresponding to the velocity potential ® (x, p) given 
by formula (2.1). For this purpose, it is necessary and sufficient to show 
that (z, p) and Y(x,b) together satisfy the system of differential equations: 


(2.3) V- H = pit /ðp —00/de = 0, Y K H = (hp 0V/0x + d/r) p — 0 


where p is a unit vector perpendicular to the meridian plane. 
By differentiating equation (2.2) and then DUORRE by parts one of 
the resulting integrals, we find 


Yor | 2% | 
OU /0p = — i (2r) j x + ip cos t) + p(2r)* f 8 ( + ip cos #) cos? t dt 


27 
= p(2r)"! J p (x + tp cost) (cos? t + sin? t) dt = p (08/02). 
| 
Similarly, we may verify that Y X H = 0. 
The above results may be summarized as follows. 
THEOREM 1. If d(u) is analytic in a p-convex region S of the meridian 


plane, then H (xs, p), defined by the equations 


Sr 
(2.4) H(z, p) = (2r) f pu) Vudi, u= g ipceost, V —1i:0/0% + i)0/0p, 
a’ 0 


is an axisymmetric harmonic vector in the region obtained by revolving 8 
about the x-axis. The functions (zx, p) and Y(x, p); the “ components” of 
H(z, p) according to the formula : 


(2.5) H (x, p) = E(x, p)iz — pW(@, p)ip, 
are, respectively, the velocity potential and Siokes Stream Function in a three 
dimensional flow symmetric in the z-aztis.? 


2I i | 
Since f bu) sin t dt = 0, a formula alternative to (2.4) is 
0 


(2.6) Ha) (2n)* [é(u) (is + ieitis)dé 


If, in Theorem I, the region $ is taken as the interior and circumference 
of the circle r — 4, where 7? = 2? + p?, we may write b(u) = cu in the 
circle r=a and then, using the Laplace integrals for the Legendre poly- 
nomials P,(cos 4), we find | 
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(2.6) H(z, p) = (2x) i 5 crut Yu di 
en FO k=0 
> cr Pa(c/r}is + 2(p/r) P'i(æ/rip]. 


Conversely, in order to determine ¢(u) when H(z,p) is given, let us 
use the orthogonality property of the Legendre functions. Thus, 


f He cos 8, a sin 0) + [Pa (cos #)i, — 4 sin @P’» (cos 6)ip|d cos 6 
0 
= 2(2n + 1)a"en. 


Hence, if we define the vector 
P, (cos 0) = (4n + 2) + Px (cos 6), — di sin 6 P’, (cos @)ip | 


we may write 


(2.7) Cy == a" j "H(a cos 6, asin 6) - P.(cos 8)d cos 8. 
0 


If H(z, p) is harmonic in r S a, it is continuous and therefore its magnitude 
is bounded in ra. From the properties of Legendre polynomials, it follows 
that the magnitude of P, is also bounded. Hence, the a”c, are also bounded 
and the series ¢(u) == 3c,u" represents an analytic function at points interior 
to the circle 7 == a. | | 

‚We have thus obtained the following result: 


THEOREM Il. Let H{x,,) be an axisymmetric vector which is harmonic 
in and on the sphere x + p = a". "Let P„(cos#) denote the Legendre poly- 
nomials of degree n and let 


P (u, 0) = > (4n +- 2)-+(u/a)"[ Pu (cos 0)is — 4i sin 6P’„(cos 6)ip |. 
n=0 a 


Then an associated analytic function corresponding to H (x, p) for points 
(x, p) within the sphere is the function 


h(x + ip) = (He cos #, asin 4) - P(x + ip, 6)d cos 6. 
0 


3, Associate function with a pole. In the following we shall mean 
by a p-convex neighborhood Np(a, b) of a point u = x + ip = @ + ib, b > 0, 
the smallest p-convex region enclosing the circle | u — a — ib | = «e and by a 
p-convex neighborhood N’,(a, b) that obtained by cutting N,(a,b) along the 
line segments z = a, bSlp|Sb+e. 
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If (z+ ip) is analytic in N’p(a,b) and has a pole of order n at 
T + tp = a + tb, then we may write ¢(u) in the form 


a 
(3.1) #(u) Dale + ip — a — bi)* + f(a + ip) 


where f(u) is analytic throughout W,(a,b). Formally, the corresponding 
harmonic vector is 


(3. 2) H (2, p) = Š Ha(z,p) + Fa) 


where 


(3.3) Hı(z,p) = (?r) [AC —a—ib)*Vudi, w= x + ip cos £, 
0 


27 
F (x, p) = (2m)? f u) Yu dt. "à 
af Q 
Setting w == ei! in formula (2.6) and writing 


2w (x -+ ip cos t — a — bi) = ip(w — w) (wW — w2) 
where 


(3. 4) Wy = Ip {e -—a— bi + (—1)*| (s — a — ib)? + ely, 
we find 


(3.5) H(x,p) = — mp" f Wu: (w— wa)” (ie + iwip) dw, 


where C is the unit circle |w!=1. Each function w;(z, p) is single-valued 
in N’,(a,b), and, as ww. = 1, one of the points w,, ws is inside the unit 
circle | w | =— 1 and the other is outside this circle, unless both are coincident 
on this circle. The latter can occur only when the point (z,p) is on the 
radii cut from N,(a, b) in producing N’p(a,b). Let us introduce two sheets 
over N’,(a,b) and consider the points (æ, p) of the first sheet to correspond 
to | w,| <1 and ; w| > 1, whereas points (x, p) in the second sheet corre- 
spond to | w, | > 1 and |w. | < 1. Then, according to the residue theorem. 
the value of H, (z, p) on the first sheet is 








H,O (x, p) = 2ip (we — w) (is + iwyip) 


and on the second shect 
HO (a, p) = 2tp (wy — We) (de + Wain). w 


From these formulae, since. 
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H, (x, p) = (— 1)""[(n — 1) 1 ~H, (x, p) Ja, 


x We may obtain the corresponding ones for H,(x,p). In particular, on sub- 
stituting the values of w, and w, from (3.4) and setting «+ 19 — a —1b 
= Xeïô, we learn that for eA + t and for À — 0, 


| Hi(z,p)| = O(A4) or O(X 1) according as bA0 or b — 0. 
Thus 
| Ha (z, p)| = O (X5) or O(A”) according as b £0 or b — 0. 


d We may summarize our results as follows. 


THEOREM IIT. Let ġ(u) be analytic in the neighborhood N’p(a,b) and 
have a pole of order n at u =a +ib. Then the corresponding vector H(z, p) 
is two-valued and harmonic in the region R[N'p(a,b)] obtained on rotating 
the region N’p(a, b) about the a-axis and has as branch line the circle x =a, 
p= b. Along this circle, | H (x, p)| behaves like [ (x — a)? + (p— b) eD 
when b > 0, but like [(a—a)? + p?]-*/* when b = 0. 


4, Circular source and vortex filaments. As is well-known, the prin- 
cipal part of a function (u), having a pole of order n at the point u = x + tp 
= é -+ in = ¢, may he regarded as the complex velocity potential of the two- 
dimensional flow due to the superposition at u == £ of point sources and point 
vortices of multiplicities from 2 to n +1. According to Theorem III, when 
the associated function ¢(uw) has an n-th order pole on the z-axis, the corre- 
sponding H(z, p) has an n-th order pole at the same point on the z-axis, but, 
when ¢(w) has a pole at (é, y) not on the z-axis, H (z, p) has along the circle 

Gé p =y a line singularity which does not have the character of a multiple 
circular source or vortex filament. We shall now show that a harmonic vector 
with a source or vortex filament type of singularity can be derived essentially 
by two successive applications of the operation (2.4) or (2.6). 

More precisely, let us denote the operation (2.4) which transforms a 
given analytic function (u, £) of u=a2+ ip and ¢ = é+ in into axisym- 
metric harmonic vectors thus: 


(4.1) Auld (1, 21 = (27) + f Hu, £) Yudt, wae a + ip cost, Y = 50/08 + tp /Op 
> (4.2) Ale, )] = (2r) f lu, £) Vida, C= E+ in cos a, Y — 28/08 + ip8/In, 


We shall now show that the harmonic vector 
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(4.3) S (x, p) = dur” Alu — £)7}, Ài real, 


represents the flow due to a circular source filament of total strength à, along 4 
the circle.x = é, p == ņ, and that the harmonic vector i 


(4.4) Vi(a, p) —mAulip A(u—#)#}, m real, 


represents the flow due to a circular vortex filament of total strength p, along 
the same circle a == é, p = y. 

To prove the first statement, let us compute the potential function (Cf. 
Theorem I) - 


(4.5) te Sı (a, p) = Mis" Aulia Alu — 0) 
— M (2r)? f "H f æ + ip cos t— é— in cos a) tda 
= M (2r) an a [7 Pee BE EN 
uf daf [a — é+ i(p—7cosa)cost + insin a sin t] 
(Or) [Te E+ (p—n cos a)? + y? sin? a] dt 


This is precisely the potential due to a circular source filament of total strength. 
A, along the circle v = é, p =». | 
Likewise, let us compute the Stokes’ stream function (Cf. Theorem I) 


(4. 6) —pip ` V (2, p) = — pustp  Aufip Ag (u — 0") g 


v2 2 

= — ppi (Rr)? dt f Tæ -+ ip cos t— in cos a — ¿JH cos (a— t) da 
0 g 
2 2 

= — ppa (em) f dt f Te + ipcost—é—incos (a+ t) J eos ada 
2m 

= — pp (2r) La — é)? + (p— n cos a)? + 9% sin? a J cos ada. 
6 


This is precisely the Stokes’ stream function due to a circular vortex filament 
of total strength p. 
It is to be noted that in the elliptic integrals (4.5) and (4.6) we restrict 
the points (s, p) to the neighborhood N’,(£, 7) and the points (é,7) to the 
neighborhood N'n (2, p). 
Combining the above results, we see that the harmonic vector ow 


(4. 7) H (x, p) = Au (Arte +-mip) ` Ag (u — €) 
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represents the flow due to the superposition along the circle x = &, p = q of a 
circular source filament of total strength A,, and of a circular vortex filament 
of total strength pu. 

Let us call a multiple source or vortex point or filament, having a multi- ` 
plicity of n and having an axis in the direction of the positive z-axis, an 
c-oriented n-source or n-vortex point or filament. Since the complex velocity 
potential or harmonic vector for an n-source or n-vortex is the (n—1)-st 
derivative with respect to x of the potential or harmonic vector for a simple 
source or vortex, we deduce at once, from the preceding discussion, the fol- 
lowing theorem: 


THEOREM IV. The axisymmetric harmonic vector Hy (x, p) representing 
the flow due to an z-oriented n-source filament of total strength À, superposed 
along the circle t= £, p= xq upon an x-oriented n-vortex filament of total 
strength pn ?s given by the formula: 


(4.8) Hn(a,p) = (— 1)""[(n— 1) !JAu (Anio + prip) Ag (u — 8)”. ` 
It is to be noted that this result is analogous to the well-known expression 
da (U) = (—1)™ (n =- 1) Han + ipn) (u — 0). 


for the complex velocity potential of the two-dimensional flow due to an 
z-oriented (n + 1)-source point superposed at u= ¿ upon an a-oriented 
(n + 1)-vortex point. Furthermore, in formula (4.8), if n = 0, we deduce 
H, (x, p) = (— 1) (n — 1) ! Aya, (u — é)", the result given at the close 
of Theorem ITT. | 

Since we may write (4.8) as H,(x,p) = (— 1)""(n — 1) ! Auda (u, £) 
where i 


pn (U, E) = (Ar) f + tpn COS a) (u — È — in cos @) "da 
0 
= f Tr Anal? — h?) + tae tpn (7? — he) À] (u — é— ih)>dh, 
-n | 


we, may restate Theorem IV in terms of the complex velocity potential due to 
certain continuous distributions of multiple point sources and vortices along 
the line segment «= é, | p | 5 


THEOREM IV’. Let H,„(z,p) be the axisymmetric harmonic vector repre- 
senting the flow due to an x-oriented n-source filament of total strength A, 
superposed along the circle x = Ë, p =q upon an z-oriented n-vortez Alument 
of total strength pr. Then the analytic function dn(x + ip) which is the asso- 
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ciate of H,(x,p) is the complex velocity potential due to a continuous dis- 
tribution of z-orienled (n + 1)-source points of strength 2 4drnn(n? — h?)"* 
per unit length superposed along the line segment s= é, |p| Zn upon a 
continuous distribution of z-oriented (n + 1)-vorier points of strength 
mn (n° — h?)% per unit length. 


Finally, from the principal part $ (Ar + tux) (u — ¢)* of a function 
. x 

analytic in the neighborhood of u—= £ except for an n-th order pole at u == 6, 
we may derive an analogous “principal part” for an axisymmetric vector 
which is harmonic in the neighborhood N’p(é,7) and has a “ pole” along the 
Cox É, p= N); namely, 


A, $ (Ande + prip) + Actu — 0). 


The latter is a harmonic vector which represents the flow due to the super- 
position along the circle x == é, p = ņ of z-oriented k-source and k-vortex fila- 
ments of strengths Ax and px, where k = 1,2," ::,n. 


5. An isolated essential singularity. Let F(u,«) be a function which 
is continuous in œ for 0 & a S 2r and which for each « is analytic in the 
neighborhood 

N(a): 0<85S|u—E—icsa!SA 


of the point u == € + in cosa, where Fu, «) is assumed to have an isolated 
essential singularity. Let us suppose also uniform convergence with respect 
to both u and «æ for the infinite series portion of the Laurent development 
of Fu, a): 


(5.1) F(u, a) À (an -+ ib, cos a) (u — &— in cos @)-* + f(u, a) 
x n=l 
where f(u, «) is analytic throughout the circle | u — £ — iņ cosa | SA. Let 


us assume further that a, and Dn are real constants, independent of wand g. 
Then 


pu) = (dr) f Fos a) da -Š (anis + brip) Alu — £)” -+ fi (u) 


is single-valued and analytic in any closed p-convex region N” p(é, 7) ur 
in the neighborhood N’,(é, 7) and the vector 


(5.2) H (x, p) = È Au (aris + Butp) ` Ag (u — E)" + Auf, (u) 


is single-valued and harmonic in the region R[N”,(é,7)], obtained by re- 


y 
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volving N”,(&») about the z-axis. Further, in the torus 0 < 8S (w— &)? 
+ (p— 7)? SA, the flow represented by H(z,p) will be essentially the flow 
due to the superposition along the circle x = é, p = ņ of the convergent series 
of z-oriented n-source and n-vortex filaments represented by the “ principal 
part” of H(x,p) in (5.2). 


6. Periodic H(x, p). For each a, 0<a< 2r, let f(u, a), u = v -+ ip, 
be a function which is periodic in « with a period of m and which, except for 
simple poles at u == é; -+ iy; cosa, OS & <é< LE Lx, aj >O, 18 
analytic in the strip-S: 0S æ r. Further, let us denote the residue in 
u = &; + tn; cos à by a; + bjt cos & and assume that a; and b; are independent 
of «, and that f(u, «) —> c + di cos à as p— + © uniformly with respect to 
both « and « Then, as is well known, we may write > 


f(u, a) =c J Ÿ (a; + ib; cos æ) cot (u— é; — im; cos g). 
j=l 


In the u- a from which has been cut the rays æ= ê; + kr, rl: 
j= 1,2, >>, n, k—0,+1,+2,:::, the function 


(u), = ¢ + 2 (ajiz + btp) * Ag cot (u — £;) 
A . i= 


will be single-valued, analytic and periodic with a period of m and likewise, 


the harmonic vector H (2, p) = (2m) fd p{u) Vu di will be D 


and periodic with a period of x. 

The flow represented by this H(z, p) will behave, in the Pe ET, of 
each circle v == £; + kr, p= q; k—0, +1; +2,: : :, like the flow due to 
the superposition, on the circle, of a circular source filament of total strength 
a; and a circular vortex filament of strength b;. We thus obtain a result 
similar to the well-known “ Karman Street ” of vortices. j 


7. Energy in an axisymmetric force feld.” Let 
F(x, p) = X (x, p)is — P (x, p)ip 


represent the force in an axisymmetric field and let f(x + ip) be the Be DaB. 


5 Cf. E. T. Whittaker and G. N, ation A Course of Modern Analysis, American 
Edition, p. 399, prob. 1. 
° See L, M. Milne-Thompson, Theoretical Hydrodynamics, Macmillan (1938), p. 341, 
TOf. S. Bergman, Bulletin of the American Mathematical Society, vol. 49 (1943), 
pp. 163-174. 
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function. Then, using a somewhat more general formula than (2.3), we 
may write 


(2.1) (2,0) = (ni) f fu) Vuta, 
where 


(7.2) w= a+ (4/2)p(E +5"),  V =i2(0/0%) + ip (0/p) 


and T is a rectifiable closed curve in the £-plane. 

Let us assume in what follows that f(x + ip) is an algebraic function 
having the singularities & + ip = Ur Us,‘ * *, Un in a p-convex region S of 
the u-plane. Let £;x.(2,p) be the roots of the equations (7.2) with u == uz 
and k = 1,2,- - :,n. Furthermore, let V be the locus of all points (æ, p) for 
which at least two of the £;.(z, p) are coincident (j = 1,2; k = 1,2, : :,n). 
The locus V will be called the “singular manifold of f(w).”. Finally, let the 
region 8’ be a p-convex region drawn in the region obtained from S by omitting os 
the points common to S and V. 

If Py: (zı,pı) is chosen as any point of 8’ and the T of formula (7. 1) 
is taken as a curve T, enclosing one and only point &x(2ı, pı), say Éi (Ti pa), 
formula (7.1) will yield a definite branch F,(z,p) of the many-valued 
F(z,p). Now beginning at P,, let us draw in S’ a curve O, so short that, 
when (2,p) moves from P, along Cı, no point &;(%,p) crosses D. Hence, 
for all points (v,p) on Cı, formula (7.1) with T ==T;, furnishes the same 
branch F(z, p). 

The work W,, done on a unit particle moving along C,, in the field 
F (x, p) will then be | | 3 


(3) WM f. Finn): (isde + ipp) 
— (2ri) f (isde + ipdp) Í. f(u) Vutdé 


= (Bri) f erae fi f(udu, 


where K,(£) is the curve described by the point u when ¢ is a fixed point on 
Yr, and the point (x,p) describes the curve C,. The quantity 


represents the work in the two dimensional field f(u). The desired work W, y 
is evidently expressed by formula (7.3) as the average of w,(£) as ¢ varies 
on T,. That is, W, is connected with w,(£) by way of the same operator as 
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given in (7.1); namely, to obtain (7.3), we have only to replace the vector 
(u) Vu in (7.1) by the scalar (Ari) w, (4). 

If, instead of the curve C,, we draw from P, in the region S’, a curve C 
of arbitrary length, it will be necessary to establish the following lemma before 
obtaining results similar to (7.3). 


Lemma. If C is an arbitrary rectifiable curve drawn from P, in S’ and 
if it is divided into a sufficiently large number v of non-overlapping equal arcs 
Ci Cas + +, Cy, then circles Ti, Lat © e, Ty can be drawn in the &-plane such 
that formula (7.1) will furnish the same branch F,(2, p) for all points (x, p) 
on C, provided T in (7.1) is taken as Ty when the point (x, p) is on are Cy. 


To prove this lemma, let us represent C parametrically in terms of its 
are length s; i.e, O: w(s) = z(s)is + p(s)ip, OS sl. Drawn in S, 
C does not intersect V and thus, for (z, p) on C, the points &;.(s) == £ale(s), 
p(s)] are distinct. The distance between pairs of points &;x(s) for each e 
will have a minimum d > 0, where d is independent of s. As the (s) are 
uniformly continuous on C. a 8 > 0 exists so that 


| Sin (s’) — fin (s)| < d/2 ` 


for all j and k and all s and s’ with |’ — s| 5&8. Hence, if we let s, = 0, 
= I/y,- + +,8y== (vr—1)l/v, where v > 1/8, and if we denote by Cp the 
are Sp = S S Spa; then the circle rp, where the equation of Tọ is 


(2.5). | | £— Eu(ss)| = d/2, 


will contain no singular point £;x(s) other than Zu(s) for sp Ss 3S Spy. 
Therefore, iz T in formula (7.1) is chosen as T, when (2, p) is on Op, formula 
(7.1) will always provide the same branch F(z, p). 

‘This lemma enables us to divide C up into a finite number of arcs drawn. 
in S’ and to derive for each a result similar to that given by formula (7. 3). 
We may thus state the following theorem. 


THEOREM V. Let O be an arbitrary rectifiable curve in 8’, Py: (%4, pi) 
any point on C and F(x, p) the branch of F(x, p) furnished by formula (7.1) 
when T encloses one and only singularity fjx(#, p). 


Let K(£) be the. locus of the point u =s + (1/2) p( + E>) when € is 
ficed and the point (x, p) describes C. Let 


(7.6) w) = f, f(u)du 
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be the work required to move a unit particle in the two-dimensional field f(u) 
along the curve K(f). | 

Then y circles Li, Lo," + +,Ty can be drawn in the &-plane such that the 
work 


(1.7) W= Í, F, (z, p) (isde + ipdp) 


required to move a particle in the three-dimensional axisymmetric field F, (x, pY 
is the sum W = W, + W: +: -+ Wn of the transforms of w(£): 


Mi (Pri) | w(e)e de: 


A simple application of the above theorem is to the case where the force 
field F, (x, p) is conservative. We may then express F(x,p) as the gradient 
of a potential ®(z,p) thus: F=— VS, V = iz 0/0x + ip 0/0p, where 


(x, p) = (2ri) f s(uerde 


Thus, f(u) =— ¢’ (u). As the force field f(u) is thus also conservative, 
we have for the work w(¢) corresponding to the arc (%: 


ur 
w(t) =È P (u) du = p(w) — $ (ua) 
Ux+1 
where ug = % + (4/2) px(€-+ €") and where (2, px) and (Ti, peu) are the 
end-points of C4. As the Ty have been determined so that (7.1) will always 
furnish the same branch F,(z,p) of the force function, the sum W of the 
Wy 18 


a , 
W = À Wi = (21, pı) —® (Tvs pra), 
=1 
a result to be expected in’a conservative force field. 
UNIVERSITY OF WISCONSIN, 
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AN EXTENSION OF A PERRON SYSTEM OF LINEAR EQUATIONS 
IN INFINITELY MANY UNKNOWNS.* | 


By I. M. SHEFFER. 


1. Introduction. Consider the system of equations 


(1. 1) À (Qs Dune) En — Cn (n= 0,1, - +). 


Let the following conditions [(1.2) to (1.5)] be called conditions Pı: 


(1.2) F(t) = S as 

is analytic in |¢!<1; = 

(1. 3) | Baines | SS knb, 6<1; 

(1. 4) | kau — 0; 

(1.5) | do + ban £ 0, (n= 0,1, - :).. 


: For this system Perron + has proved the following theorem: 


Let conditions P hold. If F(t) has À zeros in |t| 1, then for every 
{cn} for which lim sup | c,|/"<S1 the general solution {zn} of (1.1) with 
lim sup | a |Y” S 1 contains À arbitrary constants. There exist À linearly 
independent solutions {a}, (i=1,: : -,X), of the homogeneous system 
with lim sup | a [Ya < 1, and if {x,} is a sölution of (1.1) then the 
general solution (with lim sup | t, |Y" 1) can be written 


: à 

(1.6) En = Er” +S un), (n == 0,1, °°), / 
i=1 

where a: > -, a are arbitrary. Moreover, an integer M exists, independent 

of the sequence {cy}, with the property that (1.1) has one and only one solu- 

tion {an} (lim sup | x, |” = 1) for which eu, Zara," *," , Tax are preassigned. 


* Received January 3, 1944. 
t0. Perron, “Uber Summengleichungen und Poincarésche Differenzengleichungen,” 
Mathematische Annalen, vol. 84 (1921), pp. 1-15. 
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It is our purpose here to enlarge the Perron system. We shall consider 
the system of equations 


n-i co : 
(1. 7) >: bnsts + = (as + Danas) Enss = Ca, (n = 0, 1, > ). 
s=0 8=0 


As the limit superior of a sequence occurs often in the discussion, we introduce 
the following name and notation. 


Definition. By the type of a sequence {x,} is meant the number ((z.)) 
given by | 
(1.8) ( (#2) ) = lim sup | x, |1”. 

We impose on the system (1. 7) the following conditions [(i) and (ii) | 


. to be referred to as conditions Q: 


(i) Conditions P hold (save that (1.5) is no longer assumed). 


(ii) There exists a number p in 0 =p < 1 such that 


(1.9) (2 Dnette)) Sp 


for every {£n} for which ((4,)) =1. Condition (ii) is completely equivalent 
to the following: If 


n-1 
(1. 10) En (6) = >), | Ons | te, (n = 0,1, > de 
8=0 


then given e > 0, there corresponds a & > 0 such that 
(1.11) (CC (E))) <p+e 


for all ¢ in |4} S1- 8e (Or, ((C#a(1+8))) < p+ e) 

Observe that the system (1.1) is a diagonal system; in other words 
Tos’ * *, Gm, Occur only in the first n equations. The system (1.7) does not 
enjoy this property, and therein lies the source of whatever difference there 
is in the two systems, as we shall see. 

The genesis of the Perron system is the linear recurrence relation 


(1. 12) Porn + Palau + ee + Pina == Cn, (n == 0, 1, =~ ); 


with pop, 0. The corresponding homogeneous system has exactly À linearly 
independent solutions, and that these are all of finite type is seen by exhibiting 
a fundamental set of solutions: | 


< 
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as 13) En = UNS * ?, nitty st, | (1 Saly a), 
where t1,° ‚to are the distinct zeros of the polynomial 
(1.14) P(t) = ps + pit +: + pe, 


and kı,’ +, ko are the corresponding orders, so that kı +: <- ko =À. 
The a (1.12) itself has as a particular solution, rei to every 
sequence {cn} of finite type (say ((ex)) = B), 


(1. 15) p Tn at C(1/t) PG) di 


where C(t) = => cnt” is analytic in |t| < 1/R and where T is the circle |#| 


= R’, arbitrary save for the two restrictions: | 
a RAT. C= 1 +30); R’> Rk. 


From (1.15) we see that ((a,)) =f’, and from the arbitrariness of R’ 
(> R) we conclude that (1.12) has a solution of type not exceeding R. 
Actually, this solution is of type equal to R, for if it were of lesser type. then 
the left side of (1.12) would be of lesser type; i.e., ((¢n)) < R, which is a 
contradiction. 

An extension of (1.12), in the homogeneous case, was made by Poincaré, 
who investigated the asymptotic character of solutions of the system 


(1. 16) nor + An Enri FH: + Anna = 0, (n = 0,1,:: ai 


where ani — pi, (t—0,: " -,A). 

The system (1.16) may be regarded as the result of adding a perturba- 
tion element to (1.12) (homogeneous case), where the perturbation is small 
enough to preserve certain properties of the solutions of the original system. 
Perron introduced his system (1.1), in part, for the purpose of sharpening 
the conclusions of Poincaré. The system (1.16) is a particular case of (1.1), 
and we may think of (1.1) as representing the addition of a new perturba- 
tion element to (1.12). And in this sense, (1.7) provides still another 
perturbation. 


Concerning the Perron theorem some words are in order as to the con- 


ditions P. Suppose that F(t) is analytic in |t| SR. Then > Gslnıs CON- 


s=0 


*H. Poincaré, “Sur les Equations Linéaires aux Différentielles ordinaires et aux 
Différences finies,” American Journal of Mathematics, vol. 7 (1885), pp. 203-258. 
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verges for every {z,} for which ((2,)) &R. The type of {zn} may even be 

larger, how large depending on how much greater than R is the radius of 

convergence of (1.2). Since, however, we wish to have a theorem applicable 

to every F(t) analytic in | ¢ | = R, we must insist that ((4,)) SR. In this 
co 

case, the: sequence > at, is also of type not exceeding R. Again, to have 
8=0 


00 . 
Yn = À Dnnsslrss exist for all such {zn}, we must assume, tf we insist on a 
g=0 


condition of the form (1.3), (1.4), that 0 < 1/R; and then it follows that 
((yn)) SR. The left side of (1.1) is then a sequence of type not exceeding 
R, and so we naturally assume the condition ((¢n)) = R for {en}. 

- Jf we now make the substitutions 


, 2 , 
Cy = C/R”, C'n = Ow ws a U; = Las, D aoas = bise 


then (1.1) assumes the same form with all letters primed; and for this new 
system the Perron conditions hold. This shows that the conditions as to type 
are not restrictive. On the other hand, the nature of conditions (1.3), (1. 4) 
is a restriction, and it is because of this that the perturbed system has proper- 
ties analogous to those of the simple system (1.12). 

With these preliminary remarks we turn to the system (1.7). We shall 
apply the method of Perron wherever possible. 


2. The D-system of equations. We shall refer to (1.7) as the 2 
system: ae | 
J n-1 00 
(2. 1) D : > bats + > (as + On nes) Enss == Gn, (n ner ) > 
8=0 s=0 
and for D we assume conditions Q with the further condition F (t) 0. 


Let e > 0 be given such that p + e < 1. Choose & > 0 to ey ‘Ge 11), 
and ©, in 0 < 8e < & so that 


(2.2) (EHRE) < p + e/8 


for all tin |+|<S|1-+ 8. A number R can be found to satisfy the following 
conditions [| (i) to (iti) ]: 


(i) RO<1<RS1+%. 
(ii) F(t) and B,(t) are analytic in |{| = R, where 


(2. 3) B, (+) == > Ba nest”, l (n = 0, 1, re De 


g=0 
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(iii) F(t) 40, 1<|t|<R 
Define A» (t), Cx(t), D,(t) by the series 


(2.4). An (t) = Date = tE (t), (n—0,1,- --), 
(2. 5) | Cn (t) = È Baul’ (n—0,1,: : -), 
(2. 6) Dy(t) = An (t) + Ba (t) + Ou(t), nl). 


Let T, be the circle | ¢ | = r, where r is enon inl<r=R., On T, we 
have, uniformly, 


(2.7) LAHS alH) : |Ba(é)| S knm/(1— 10). 


Let ((=,)).== 1, so that the series 
> l O0 
(2.8) X(t) = 3 zt 
; 8=0 


has a radius of convergence at least as great as one. If r lies in 1 <r< R, 
then | 


| ER dee: 
(2.9) nf Xena, (n= 0,17 °°). 


The system (2.1) can then be written 


(2.10) SR zaa Ef EA 
4 iF (t) + Ba(t)}dt,  (n—0,1,-:). 


Uniformity of convergence permits term-by-term integration. Conversely, 
| irom (2.10) we get (2.1) so that we have 


Lemma 1. Let conditions Q hold, with ((en)) S1. Every sequence 
{Zn}, with ((an)) S1, that satisfies (2.1) also satisfies (2.10), and con- 
versely. | 


We now apply a transformation, utilized by Perron, that will replace 
F(t) by a polynomial. 
x 
LEMMA 2. If ((Un)) Sa, and if G(t) = $, gst® is analytic in |t| < g 
: ; z9 
where g >a, then i 


co 
(2.11) Un = À Jstlnss 
. 3=0 
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is a sequence of type not exceeding a. 


To show this, let o be chosen in 1/9 < e < 1/4, and let To be the circle 
|t| =o. Then . 


du JUDEN kun + test + + Jdt 


Since Le |S$4;'y" for every y in a< y< 1/0, we see that Un + Unit 
He. <<A;y/(1 yf) on To, so that ((v)) = y; and from the arbitrari- 
ness of y (in the range a < y < 1/s) we conclude that ({vn)) Sa. 

Let F(t) have X zeros in | ¢| Æ 1, say t= f, - -, te, of respective orders 
ky: + +,ke so that ky +-->-+ko==d. On defining P(t) by 


(2.12) P(t) =Í (¢— ts)" po + pat + - + pt (m=1) 
we have i 
(2.13) . F(t)=P(t)J(t) 


where J(t) is analytic and different from zero in |l SR. (I£ A=0 then 
P(t) = 1, J (t) = F(t).) 

The function 1/J(t) is also analytic in LZR, since F(t) 0 in 
1< |t] SR, so that if 


(2.14) 1/I(t) = Snt, 
then ((ha)) < 1/R. l 


In Lemma 2 we may make the choice G(t) =1//{t), {un} = tél 
Then (2.10) becomes 


Ya = 5 Í. (1/t)X (1/1) {EPP (t) + Š hel Busa(t) + Ons (t) ]}dt, 
a er 
where 


(2. 15) Yn == hocn + Rica + EE (n u 0, lis sata oe 


Absolute and uniform convergence on T, is guaranteed by (2.7); and ((yn)) 
= 1 by Lemma 2. 
Define new functions +), Brt (t) by 


(2. 16) GDS (Ibn), 
: j=9 s=0 
. (2.17) Bt +0 = SB hbase t. 


j=n = 3=0 


r 


AN EXTENSION OF A PERRON SYSTEM OF LINEAR EQUATIONS. 129 


‚Each double series converges absolutely and uniformly on I, and we have the 


system 


(2.18) nf n A/) XA) {Cat (1) + PPC) + But (t) }dt, 


; (n= 0, 1,- i DE 
which, when expanded, becomes the system 9}: 


x 


n-1 À l CO 
(2. 19) Dt: 2 Busts + 2 (Ds + Banis) nss + 2. Bn nes@nis = Yhn; 
s= g= £ &=A+ 
A (n = 0,1,: >; 
wnere 


co 
(2. 20) Bni = > hsbnas,i; (n, j =0,1,-- ) . 
s=0 


Dt is thus a consequence of D. 
The system D satisfies a set of conditions Q. To see this, choose œ such 


that +8, < wt S1-+ & and let I, be the circle | t| =o. Forj <n +s; 


oe eo 1 CS fj—-t 
(2.21) [ons |= gy J. Cm 1/t) tdt, 
OO i 1 oo ` | a 
She see S VAŠ | hs! Ohne (1/6) Jdt S aude (p + 9 
3=0 Zrt To 8=0 | 


C0 
where A: = X | hs | (pe). Hence 
8=0 


au 
Eu 


(2. 22) | | Bnj = CoA ew! (p + e)", j < n; 


so that for all ¢ in | ¿| = 1 + 8, (and therefore for |E| = E), 


Ont (1) =5 | Bug | t << aude(p + e}*/(1— ot). 


Consequently, 
(2.23) KA) Sete 


for all tin |t| <1+84 In view of the independence of C„}*(t) relative 
to e, this is equivalent to 


(2. 24) CE Buats)) Sp 


.for every {zu} for which ((=,)) 1. That is, the relation (ii) of conditions 


Q is fulfilled. 
Now suppose jn. Then 


j-n C0 ‘ 
Ba; = > hsDnss, + > hs-nds; = L -+ I. 
&=0 8=7+1 
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we have 


| I; | <3 | hs | Es, 
8=0 


so that, if 6” is chosen in 0 < 1/R < 6” < 1, and if 


P In = max {kn baas i 2 (ln — 0), 
then 
| q, | = Be", 
where B =D | ha | 9-5. Again, 


s=6 


O0 
= > | he-nds; b 
3=j+1 


| Zs 





so that from (2.21), which applies since j < s in bsj, 
| I; | Sau wAe(p + e)” = @uAclo(p + e) |” win, 


Since w < 1, w(p+e) < 1, it is possible to choose # to lie in max{@”, œ} 
SF <1; and on defining k'a by 


k = Bly + awAelo(p + €) ]*, 


then 

[Bus | SMO, jan. 
That is, | 
(2.25) | Burnes | SS Inf’, 


with 0 < 9° < 1 and k’,—>0. 

In other words, the system Dt satisfies a set of conditions Q, with 0 re- 
placed by a number 0 having the same property. Any larger number will 
serve equally well if it is less than one. 

The system (2.19) is a consequence of (2.1). But also, starting from 
(2.19), and using G(t) =J (t), {un} = {yn} in Lemma 2, it is a simple 
matter to demonstrate that the system (2.1) results. We accordingly have 


Lemma 3. Let the system (2.1) fulfill conditions Q, and let ((¢n)) S1. 
Then the system (2.19) also has the property Q (with 6 replacing 6), and 
((yn)) & 1. Moreover, every sequence {fu}, of type not exceeding one, that 
satisfies (2.1) also satisfies (2.19) and conversely. 


We now consider a further reduction [ Perron, loc. cit.]. 


CO 
Definition. Given a system of linear forms (or equations) ¥: X fix, 
3=0 


-a 21 
= + 
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(j==0,1,---). By the truncate af F of order m, denoted by #(™, is meant 
the system obtained from F by dropping the first m forms (or equations). In 
particular, F is its own truncate of order zero. | 

The transformation {un} to {Vn} of Lemma 2 was applied to carry the 
system D into Dt. Since yn does not depend ON Cos’ © *,Cna, we conclude 
that the same transformation of D to Dt carries every truncate of D into the 
truncate of Dt of the same order. 


THEOREM 1. Let the system D satisfy conditions Q, with ((¢n)) S1. 
There exists a number Lin 1 < £, and an integer M = 0, both independent of 
{Cn}, such that the M-th truncate system D (M) has one and only one solution 
{tn} of type not exceeding &, for which the values X,- + - , 2uat.ı are assigned. 
Moreover, this solution is of type not exceeding one. 


The proof is divided into two parts: uniqueness and existence. (Compare 
Perron, loc. cit.) First we take up uniqueness. Instead of the system 2 
we may use the equivalent system Dt. ' 

Let the non-negative integer M be arbitrary at present. Define {8,} by 


(2.26) È (8:/#) = 0 /P (t) -Ï (1—#/t) 7, 


where we express P(t) in the form 


P(t) = tt — rn)’ (t—r), 0< [| S1, 
and let 


(2. 27) C'n = On-aryar + durs ya + + * + Soya; n= M. 


From (2.26) we obtain the relations 
1, i=0 
Bas tàpia H Haam PT 


(2.28) 
Sn Po + ni Pi ++ amt, (n =0,1,-- -) ; 


so that the system 


A-1 8 Rn OO 
(2. 29) Thin + > > Ds-+9n-M-rEM +8 = Cp — > > Snr Brets (n = M) 


8=0 r=0 r=M s=0 


follows from Dt and (2.27). 

The series on the right side converge for all {æn} of type not exceeding R 
since each equation of (2. 29) is only a linear combination of a finite number 
of equations of Dt. Moreover, we can go from (2.29) back to the M-th order 
truncate of Dt by inversion of these linear combinations in an obvious manner. 
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The number 6’, has already been defined. By increasing 0°, if necessary, 
we may assume that it lies in the range 1 < 1/8 <1+%. Now choose - 
£, ay fs to satisfy # 


(2. 30) 1<h<I< REC LIH Ye 


The following inequality is obvious: 


Dag 


À 1 )s Ata tS Atay, CSrsn. 


Since A is fixed, the right hand member is a sequence of type one, so that an 
integer Af, can be found such that 


whe Ä 
ap) (Er pie) (HR) i n= M: 


Further, indices Ma, Ms, M, exist so that 


(2.31) 


Zodel + n}À ee 
(2. 32) lese): lese, ar n= M; 
(2. 33) ben < 3(1— ft) (£2—1)?, n= Ms; 
(2. 34) En < Elah). mM. 


Now choose M as any integer (once chosen, fixed) exceeding max{Mı, M», 
M, M,}. Suppose that {rn}, {Yn} are two sequences of type not exceeding £, 
that each satisfies the truncate system Dt), and that =, On t 
<+M—1 We shall show that £n = yn. Let Zn = En — Yn. Then from 
(2.29) we see that {Zn} satisfies the system 


n CO 
(2. 35) An == |1 2 > Sn-rBrs%s, n = M. 
r=M s=-I+M 


We can write 


Zen == Qı + Q: 


where 


R r-i 2 CC 
Qı ae 2, > Ön-rBrs2s, Q: AE > >» Ön-rPrs2s- 


r=M s=)+ r=M asr 
Now ((2:)) 5 £, so that a minimum constant C = 0 exists for which 


(2. 36) |a| 50t" nZ0; = 


and since zn = 0 for n < À + M, the ur in (2.36) is achieved for some 
value n Z= à+- M. Then 


PS 
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CagAe 
= Smelter 


TOIS CÈ dur | 0" (t 
yhe O,t* is defined just before 1A 23). From (2.26), 
S eur «ao (HT) um, 


so that [ Perron, loc. cit.] 


| (2.37) CIE be re | 
= j D 
Hence l 
ode 1 
1o | eee OH < 04 


Again, from (2.25), 


IQISCÉ De eden 


r=M n — T s=r 


sa mE (HIT T jesene 


n— rt 
| | (t a DE yt (0/2) Ls", 
This gives the relation 


lan | LICE, n2M. 


This is inconsistent with (2.36), since C is minimal, unless C=0. Con- 
sequently Zn = 0 for ail n, and the uniqueness is hereby established. 
We turn to the problem cf existence. Let 


(2. 38) en. Gent, 
be assigned. Define 2;' by 

(2.39) mO =X, CALM; mO—0, SEAL. 

Then define a sequence of approximations 7, (k == 1,2,: - +) by 


(2. 40) Gi 4) ems gry (M2) i<A+M; 


Lyon -} 5 5 Ds-r0n- Mr Tes Y D oe ç He $ D Aert E a n = = M. 


8=0 7=0 rzM g=0 


For k > 1 we obtain the inequality 


esl s=h+it PT 


se BEE, ss | 
(2.41) | Tun a dis | = > > er r ) | Brs | | A =e 
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and fork = 1: 
A-1 s es — gez 
(2. 42) | Ean ®© ~~ De n°) [= | Cu | + > £ (a+ er " SIA ics 
8=0 r=0 ae sn À 
n MM-i À n 
+ EOS CEE EA 
r=:M_  &=0 


=| da | +U + Un 


Now ((y»)) S1, Hence if é is chosen in 1 < £ < &, we have |yn | 
< dé” for a suitable.d. From (2. 27), then, | 


aleg H ese (He 


0 


so that a number A, exists such that 


Ale ar, n= M. 
Let = 
o, = max{] Xo |t ++, | Xaaex|}, omax{|pol,:+-,| pal}. 
Then | R 
U, < oo: À S (* aa ‘) S RAHNI Ast 
s=0 r=0 = 


for a suitably chosen R, and As. Also, 


ET er rt 
CHI) ernennt 


The brace is bounded, since it approaches 0 as r— œ. Hence if o is an upper 
bound for it, 


U: = 0,03 ` n{r + n)\1 = T102 (À — n)À\ < Agé +” 


for a suitable A3. 
If, then, A = A; + A, + A, we obtain the inequality 


(2.43) an | AN, nM. 


Using this relation, 


AN — ror re +2 
| Dan ) — Tyn P) p= = A. > ( + à és m) { > | Brs | 1° : 
s=A+ i 


r=M 


pielea 


4 
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It is readily found that 


r fe A+ n—r— ti 2 tuAe(A + n)” = 
RÉ (UT) + Er ay <a 
and that 
An —r — _ ‚@ ; = ANA ART), 
m3 (TITS ere 3 omreste—m$ (ITT )a 


A u 1 
<= 4 + (Ly —1)%: "2 ( Le Vert gen 
Hence 


Tran?) — Ban (3) | = SAGE, n = M. 


The argument carries over from one approximation to the next, so that 
we have in general 


(2. 44) | Tran) -— Ban EL) | < (1 /2 (k-1) ) . AG", n = M. 
For fixed n, therefore, x...) has a limit as & — œ: 


(2. 45) Jim Ly, = Enz (n Fes 0, L fase -) . 


ko 


(For n < A+ M, £n = Xa.) This sequence we shall now show is a solution 
of Dt), or, what is the same thing, of (2.29). Fork < p, 


| Tran À) — Tin P) | SAL Mm /2 + 1/21 2... + 1/2}, 
Hence on letting p> o: 
(2. 46) ayn) — an |S (A/G, nM. 
Therefore 
n x oO t xD 
| D ôn-r À Brs{a 9 — 2} S (A/2**) Fr | {D | Br | 5}. 
r=M s=0 i r=M s=0 


Since % enters on the right only in the factor 241 we see that for n fixed, 


lim 5 Ön-r 3 Bree nn: > Ön-r È Brsts; > 


k>% r=M 8=0 


. and on letting k — co in (2.40) we obtain (2.29). That is, {£a} is a solution’ 
of (2.29). 
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There remains the matter of type. Since 


co 
Cran = Cran” + 2 {x a Oe) — an Fr) }° 
=l 


therefore 


oo 
nem | SS AGM Sat BALI, 
zł x R 


so that ((tn)) S&ı < é. We wish to show that we actually have ((t)) S1. 
Suppose ((za)) =p > 1. Choose a new £, say &, in 1< <p. Corre- 
sponding to this choice we can then determine an index M’ > M so that the 
truncate system DM”) has a unique solution {2a}, of type not exceeding & 
for which Zo’ - -,2y ar. are preassigned. Choose r; = z4, (i—0,: -:, 
À + M’—1), where {x} satisfies the original truncate DM), We then have 
two sets {tn}, {an} satisfying DM, and both of type not exceeding £. 
By uniqueness these must be identical. Hence ((a2))S0 <p. As this 
is a contradiction, the assumption that ((=,)) > 1 is untenable. That is, 


the unique solution of Dt!) of type not exceeding £ is in fact of type not 


exceeding unity. The proof is now complete. 

At this point in the Perron system it is possible to determine Ææw1, °°" , Zo, 
uniquely and in that order, in terms of zur," ` +, uw, so that the first M 
equations of the system are also satisfied. This step-by-step ladder is however 
not available from DAN to Dt. In fact, the complete system Dt (or D) 
may fail to have a solution for some sequence {cn} of type not exceeding one. 

This is easy to see if the first M linear forms of D are linearly dependent, 
for in this case the corresponding right hand members, that is, the c„’s, cannot 
be independent; hence sets Co,’ > * , Ca will exist for which the first M equa- 
tions have no solution. A situation like this is entirely consistent with con- 
ditions Q. But even if the first M forms are formally linearly independent, 
it may yet happen that the conditions imposed on {zu} by the truncate system 
DOD make the first M forms in effect linearly dependent; and if so, constants 
Co" * `°, Cu can be found for which there will be no solution. We shall 
presently give an example illustrating this possibility. 


Lemma 4. Let the conditions and notation of Theorem 1 hold. Let 
vi = X4, (t= 0,---,A4+ M—-1) be assigned. Then the unique solution 
{tn} of Theorem 1 has the form : 


i A+B7-1 
(2. 47) Un En Hy + > HniX i, N = À + M, 
4=0 i 


where all Hs are independent of X’s, and where Hy, depends only on 
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Dos - +p, and {Bij}, iM, while Ha depends only on these and on {ci}, 
(= M. i 


To see this, let us return to the successive approximations used in the 
proof of Theorem 1. We have 





AtA ~A | 
(2. 48) Tron ai Lyon) er rm © Zu rive? + > vun," X i> n = M, : 
t= 
where 
n , 
(2. 49) Ven a — Ew Ven, à 2) nt > Ön-rBris t< M ; 
r=M 
i-M n 


van = —- > Pi-M-rön-M-r FR 2 dn-Bri, M < 4 = À 4 M ae) J 
T=0 T=, 


And by recurrence, for k > 1, 


A+M-1 
(2. 50) Then E) — Then Be Vien (x) - >, VAen, d MX ds n = M, 
` 4=0 


where 


no © 
(2.51) mn = — N D du-rBrevs oa. 
r=M s=A+M 
n © 
Vaen, i (E) — — > > Ön-rBrevsi (et) | 
gold g=\+M 


Hence for n= M, 
co 00 | MM-1 
(2.52) Tren = > (Eran — Eyn EY ) == 2 {nm + à vlan OX}. 
. =1 A = =0 


All series involved are absolutely convergent in view of the inequalities ob- 
tained in Theorem 1. 


COROLLARY. The coefficients Hn, Hni of (2.47) are given by 
oO 00 
(2. 53) Hy = ES mm, Hy = X vn ®, n = À + M. 
k=l k=l 


Consider now a particular system Dt, fulfilling the conditions of Theorem 
1, in which Sno >£ 0 for all n. Having determined M, and having assigned 
the values x; = X;, 4 < À + M, the quantities Hn, Hn; are then determined. 
lf the set {z,} is then substituted into the first equation of Dt the following 
condition is obtained: 


A+M-1 z oo X 
> Xi {Boi + ( = BosH si) + pi} ms À: ES >, Boss 
4=0 s=A+M | g=\+M 


where p; = 0 for 1 > à. Now the relations 
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(2. 54) Hs = Hey =: + = As yur — 0 
cannot hold for all sZ À + M. For suppose they do hold. From (2.51) 


we get, on summing from k = 2 to œ: 


O0 
(Ham, i T Vin, 2) + > 2 du-BreHsi = 0) (n = M) 3 
r=M 8=X+M 


or, on setting Ys = a s Z à+ M, and vs = f5: 


CO 
(2. 55) 7 -} Ÿ >, Sn-rBrsYs = Than n = M. 
, Dh r=M 8=ÀX4M 


If we further define y; = 0, s < À + M, then (2.55) is of type (2. 29), ` 
with rx, replacing C'n. As ((rxn)) < 1 (a fact easily verified), we conclude 
that (2.55) has a unique solution of type not exceeding one. Now {Hsi}, 
with + fixed, is such a solution. Hence if (2. 54) holds, then ri = 0, n = M. 
That is, 


vaen i = 0, (*(=0,1,--°-,AtM—1;n=M,M+1,---). 
Therefore from (2. 49), 


> In-rBri TE 0, 1 < M. 
r=M 


On taking n = M,M + 1,: - - we find, successively, (since 5) = 1) that Biri = 0, 
Busi = 0," °°. That te Bni = 0 for all n = M and for all & in 0 = 4 < M. 
But our hypothesis is that Bno #0 for all n. We thus have a contradiction, 
and conditions (2.54) are untenable. 

There exists, therefore, an index s = sı = À + M, and an ù in 0 <i, 
< à + M — 1, for which H,,i,540. We now revise Dt by altering its first 
equation in the following manner: First redefine Bo,s, and Bos (s = À + M, 
$ 5£8,) so that 


Bo,s = 1; Bos = 0, s>A+M, s#s. 


The first equation of the new Dt reduces to 


A+M-1 


(2. 56) À (Boi + pi + Hs,4)Xi = yo — Hs, 
Now redefine -Boi t < À + M, so that 


Boi + pi + Ha) 1<À1+ M. 
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Since Hs, 7# 0, it follows that for i =ù the quantity Bo: + pi is not zero. 
This assures us that the first equation in the revised system Dt does not have 
all of its coefficients zero. Now, however, the left side of (2.56) is zero for 
all choices of X;, whereas the right hand side, involving as it does the quantity 
Yo, need not be zero. Consequently the system ®t does not always have a 
solution. Moreover, the If —1 remaining equations of the first M can be 
redefined so that there is formal linear independence. 
To summarize, we have 


THEOREM 2, There exist systems D with the following properties: 

(1) Conditions Q hold. 
(ii) Every finite set of linear forms of D is formally linearly, inde- 
pendent. | 


(iii) -For at least one sequence {cn} with ((en)) S1, (in fact, “in 
general”), there is no solution {zn} of D for which ((an)) = 1. 


In view of Theorem 2, it is desirable to know when a system D will es 
a solution {£n} for every {cn}. Let the conditions of Theorem 1 hold, so that 
DM) has a unique solution for preassigned = X, i<ı+-M. If we 
substitute the values 2, as given by (2.47) into the first M equations of Dt 
there result the relations 
Ar M- 


(2. 57) 2 {Bis T Ps-i + > petr) = Jin > „Bud 4 = M, 


where p,== 0 unless k == 0, 1, ee 

Define Ais by 

m | 

(2. 58) Ais = Bis -= Ps-i -F 2, Bille, 
Then we can state 

THEOREM 3. Let the system D (or Dt) satisfy conditions Q, and let M 
be chosén as in Theorem 1. A necessary and sufficient condition that D have a 
solution {£n} with ((#n)) 1 for every sequence {cn} for which ((m)) S1 
is that the matriz — 

Ao [in Áo, Mat- 


Am-1.0 ss Au-ı, 2-1 


be of rank M; and in this case there exist indices jn, (r = 1,"  *,A) în the 


140 I. M. SHEFFER. 


range Oo Sh<Je<'''<mZSA+M—1 and independent of {cn}, such 
that on preassigning the values tj, = X; (r=1,' > -, à), there is one and 
only one solution {2%} of D with ((m)) = 1. 


The proof is obvious. 


We turn now to the homogeneous system. If m = 0, then y, = 0, so. that 
from (2.27), cx=—=0. This implies that mu. =0, (k= 1,2, : -), and 
therefore Hn = 0. Let v; = Xi, (t= 0,---,A+ M—1) be given, and let 
xy satisfy the Jf-th truncate (homogeneous) system. The relation (2. 47) 
reduces to 


A+M-1 
(2. 59) in = > Aniki, n=)r+M; 
4=0 
and (2.57) to: 
À+M-1 oo 

(2. 60) X Xs{Bis + Ps- + D Birrs} = 0, 

g=0 us T=À+M 
that is, to 

A+M-1 
(2.61) ; X AisX s = 0, (i= 0,1,- -, M — 1). 

8=0 


The homogeneous system has a solution if and only if (2.61) can be satisfied 
by suitable choice of Xo,- © , uw. We accordingly have 


THEOREM 4. Let the homogeneous system D (or Dt) [en = yr = 0] 
satisfy conditions Q, and let M be chosen as in Theorem 1. There exist pre- 
cisely À + M — q linearly independent solutions of type not exceeding one, 
where q is the rank of the A-matrix of Theorem 3. In particular, since q = M, 
there exist at least À linearly independent solutions, and if À Z 1, there is at 
least one solution that is not identically zero. | 
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POWER SERIES WITH BOUNDED COEFFICIENTS.* 


By R. J. Durrin and A. C. SCHAEFFER. 


The first part of the present paper concerns entire functions of exponential 
type; the second part deals with applications of these results to power series 
which are bounded in a sector of the unit circle. 


PART I. 


1. We shall say that an entire function f(z) is of exponential type & ~ 


if there is a constant A such that 
GIE Ati 


It was shown by Cartwright ? that.if an entire function of exponential type 
k < r is bounded at the integer points 0, + 1, : : then it is bounded on the 
entire real axis. We shall be concerned with entire functions f(z) which are 
bounded at a sequence of points {An}. Boas? showed that if | A4—n] < L 
< 1/(2r?), (n==0,+1,---) then f(z) is bounded for real z. The con- 
dition we impose on the sequence {àn} is that there be two constants T and y 
such that | 


(1) |Iu—n|ST, (n=-0,+1,42,---), 


(2) | An-—Am | = y > 0, N Ze mM. 





* Part II received May 2, 1942; Revised and Augmented by Part I, August 31, 1944. 

1 The authors are indebted to the referee, who corrected an error in the original 
manuscript, and to the editor, who suggested several valuable improvements in the 
proof. 

2 M. L. Cartwright, “ On certain integral functions of order one,” Quarterly Journal 
of Mathematics (Oxford Series), vol. 7 (1936), pp. 46-55; A. Pfluger, “On analytie 
functions bounded at the lattice points,” Proceedings of the London Mathematical 
Society, (2), vol. 42 (1936-37), pp. 305-315; A. J. Macintyre, “ Laplace’s transforma- 
tion and integral functions,” Proceedings of the London Mathematical Society, (2), 
vol. 45 (1938-39), pp. 1-20; R. P. Boas, Jr., “ Entire functions bounded on a line,” 
Duke Mathematical Journal, vol. 6 (1940), pp. 148-169; R. P. Boas, Jr. and A. C. 
Schaeffer, “A theorem of Cartwright,” Duke Mathematical Journal, vol. 9 (1942), 
pp. 879-883. 

SR. P. Boas, dr., loc. cit. 
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2. THEOREM I. Let {An} be a sequence which satisfies (1) and (2). 
If f(z) is an entire function which satisfies 


3) If) SA, km X 
(4) | f(n)| S1, (n=0,+1,°°°) 

then 

(5) | f(z)| S NT, y, k) etl, 


This theorem is a consequence of a somewhat similar result concerning 
functions which are regular and of exponential growth in the half-plane 
R (z) = 0. In this case we suppose that the function is bounded at à sequence 
of points {An} which satisfies: 


(6) | An — Pb | = E, Il > T, 
(7) S | An — Àn | 2 y > 0, nm. 


Here T and y are two positive constants, and we suppose that À, is defined 
only for integers n >T. It then follows that all the points of the sequence 
{àn} lie in the half-plane & (2) > 0. 


| THEOREM II. Let {Àn} be a sequence which satisfies (6) and (7). If 
f(z) is regular in the half-plane R (2) Z0 and 





(8) If(z)| See, kr, 

(9) IFAD S&L »>T, | + 
then | = 

(10) | f(2)! S M (T, y, k), aoe. 


3. Although in Theorem I the constant A of inequality (3) does not 
influence the dominant Ne*l which is obtained for f(z), the analogous state- 
ment is not true in Theorem JI. We could not replace inequality (8) by an 
inequality of the form 

| f(2)| S Aez, k<e, 


without changing the inequality (10). This is shown by the example 
m m+l 
f(z) = IT (z—v) u (2 + y) tem, 
pr p= 


- This function is regular and bounded in the right half-plane, and it is 
bounded by 1 at the integer points, 2—0,1,2,: : :. However, | f(14)| 
em (2m + 3) (2m + 1), which can be made arbitrarily large by choosing 
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m large. The following corollary of Theorem II is in some respects a closer 
analogue of Theorem I than is Theorem II, 


COROLLARY I. Let {àn} be a sequence which satisfies (6) and (7). If 
f(z) is regular in R (2) Z 0 and 


(11) FE) S AE, k< a, 

(12) Fn S1, n>T, 

then 

(13) | f(£)!l SN (T, y, k), a= A?’/ (r — k). 


We shall also be interested in functions which tend toward zero as z 
becomes infinite through a suitable sequence of values. The following corollary 
is a generalization of a result of Young * who proved that if 


b 
Fle) =f etdg(t), —r<a<i<, 

where g(t) is of bounded variation and f(n) — l as n — + œ then f(z) > 1 

as T—> + o, 


COROLLARY II. Let {àn} be a sequence which re (6) and (7). 
f(z) is regular in R (2) = 0 and 


(14) FE) S All, kh <a, 
(15) fn) =0(1), nom, 
then 

(16) fz)=o(l), too. 


4. Since we shall have several occasions to use the Phragmén-Lindelof 
principle in various forms we state a lemma which will cover the several cases. 


Lemma I. If f(z) is regular in R (+) Z 0 and 


(17) | f(2)| S Aelel, = (z) BO, 
(18) = [f@ISB 220, 
where B = A then 


(19) s)| S Bell,  R(z2) SO. 





If f(z) is an entire function and 


b+0 | 
1R. C. Young, “ The asymptotic behavior of F(z) = f e*tdg(t),” Mathematische 
J a- 


0 
Zeitschrift, vol. 40 (1936), pp. 292-311. 


ii? 2 Sen Rae ns dar N GE SEEN a 
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(20) f (2) = O (l) 
(21) | |f(z)| SB 
then 

(22) | f(z) | S Beal. 


The second part of this lemma has been proved by Polya and Szego ° 
using a method which.is different from the one employed here. If f(z) satisfies 
(20) and (21) the function f(z)e** is bounded on the positive halves of the 
real and imaginary axis and is of order one or less in the angular region 
between them. The Phragmén-Lindeléf principle then shows that it is 
bounded in the first quadrant. Likewise it is bounded in the second quadrant. 
Hence 

Irae | <0 


in the upper half-plane y = 0, where C is some constant. But f(z)e* is 
bounded by B on the real axis so applying the Phragmén-Lindelôf principle 
to this function with the angular region now ane the upper half-plane we 
find that 

[f(zye™|SB, yo. 


Likewise we find that the function f(z)e-** is bounded by B in the lower 
half-plane. This proves (22). 

The inequality (19) is proved by selva the Phragmön-Lindelöf 
principle to the functions f(z)e** and f(z)e-* in the first and fourth 
es respectively. 


5. In the proof of Theorem II we shall make use of Lemma II, which 
is weaker than Theorem II, but contains the essential step inthe proof of 
that Theorem. 


Lemma JI. Let {An} be a sequence which satisfies (6) and (7). If f(z) 
is regular in the half-plane R (2) = 0 and 


(23) [GIE el, k<m, 
(24) FAD Sl abr, 
(25) f(x) = 0(1), Ba? ©, 
then | 


(26) FOIST yk) +20 


5 Pólya-Szegő, Aufgaben und Lehrsätze aus der Analysis, vol. 2, p. 36, problem 202. 
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The point of this lemma is that if T, y, and k are fixed then the functions 
which satisfy the conditions of Theorem II may be divided into two classes, 
namely, (1) thosé which are unbounded on the positive real axis, and (2) those 
which are bounded on the positive real axis. The lemma states that all func- 
tions of the second class are bounded by a common constant M. We shall 
show that every function which satisfies the conditions of Theorem II is the 
limit of a sequence of functions of the second class, and is therefore bounded 
on the positive real axis. The class (1) is therefore non-existant. 


Proof of Lemma IT. Let the constants T, y, and k be fixed, and let f(z), 
(v= 1,2,3,---) be any sequence of functions which satisfy the conditions 
of Lemma II. Let 


(27) cy== sup |fr(æ)| 
Or < 0 


Now each c, is finite according to hypothesis, and it is to be shown that the 
cy are bounded in their set. We suppose the sequence f(z) chosen such that 
cy > v, and: show that this leads to a contradiction. Each f,(2) is bounded 
by 1 at a sequence {A„?} which satisfies (6) and (7). If we combine (23) 
and (27) with Lemma I we find that 


| fv (2) | S were, 


There will be some point at which | f,(æ) | is near its upper bound, let 
ty be chosen such that | 
= | fu(ay)| = ev(1—1/r). 


In view of (23) it follows that &, — œ as y does. 
Let 
$r (2) = f(z + [av])/ev 
where [ay] is the integer part of æv. Then ¢v(z) is regular in the half plane 
P (2) = — [av] and it satisfies 
| ġo (2)| Sel, sZ — [v], 
max |p(t)| = 1— i/v 
oog 


Sss 

ln) S 1/0, n >T — [ay]. 
Here {un} is a sequence which is obtained by translating the sequence {An } 
a distance [zvy] to the left. 

6. Since the functions dv(z) are dominated by e*l¥! they are equicon- 


tinuous in any given bounded region for large v, and so Ascoli’s convergence - 


10 
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theorem concerning bounded equicontinuous functions shows that there is a 
subsequence which tends to a limit ¢(z) which is an entire function and 
satisfies 


* 


(28) | p(z)] = ev; max | p(æ)| — 1. 
oe 


Moreover, the sequence may be so chosen that, for each n, ya tends to a limit 
as v becomes infinite. Then 
(29) b(un) = 0, nl; : -) 
and the sequence {jm} satisfies 
lun—n|<T, | (n—0,+1, £2, >`) 
| un — um | È y > 0, nM. 
But Jensen’s formula shows that if ¢(z) is a function which satisfies 


(28) then 
lim 7? f n(e)erat = Rk/r <? 
eZ í 


TOC 


where (¢) is the number of zeros of d(z) m |z| St. But from (29) it is 
easily seen that 


lim f n(t)tdt 2 2. 
1 


r> 


This contradiction proves that there exists a constant M (T, y, Æ) such that 
the inequality (26) is valid. 


7. Proof of Theorem II. Let f(z) satisfy the conditions of Theorem II ` 


and let 


== lim # log | f(x). 
EX 


We choose a constant a subject to the condition that a > (p + |p|)/2. Then 
let e > 0 be chosen such that e < a and e < (r—k)/2. For (v=—1,8,3,--:) 
let 


y 
gv(z) = f(z)e™ X (e)?/p1. 
p=0 
The sum is no greater in modulus than ef!7! since it is dominated term by term 


by the Taylor’s expansion of el: about the origin. We then see that in the 
half-plane R (2) = 0, 


ga) S| FC) el e08 el < grle] 


where we define « as (k +7)/2 <r. Also if we write Àn = un + tra then 
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| go (An) | S emel S er 
since € | An | — bin < €( pn + | Ta |) — el, mE | Ta | < el’. 


Moreover, gv(z) tends to zero as x becomes infinite with a, e, and v fixed, 
and, in particular, 9,(2) is bounded on the positive real axis. We see from 
the above remarks that the function e*“Tg,(z) satisfies the conditions of Lemma 
II with & replaced by «. It therefore follows that 


- (30) | g(x)! SeTM(T,y,«), 220. 


Now keeping a and € fixed and letting y become infinite we see that the 
inequality (30) must also he satisfied by the limit f(z)e**e* of g,(z). Thus 


(31) - | f(x) | < ete) seT M (T, y, x), s eae A 


We now distinguish two cases, p > 0 and pÆ 0. If p > 0 we choose an 
e, 0 < e< p, of course keeping the previous condition e < (r—k)/2. Now 
keeping e fixed and letting @ approach p we see that 


IF] e-d reTM (T; y, x) 


on the positive real axis. But this contradicts the definition of p and shows 
that p = 0. 

Since p = 0 we let & and e each approach zero. Then the inequality (31) 
‚shows that F(x) is bounded by M (T, y,«). Since f(x) is bounded by some 
constant we may now apply Lemma II, and it follows that f(x) is bounded 
by M(T, y, k) for «20. Now if we apply Lemma I to f(z) we see, since 
clearly M = 1, that the inequality (10) is valid throughout the right half- 
plane. 


8. To prove Corollary I it is sufficient to consider the case in which the 
constant A of inequality (11) is greater than 1, since if A <1 the result is 
clear from Theorem II. Let 8 = 2(log A)/(r— k) and r= BA. The function 


g (2) == 2(2+ 1) "F (2) 
satisfies in the right half-plane R (2) = 0 the inequalities 
| g(#)!S Bet | F(a) | 5 ATAF = ek, |2| SB, 


and 
IOSIF S AE e, jel =e, 


where «= (r+k)/2 <r. Here we have used the fact that | 2(2+7)7| 
<= Br* = At in the semicircle |z| <8, R (2) Z0, and | 2(2+7)1[<1 
in the half-plane R (2) Z 0. 


I VORGE 


a 
tae rea n m. 
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It is thus seen that g(z) satisfies the conditions of Theorem II with k 
replaced by x, and so 
gle) SMT, yk), 220. 


Then expressing f(z) is terms of g (z) and using the last inequality we see that 
| f(z) | S (+ r)2"M(T,y«) SRM(T,y«) 

when 22 r= Bd = 2A (log A)/(r— k). Since 2logA <A the result 

follows if we write N (T, y, k) in.place of 2M (T, y, 7/2 + k/R). 


9. Proof of Corollary IL: If f(z) satisfies the conditions of Corollary 
II let 
IFA) <e, n= m, 


where eis some given positive number. If p is any positive integer the function 


a(z + 1) 7f(2) 


will be bounded by e at the points z=, form = m. If p is made sufficiently 
large this function will also be bounded by e at the points z == À, for n < m. 
Choosing p sufficiently large, the function 


g(z) = «7a (z + 1) F(z) 
is bounded by 1 at the points z == À» for all n in the range n >T. Since, clearly, 
| 9(2)| S Arten, | 
Corollary I states that g(x) is bounded by N (T, y, k) for all large x. Then, 
expressing f(z) is terms of g(z), 
f(z) = e(z + 1)?2?9(z), 
we see that for all sufficiently large x, 


| f(a) | < 2N (T, y, k). 


10. Proof of Theorem I. If f(z) satisfies the conditions of Theorem I 
then f(z) and f(— z) each satisfy the conditions of Corollary I, from which 
we infer that f(z) is bounded by some constant on the real axis. If we use 
the second part of Lemma I we see that 


(82) - | f(z) | S Cell 


where C is some constant. It is then only necessary to show that the constant 


C can be chosen to depend exclusively on T, y, and &. 
From inequality (32) we see that if m is any positive integer the function 


> 
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gm(z) = f (2 — m) 


4 satisfies the inequality (11) with A—C. It is also bounded at a sequence 
of points {pn} which is obtained by translating the sequence {An} a distance 
m to the right. Corollary I therefore shows that 


| Jm(T)| = N(T,y, k), c= OP eke . 


This in turn shows that f(z) = gu(z + m) is bounded by W(T, y, k) in the 
range v Z —m-+Ü?/(r—k). Since m is an arbitrary positive integer 
it follows that f(z) is bounded by N (T, y, k) on the entire real axis. If we 
again apply the second part of Lemma I to the function f(z) we obtain the 
inequality (5). 


er 11. In the second part of the present paper we shall be concerned with 

' functions which are known to be bounded at all integer points save possibly 
those of a certain subsequence. Let {un}, (n = 0, + 1,: - +), be a sequence of 
positive and negative integers such that 


(33) Bons — Un > 0° 
and ' 
(34) Km — in > ©, n= + co. 


Teeorem III. Let {un} be a sequence of integers which satisfies (33) 
and (34). If f(z) is an entire function which satisfies 


[f(z)|SAetel, kr, 


then. f(z) ıs untformly bounded on the real axis, and 
(35) |F| S Bet 


If, in addition, f(m) =o(1) as m— + œ, mé {un}, then f(z) = o(1) 
as T—> + œ. 


Proof. The function f(pz) where p is chosen in the range 


1<p< r/k 
is bounded at the points 


Zm = m/p; m ¢ {un}. 


Since p is chosen greater than 1 it is clear that there exists a subsequence 
{An} of the points zm such that 


? 


[An — n| ST, (n—=0,+1,:::) 
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where T is some constant. Also | An — Am | Z= 1/p > 0 when n&m. Since 
p is chosen less than m/k the function f(pz) is of exponential type kp < m. 
Theorem I now shows that the function f (pz), and hence f(z), is bounded on 
the real axis. Inequality (35) then follows from Lemma I. 

If f(m) == 0(1) as m— + œ, mẹ {pa}, then by applying Corollary I! 
to the functions f(— pz) and f(pz) we see that f(x) = 0(1) sc + co. 


PART II. 


1. A well known theorem of Szegö ° states the following. 


oO “. 
Let f(z) = D an2” where the coefficients a, take only a finite number of 


0 
different values. If f(z) is continuable beyond the unit circle then it is a 
rational function. 


We shall prove the following generalization of this theorem: 


CO 
THEoREMm I. Let f(z) = > anz” where the coefficients a, take only a finite 
a G 
number of different values. If f(z) is bounded in a sector of the unit circle 


then it is a rational function. 


2. Suppose now that 
SO 
f(z) = 2 Anz" 


where the series converges in the unit circle | z| < 1 and the coefficients an 
are integers. It is known that if such a function is continuable beyond the 
unit circle then it is a rational function. This is a theorem which was con- 
jectured by Pólya and was first proved by Carlson.” In view of the obvious 


similarity of these two theorems it is natural to ask if there is a corresponding 


generalization of the Pölya-Carlson theorem. That is, 1f f(z) is bounded in 
a sector of the unit circle is it necessarily a rational function? The a answer 
to this question is no, as is shown by the example 


i oO 
f(z) = & (1-2). 
2 
This function is regular in the unit circle and its Taylor’s expansion 


° G&G. Szegö, “Tschebyscheffsche Polynome und nichfortsetzbäre Potenzreihen,” 
Mathematische Annalen, vol. 87 (1922), pp. 90-111. 

TF. Carlson, “Über Potenzreihen mit ganzzahligen Koeffizienten, Mathematische 
Zeitschrift, vol. 9 (1921), pp. 1-13. 
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f (2) = > ine 


has integer coefficients. Moreover f(z) is bounded in the sector of the sa 
circle Jampz|Sa<=/3. But A„/n— œ so the Fabry gap theorem shows 
that it has the unit cirele for a natural boundary and, in particular, is not a 
rational function: | 


3. Let f(z) satisfy the conditions of Theorem I and suppose that f(re) 
is bounded in the sector a < 0 < 8, O0r<l. It is sufficient to consider 
the case in which f(0) —0. Since f(ze%/¢) will have only a finite number of 
different coeificients if p and q are integers, we also suppose that a < r < B. 
We choose an e > 0 such that wen a and r+e< B, and then ad>0 
such that 


(1) e+log(1—8) >0. 


Let T be an open contour consisting of the circular are | w |== 1 — à, 


[ampwul<r—e and the two radial segments 1—8<|0|<1, ampo 
= + (r—e). Then for any r in the range 1—8<r<l, 


= 1 “h-14 1 pre gih) gyng inb 0 
ou 54 > a sade jane eed 


where T» denotes the portion of T that lies in the circle | o| Sr. This 
relation holds for negative n if we define a, as 0 for n = — 1, — 2, — 3, - - 
The last integral may be written in the form 


mse ing GE (re) N 1 af me 
gon ind no-ind op tG 
= aS 7 dj = 5 a e td (re) 


where 


Hayes f f(t) dt. 


Since f(w) is bounded inside T itis clear that F (w) satisfies a uniform Lipschitz 
condition inside T, | F (o) — F (we) | < M | wi — We | when œ; and w, lie 
inside r. Thus, as r—1, F(rei#) tends uniformly to a limit F (et) in the 
range w—eSOSrt+e Letting r appproach 1 we obtain 
(2) fees f ‘flood p +. |" eimar (ei) 

“Ri Jr am I re 


Since F'(eif) satisfies a uniform Lipschitz condition the last integral is o(1) 
as n> E ©, 


Let 
(3) $(z) zu if, fo) wterleedo 
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' where log has its principal value. For integer values of 2 we infer from 
(2) that ; 
(4) p(n) == An + 0(1), n— + o. 


Furthermore, f(w) is bounded on T, and, from (1), 
|logo | Sa—e—log(l1—3) <a, wer; 
hence we infer that ¢(z) is an entire function of exponential type jess than r, 
| e(z) S Ael, EL. 


Now (4) implies that $(z) is bounded at the integer points, so from Theorem 
I of Part I we obtain the inequality 


(5) | | d(2)| S Atl. 


This inequality shows that if {un} is any sequence of real numbers the 
functions (z — pn) will be uniformly bounded in every finite region, and so, 
by Ascoli’s convergence theorem concerning equicontinuous functions, there 
will be a subsequence which converges to an entire function which satisfies (5). 
The family of functions ¢ (2 — un), wa real, is a normal family. 


4. Let b, ba: = , bm be the different values that a, can have, 
[bi—D,|2b5>0, ij. 
If sis a given positive integer there will be positive integers p — pr) and 
g= g(t), p > q = 0, such that 
Apiv m Og+v5 0 = y <= T, 

Then either 
(1) üp = Agr, v0 
or | 
(ii) there is an integer R > r such that 


(6) Oy iy == Bary; 0Z<r<R—1 
Apr SE AgeR, 


Suppose that there are arbitrarily large integers r for which case (ii) 
is true. It is to be shown that this leads to a contradiction. Let 


grle) = o(2-+ p+ BR) —o(2+-94+ 8) 


where p, q, and À are functions of + which satisfy (6) and p > 12 0. Then 
. 9(2) is an entire function and, in virtue of (5), 


f 
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| 9r(2) | S RAsetlvl, 
As r becomes large R does also, so relation (4) shows that 
(7) gr(m) = bmaprR — Oınrq+R +. o(1), T> ©, 


. for each fixed integer m. But as r becomes large some subsequehce of the 
functions g-(2) tends to a limit g(z) which is an entire function and satisfies 


(a) JOLLA, k<, 
(e) g(m) — 0, | (m——1,—2,: i DP 


Properties (b) and (c) are obtained from (6) and (7). But a theorem of 
Carlson states that a function which satisfies (a) and (c) must vanish identi- 
cally. This contradicts (b). 

It has thus been shown that there is an integer for which case (1) is true, 
and this clearly implies that f(z) is a rational function of the form . 


f(z) = P (2)/ (1 — 27) 


where P (z) is a polynomial. 


5. The methods of the last paragraphs can be used to obtain a theorem 
concerning power series in which all the coefficients are bounded save possibly 
‚those of a Faber sequence. The following theorem is allied to a result of 
Paley and Wiener,® although it does not contain their theorem, nor is it con- 
tained in their theorem (for a more general result cf. 6). 


oO 
Tueorem II. Let f(z) => anz” be bounded in a sector of the unit 
` 0 


circle. Let {nx} be a sequence of integers such that 


If the coefficients a, are bounded, save possibly when ne {nx}, then in fact all 
coefficients are bounded. If a, == 0(1) as n — co, n¢ {nx}, then all coefficients 
are 0(1) asn— oo. 


If f(z) satisfies the conditions of Theorem II it can be written in’ the form 


f (2) = fa (2) + fel) 


where fı (z) has bounded coefficients, and 


. ® Paley and Wiener, Fourier Transforms in the Complex Domain, p. 124. 
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fo(z) = Dy Mit. 
me {ne} | 
Now fı(2) is regular in |z| < 1, and f2(z) is not continuable beyond its 
circle of convergence according to well known gap theorems. Since f(z) and 
fı (2), and. therefore f.(z), are regular in a sector of the unit circle, f,(z) must 
be regular in the unit circle; hence f(z) is regular in | z| < 1. 

By considering the function f(zei®) — f (0) we suppose, without loss of 
generality, that f(0) = 0 and that f(z) is bounded in a sector which includes 
the point z = — 1 and is symmetric about the real axis. Let the contour T 
be the same as in 3 and let ¢(z) be defined as in (3). Then $(2) satisfies 
the relation (4) and so it is bounded at all integer points except possibly those 
of the sequence {nx}. Also 


p(z) = Alel, k < x. 
From Theorem III of Part I we immediately infer that ¢(z) is bounded on 


the entire real axis, and then, as relation (4) shows, @n = O (1) sn > œ. ` 
The last statement of the theorem is proved in the same way, using Theorem ` 


III of Part I. We remark that the condition a — nk —> œ as n— œ in 
Theorem II cannot be replaced by the more general condition nx/k > co as 


CO - 
x«— œ. This is shown by the example f(z) = > (1—2)”z"', which was 
1 


mentioned in connection with the Pölya-Carlson theorem. 


6. Finally, we remark that the condition in Theorems I and II that 


f(z) is bounded in a sector of the unit circle is unnecessarily restrictive. It 
would be sufficient, for example, to suppose that | f(re®)| = q(@) in a sector 
a <0<B, 0&r<1, where g($) is some function. which is Lebesgue in- 
tegrable over (æ, 8). With this hypothesis we would again need only to con- 
sider the case in which « < m < ß. We would then choose an e > 0 such that 
m—e>a,r-re<Bß,and also such that q (r — e) + q(r te) < ©. In this 


case the function F (rett), F(w) = J | f(t)t ‘dt, would converge almost every- 
| À | 


where in (r— e, m + €) to an absolutely continuous function as r— 1: The 

subsequent proof would be essentially unchanged. 
We also note that it 1s possible to prove Theorem I in another way; 

namely, by combining the method of Szegö with a method of Dienes.? 


UNIVERSITY OF ILLINOIS, 


STANFORD UNIVERSITY. 





°P. Dienes, T'he Taylor Series, Oxford (1931), p. 504. 
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NOTE CONCERNING THE CONFORMAL AND EQUILONG 
GEOMETRIES OF FOURTH AND FIFTH ORDER 
HORN SETS.* 


By Mary ELIZABETH LADUE. 


The existence of a unique nontrivial equilong invariant and of a unique 
nontrivial conformal invariant has been proved for each horn angle of a given 
order of contact and the actual formulae for several of these invariants have 
been found. The theorem stated below gives, in terms of the 1943 paper, 
two previously unpublished formulae for the equilong measures of fourth and 
fifth order horn angles. | 


THEOREM I. A horn angle of fourth order has the expression 


D macy tas: 
(Aas) * — 3Anx (Ady) Aa: + (Ads)? RAaeAds + (Aa,)?] —(Aas)?Aas 


as its unique equilong invariant and the fifth order horn angle has 


(Aas) ® 
(Aa,)5— 4Aag(Aaz) Aas + 3(Aas)?| (Adz)? Ady + Aa, (Aas)? | 
— 2(Aag)* (AAt + AasAdg) + (Aas) Aty 


. (2) 


as = unique equilong invariant. 


Ho with each n-th order horn set is a space of n +1 ados 
called the conformal K,.,-space, in which the distance between two points'is 
given by the conformal measure of the horn angle associated with that pair 
of points and the fundamental group is the set of transformations, induced 
by conformal transformations of curves of the horn set, which leave invariant 
this distance. Thé equations of these induced transformations for the con- 
formal K,-space and the conformal K,-space are given by equations (3) 
and (4); 


* Received April 24, 1944; Revised September 9, 1944. : 

1 See the author’s previous paper, “ Conformal geometry of Horn angles of higher 
order,” American Journal of Mathematics, vol. 65 (1943), pp. 455-476, for references, 
definitions of terms and description of methods used in this note. 
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F = mu + hy, 
W = m,°w + 8m mov + he, 
X = m's + 4m Mw + Im mat + ha, 
(3) E = m'y + 5m ëma + m? (8m + ma?) + mm + ha, 
Z = m,82 + 6m imay + mı* (4m; + m?) 
+ 2m,’ (ms — Moms; + BME Jw 
+ m,* (6 mem, -H 4m? — 54m Ma + 81m") + hs; 


U = mu + Ay, 
V == m, + 4m imu + h?, 
W == mw + 5m Ma + 8m Mu + ha, 
(4) X= mêr + 6m mow + mt (4m, + Amz?)v + Am mu + ha, 
Y = my + Ts mec + m,’ (dm; + 134m?) w | 
+ ma (dm; + Mama + ymv + mmu + As, 
Z == Mz + Sm Em.y + m, (6m; + 8m?) x 
+ nt (4m, + 4mm, + am?) w 
+ m? (Am, — Amams — IM? + IMM — 29% m+) 
+ (Smams + Imam, — I6ms’m; 
— 108mm? + %68m?ms — 1024m Ju + he. 


THEOREM II. The fundamental transformation and invariant metric 
of the geometry of the conformal space Ks(y, y, y") are gwen by equations 
(1) and (3) respectively; those of the geometry of the conformal space 
Kefy, Ys Y” Y”) by (2) and (4). 


Also associated with each n-th order horn set is another n -+ 1 dimensional 
space, called the equilong K’„..-space, in which the distance is given by the 
equilong measure and the fundamental transformation is induced by the 
equilong transformation of the horn set. It has been shown by Kasner and 
the author that the equilong K’-spaces associated with horn sets of the first, 
second, and third orders are identical with the corresponding conformal 
K-spaces of those horn sets. Computation of the equilong K”,-space and the 
equilong K’,-space shows, upon comparison with the results stated in Theorem 
Il, that this analogy holds also for the conformal and equilong K-spaces 
associated with fourth and fifth order horn sets. 


THEOREM III. The geometries of the equilong and conformal K-spaces 
are identical for horn sets of orders one to five. 


BARNARD COLLEGE, 
COLUMBIA UNIVERSITY, 
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GEOMETRY OF SCALE CURVES IN CONFORMAL MAPS.* 


By Epwarp Kasner and Jonn DE Cicco. 


N 


1. General summary. Let a surface 3 be mapped in any arbitrary 
point-to-point fashion (continuous and differentiable) upon a plane II with 
cartesian coordinates (x,y). The scale function o = ds/dS which is the ratio 
of the corresponding elements of arc length in the plane II and in the surface 
X depends, in general, not only upon the point but also upon the direction. 
It is independent of the direction if, and only if, the mapping of X upon I 
is conformal. 

We wish to present the fundamental theorems concerning the scale func- 
tion o in a general conformal mapping of a surface Ÿ upon a plane I. A scale 
curve is the locus of a point along which the scale function o does not vary. 
Therefore, in the conformal case, there are oo! scale curves, defined by the 
finite equation o(s, y) == const. We shall be chiefly concerned with these 
scale curves. In non-conformal maps, which we study in other papers, ø is a 
function of +, y, y’ and so we have oo? scale curves. The application to the 
cartography of the sphere is given in the final section. 

In our work, we shall obtain new characterizations of surfaces applicable 
upon surfaces of revolution. In his study of the geodesics of a surface, Kasner 
has obtained various properties of these surfaces applicable upon surfaces of 
revolution... If a surface possesses an isothermal system of geodesics, then 
it is applicable upon a surface of revolution, the geodesics corresponding to 
meridians. The only surfaces upon which more than one isothermal system 
of geodesics can exist are the surfaces of constant gaussian curvature.” Kasner 
has also proved that the only surfaces which can be represented point by point 
upon a plane so that the geodesics are represented by parabolas are those of 


constant curvature and also special types of geodesically equivalent surfaces- 


applicable upon certain surfaces of revolution.® 


* Received July. 1, 1944. Presented to the American Mathematical Society, 


February, 1944. See two related papers in Proceedings of the National Academy of ` 


Sciences, 1944. 

1 Kasner, “ Isothermal systems of geodesics,” Transactions of the American Mathe 
matical Society, vol. 5 (1904), pp. 55-60. 

2 For a recent discnssion ot these theorems, see the paper by De Cicco, “ New pr bots 
of the theorems of Reltrami and: Kasner on linear families,” Bulletin of the American 
Mathematical Society, vol. 49 (1943), pp. 407-412. 

3 Kasner, “ Surfaces whose geodesics may be represented in the plane by parabolas,” 
Transactions of the American Mathematical Society, vol. 6 (1905), pp. 141-158. 
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Any family of «©! curves can represent the scale curves of a conformal 
map of any one of a certain class of surfaces 3 upon a plane I. If it be 
demanded that the gaussian curvature G be constant along the scale curves, 
it is found that the set of scale curves must belong to a certain special class of 
families of curves. That is, if f(z,y) = const., represents the scale curves 
of a conformal map of a surface 3 upon a plane II such that the gaussian 
curvature G is constant along each of the scale curves, then the function f 
must satisfy a certain partial differential equation of the fourth order. If our 
family of scale curves is defined as the integral curves of a differential equation 
of the first order y’ == tan d(z, y), where # is the inclination of the direction 
through the point (z,y), then the function 9 must satisfy a certain partial 
differential equation of the third order. We shall term such a family of co' 
curves a family of the type A or a quasi-isothermal family. 

Any isothermal family of curves is of the type A; but not every such 
family of curves is isothermal. Thus our new quasi-isothermal families of 
curves may be considered to be wide generalizations of isothermal families, For 
example, the family of similar ellipses x? + 2y? = const., is quasi-isothermal 
but not isothermal. 

We prove that, if an isothermal family represents the scale curves of a 
conformal map of a surface X upon a plane II such that the gaussian curvature 
is constant along each of these scales, then either X is developable or it is a 
surface applicable upon a general surface of revolution. In the case of a 
developable surface, the scale curves can be any isothermal family; but in the 
case of a surface applicable upon a surface of revolution, the scale curves are 
either co! parallel straight lines or oo! concentric circles. In the latter case, 
the parallels of 3 correspond to the parallel straight scales or to the concentric 
circular scales. 

Again suppose that the quasi-isothermal family of curves is a parallel 
‚family (the orthogonal trajectories of any system of co’ straight lines), then 
they must be parallel straight lines or concentric circles. The surface % is 
either developable or applicable upon a surface of revolution. 

The only simply-infinite families of straight lines or circles that are of 
the type À are the pencils of straight lines or circles. The surface $ must 
again be either developable or applicable upon a surface of revolution. In 
the latter case, the scale curves must be either parallel straight lines or con- 
centric circles. This is a wide generalization of theorems of Lagrange. 

The application of the preceding results to any conformal map of a sphere 
upon a plane yields new characterizations of the Mercator, Ptolemy (stereo- 
graphic) and Lambert conical projections. These are the only conformal maps 
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of a sphere upon a plane such that the scale curves form an isothermal family 
or a parallel family. The Mercator projection is the only conformal map of a 
sphere upon a plane such that the scale curves are straight lines; whereas the 
stereographic and Lambert conical projections are the only conformal maps 
of a sphere upon a plane such that the scale curves are circles. These theorems 
are simple but the proofs are complicated. 


2. Conformal maps of a surface = upon a plane II. If the mapping 
of 3 upon II is conformal, the square of the linear-element dS of X is of 
the form | 


(1) dS? — Mew) (da? + dy?), 


The scale function o = ds/dS is then given by = òm), The gaussian 
curvature @ of the surface XJ is 


(2) = — NED (Anz + My) 
The geodesic curvature K of a curve upon the surface X is then 
- YU + y”) ya) 
(3) K = (I ae yf?) 8/2 ° 


Thus if K and k are the corresponding curvatures in the surface = and in the 
plane IT, then 
x Ày — Ye 
(4) Br er] 
3. Scale curves in conformal maps. The scale curves of the conformal 
map (1) are given by A(z,y) = const. By (3) and (4), the curvatures of 
the scale curves on the surface and plane are related by 


(5) | K = ek — (A? +1)%], 
where 
(6) ke en Ay Aze Te RAwAyAxy + Ne ay 


(a? Fa?) 


By (5) and (6), it is found that if the scale curves are straight lines in 
II and geodesics in 3, then A is constant. This means that & is developable 
and the conformal map (1) is an unrolling of the surface 3 upon a plane 
which in turn is mapped by a similitude upon the plane I. Henceforth we 
shall exclude any such map from consideration, so that A is any non-constant 
function of (x,y). 
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Suppose now that f(x, y) == const., is any simple family of curves. These 
can represent the scale curves of that class of surfaces for which A=X(f). 
The gaussian curvature G of this class of surfaces X is 


(7) Gm EN [ayy (fa? EL) + dy (foe + fev) 1. 


4. Families of curves of the type À (quasi-isothermal). We shall say 
that any simple family of curves f(x, y) = const., is of the type À or is quasi- 
isothermal if it represents the scale curves of a conformal map of a surface 
X upon a plane H such that the gaussian curvature @ is constant along each 
of the scale curves. Not any simple family of curves can satisfy these require- 
ments. In this section, we shall derive the condition that a simple family 
of curves shall be of the type A. 

For this purpose, it is found convenient to introduce the linear operator 


(8) D — f9/0x — f.0/0y. 


It is seen that D will annihilate only those functions which depend upon f 
alone. ‘ | 
Now if the gaussian curvature @ is constant along each of the scale curves 
f(x, y) = const., it follows that G must be a function of f only. ‚Therefore 
using the linear operator ? upon the equation (7), we discover that . 


(9) D (fox + fy) — Att 


D (fe +f?) M 
Using the linear operator ® upon this equation, we obtain the following result. 


THEOREM 1. The simple family of curves f(x, y) = const. is of the type 
À if and only if the function f satisfies the partial differential equation of the 
fourth order l 

| gy Dost fv) _ 
u D DFFA T” 

If A(z, y) obeys an equation of the form Aga + Ayy = (A), then A(z, y) 
= ¢ is a quasi-isothermal family, and c is then called the quasi-isothermal 
parameter. | 

It is found that if y = tan 0 (x, y) is the differential equation of the first 
order defining any family of curves of the type À, then the inclination 0 must 
satisfy the partial differential equation of the third order 


(11) (0, tan 6— 6,) (0/0x + tan 0 0/0y) log (da. + Oyy). 
+ tan O (Oyy = Gex — 40:0y) -|-- (1 canes tan? 6) (Oxy To fz? —- 0,7) = 0. 


7 
` 
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5. Isothermal and parallel families of the type À. The class of quasi- 
isothermal families contains the isothermal families as a special subelass. 
According to a theorem of Lie, the simple family of curves f(x, y) = const. 
is isothermal if and only if D[ (fre + fu) / (fa? + fy?) |] — 0, or the simple 
family of curves defined by the differential equation of the first order 
y == tan @(#,y) is isothermal if and only if Oss + Oyy = 0. Placing these, 
conditions into (10) or (11), we find that any isothermal family is of the 
type À. | 


THEOREM 2. If the œt scale curves of a conformal map of a surface 2 
upon a plane IL form an isothermal system such that the gaussian curvature 
G of Z is constant along each of the scale curves, then X is either developable 
or applicable upon a surface of revolution. In the former case, the scale curves 
may be any isothermal family, but in the latter case the scale curves must be 
either parallel straight lines or concentric circles. 


If f(x,y) = const., is an isothermal family, we may so choose the 
parameter that f satisfies the Laplace equation fa + fy = 0. By (9), it then 
follows that | 
(12) AD (fa? + fy?) = 0. 


If Ars = 0, then À is linear in the harmonic function f only. By (1) 
and (2), it follows that the surface X is developable and f(x, y) = const., 
can represent any isothermal family. 

Consider next the condition A2 0. By the preceding equation and the 
condition that f is harmonic, we must have 


(13) D (fa? F fy") =e 0, few + uv == 0, 


We have to solve these equations simultaneously. 
Introduce the linear operators 


0/du — 30/08 — 0/87), 0/80 = 49/92 + i6/6y), 


(14) 8 /0x js (ÿ/ôu + a/dv), 0/dy zum ı(8/du — d/öv) . 


Kasner has termed the operator d/ôu the mean derivative and the operator 
0/0v the phase derivative. (These operators are important in the develop- 
ment of the geometry of polygenic functions.*) 


t Kasner, “The second derivative of a polygenic function,” Transactions of the 
American Mathematical Society, vol. 30 (1928), pp. 803-818. Also Kasner and De Cicco. 
‘The derivative circular congruence-representation of a polygenic function,” American 
Journal of Mathematics, vol. 61 (1939), pp. 995-1003. See a paper appearing in 
Scripta Mathematica, 1945. 
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The equations (13) then reduce to 
(15) fo fun = fu fov» fuo = 0, | Y 


where subscripts denote the operators (14), which behave formally like partiaı 
derivatives. These equations show that all the real solutions are equivalent 
‘by a similitude to 


(16) f=nlog(s +y), or f=2, 


where n s£ 0. 
Therefore the surface must be applicable upon a surface of revolution. 
In the first case the scale curves are concentric circles and in the second case 
the scale curves are parallel straight lines, The corresponding linear-elements 
of these two types are N 


(17) AS? == e 4) (da? + dy?), or dS? == MI (de? + dy?). 


These are conformally equivalent by the transformation U = log u”. 

(We note that in the imaginary domain, the complete solutions of (15) 
will also include the cases where f is monogenic in u == g -+ ty, or monogenic 
in v=2—iy. In either of these two cases, the corresponding surfaces are 
imaginary and are applicable to imaginary surfaces of revolution. The scale 
curves then are minimal lines of the same kind). 


THEOREM 3. If the co! scale curves of a conformal map of a surface $ 
upon a plane IL form a parallel family such that the gaussian curvature G is r 
constant along each of the scale curves, then the scale curves are either parallel | 
straight lines or concentrie circles, and 3 is developable or applicable upon a 
surface of revolution. 


‘The condition for a parallel family of curves is D (fe? + ff) —0. By. 
equation (9), it follows that D (fez + fy) == 0. Hence from the proof of 
Theorem 2, it follows that the scale curves must be parallel straight lines or 
concentric circles. The surface 3 must then be either developable or applicable 
upon a surface of revolution. 


6. Simply-infinite families of straight lines which are of the type X 
(quasi-isothermal). We shall discuss the following result: 


€ 


THEOREM 4. The only families of œ straight lines which are of the type 
À are the pencils of straight lines. 


Consider the cot straight lines 
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(18) y= za (f) + B(f), 


where « and B are certain functions of f alone. This defines f as a certain 
function of (2,4). Differentiating the above partially with respect to v and y, 
we obtain 


a ce a 
fet i Cae EB)? 
(19) | 
ee à __ Ray (A a) (aus + Brr) 
OUT (xap Br)? (way + Br)? 


Using the operator D upon the preceding two equations, we find 
Lf 2(1 + ar 
9 Le f < — cr 
(f sY ) u (207 | ßr)* > 


(20) 
tat (tean | BCL + a?) op (eart Br) ı 
D (faz + fu) ge (ta; + B;)* + CN 


Now if «== 0, our straight lines are parallel. Assuming that a; £0, 
it follows from (20) that | Ä 


D (fos + fuy) _ Pau + _ 3 (ras + Ber) - 
D (f Hf) La? Las  R(tas + By) ` 


Applying the linear operator D upon this, we find 


D L (fee + fw) _ — 3(arıBr — arbre) 
D (fa? + fs) R(warp+ Br) 


By the condition (10) for quasi-isothermal systems of curves and the 
preceding equation, it follows that the co! straight lines must form a pencil. 
This completes the proof of Theorem 4. 


(21) 





(22) 


7. Simply-infinite families of circles which are of the type À (quasi- 
isothermal). Next we shall prove the following extension of the preceding 
result. | 


THEOREM 5. The only families of œt circles which are of the type À are 
the pencils of circles. 


Consider the family of ©! circles 
(23) z? A- y? = [ea (f) + yb (F) + elf), 


where(a, b,c) are functions of f. This equation defines f as a function of 


é 
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(x,y). We shall have occasion to use the radius r which is given by the 
formula 


(24) r? = a? + b+ 2%, Y 
Differentiating (23) partially with respect to x and y, we find 


2 
fe? 2 zer ger ag š 
E y (zat + ybr +- er)? 


ae nee a ec) 
” (zapt gb tee) (as + ybr + cr)? 


Using the linear operator upon these equations, we find 


(25) 


2 2 — ar" *{(y— b)a; — (e—a)b;] 
TE Gb . 
_ an (y —b)ar— B—u)b] +7 L(y — b)ar — (x — a) bys | 
D (fea + fyy) = — a PE AT 
af Br? (zape + ybre + crr) y — ba; — (x — a) be] 
(zat + ybr + cr)? | 


Now if D (fe? + fy?) = 0, it can be shown that the circles are concentric. 
Assuming that D (fe? + fy?) = 0, it follows that 


| D (fax + fyy) _ __ rf [fu — bay; = (z—a)brr] 
m) Dirt) 7 ay bjar (aa) 
Cars + Ybrt + crr) is 
2(zar + ybr + cer) ` 


From this we find 


(28) D D (fra + fu) Ben 7? (a,b; — arbre) 
D (fa? + fo) 2 (y—b)as— (a —a) be]? (zar + ybr + cr) 
3[ (arb; — arbre) (az + by + 2c) 
+ (bse re — briser) (x — a) + (arrer — arere) (y —d)] 
2 (war + ybr + cr)? 


Upon setting the right hand side of this equation equal to zero, and 


using the parametric form of the oo! circles: v == & -+ r(1 — #?)/(1 +12), 
y = b + 2rt/(1 + £), we find 


in 


r(1 + t) (arbe —arber) Cère —ar)E? + 2b + (rs + ar) f 
29) 
__ (pt? pa [ (rbr — arbre) {Cr — a)? + Rbt + (r + a)} = 
3 (b; + Rart — br) + (brett — brr cx) (1 — #2) + Qt (arter us = (,. 


q 
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It is obvious that if abs -—apbrr = 0, then this identity in # yields the 
pencils of circles. We shall prove now that arfor —arb;r must be zero. For 
otherwise if ay;b; —arbır 340, then ar 7£0. Thus we may take f— «a and 
bea < 0. The preceding equation reduces to 
(30) rbao(1 + #7) [ (ra — 1) # + bat + (ro + 1) ]? 


bon nye [balat (e-bay) _ 
+ 8(bel? + 2 — D) [ ee 


Setting the coefficient of £ equal to zero, we find 
(31) Tbaa (Ta = 1) 3 wur 300? [dan (Fr — a) + (baCea = baacu) |. 
By means of this equation, the equation (30) may be written as 


(32) 1bea(t + #)[(re— 1) #? + bat + (re + 1) 7 
== (bat? + 2t — ba) | (rbaa/ba?) (ra — 1)?(? —1) ; 
+ 6t (bbaa —- Cac) + 6rbaa |. 


Upon setting the coefficient of #° equal to zero, we find 


Arba ArDaua 


(33) 6 (bbce + Coo) = 5 Gg ne Ca). 





Substituting this into (32) and simplifying, we obtain 


(34) (14 8) L(re— DE + bat + (re + 1)? 
= (bat? + 2t — ba) [ (1/8) (ra — 1)” (E — 1) 
+ (41/60) (ra — 1) {ba — (ra — 1)} + 6]. 


Upon setting the coefficient of ¢ equal to zero, we discover that be == 0. 
This is impossible. Hence the only families of oo* circles which are of the 
type A are the pencils of circles. This completes the proof of Theorem 5. 

By Theorems 4 and 5, it follows that if the œt scale curves of a conformal 
map of a surface 3 upon a plane II are straight lines or circles such that the 
gaussian curvature @ is constant along each of the scale curves, then 3 is 
developable or applicable upon a surface of revolution. In the latter case, the 
straight scales must be parallel, or the circular scales must be concentric. 


8. Application of the preceding results to the sphere. The two im- 
portant types of conformal maps (17) upon a plane II of a surface 3 applicable 
upon a surface of revolution are reducible under the conformal transformation 
U = log u" to the single case 
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(35) ` AS? e? M2) (da? + dy?). 

The gaussian curvature G is then 

(36) G = — eM) Agg. 


Let us now suppose that the surface $ is a sphere so that the gaussian 
curvature G is a positive constant. By the application of an appropriate 
magnification, @ may be reduced to unity, that is, @=1. The complete 
integration of (36) where G — 1 shows that by applying a proper similitude, 
the linear-element (35) of the sphere $ may be written as 


(37). dS? == sech? æ (dx? + dy). 
By applying the transformation U = log u" to this, we find that the other 
important conformal map (17) of a sphere $ upon a plane II may be written as 
2 Aa + y?) (da? + dy?) 
Bu a Eu PS 1) 
ve i= Tee ie 


The first map (37) represents a Mercator projection and the second map (38) 
is a stereographic (Ptolemy) projection for n = 1, and a Lambert conical 
projection for n Æ 1. | 

Thus if a sphere is mapped conformally upon a plane such that its scale 
curves form an isothermal family, then the conformal map must be either a 
Mercator, or a Ptolemy stereographic projection, or a Lambert projection. 
Also these are the only conformal maps of a sphere upon a plane such that 
the scale curves form a parallel family. A Mercator projection is the only 
conformal map of a sphere upon a plane such that its scale curves are straight 
lines. Finally stereographic projections and Lambert conical projection are 
the only conformal maps of a sphere upon a plane such that their scale curves 
are circles. 

It is impossible to map a sphere conformally on a plane so that all the 
oo? great circles become straight. But it can be shown from our work, that 
the three classic maps (Ptolemy, Mercator, Lambert) are the only con- 


formalities which map the maximum possible number of geodesics (namely _ 


ot) into straight lines. 

Non-conformal maps of a general surface and of a sphere will be studied 
in our next paper. The scale curves then form a two-parameter family, so 
the theory is radically different. See Science, vol. 98 (1943), pp. 324-325. 
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GIBBS’ PHENOMENON AND THE PRIME NUMBER THEOREM.* 


By AUREL WINTNER. 


If «> 0 and T > e are fixed, the series 


(1) = p sin (żlog p), 
P? 
being the imaginary part of 
3 nie 
2 


is uniformly convergent for e < t < T (and therefore for — T < t < — e); 
in particular, (1) is convergent for every {. According to Mertens [2], these 
facts are substantially equivalent to the non-vanishing of £(s) on the line 
a==1, and therefore to the prime theorem (Ikehara). It is understood that 
p runs increasingly through all primes. 
Since 3 p*— œ, the series 
> P 


(2) 32"! cos (t log p) 
2 


cannot be uniformly convergent near t= 0 (it is uniformly convergent for 
e<t<T, since it is the real part of Sp‘). Due to the saltus of 
arg €(1-+4-it) at t= 0, where £ (s) ~ (s—1)7 and s= 1 + it, the series 
(1) is not uniformly convergent near t = 0. 
This suggests a certain analogy between (2), (1) and the classical 
Fourier series 
se) oO 
aa cos nt, = 7 sin ni. 
In fact, the latter Fourier series belong to the Maclaurin series of the loga- 
rithm of (1— z) in the same way as (2), (1) belong (except for trivial 
terms) to the Dirichlet series of the logarithm of &(s) ~ (s — 1)", where 
g== et and s= 1- it respectively. Moreover, both series (2), (1) are 
Fourier series in the sense (B?) and belong, in this sense, precisely to the 
functions to which they converge (if t>£0); cf. Wintner [4]. 
In view of this parallelism, one will expect that, corresponding to the 
classical Gibbs phenomenon of the series 


* Received November 17, 1943. 
167 


168 AUREL WINTNER. 


CO « 

= n+ sin nt, 

n=l 

the partial sums of the series (1) are uniformly bounded near t =Q. Y 
More specifically, it will be shown that the partial sums of the series (1) 

exhibit a Gibbs phenomenon at t — 0; in the sense that, as m — œ, the 


diference 


(3) x p` sin (tlogp) — S(tlog m) 
pam 


tends to a limit uniformly for | t| < T, where T is arbitrarily fixed and 


g 


(4) | S(s) = f wtsin u du 


0 


A 


(so that S(+ co) = + kr). 
The proöf is suggested by the formal remark that the ordinary Dirichlet 
series 


ee) 
(5) — X (log njin 
n=2 
and the (aperiodic) trigonometric series (1) are substantially the integrals of 
oo 
(6) | An = khs) ~ (s— 1), (sol), 
n=1 


and of the imaginary part of log E (1 + it}, respectively. Correspondingly, + 
(1) will first be replaced by | i 


(7) $ (n log n) 1sin (tlogn), 


* that is, by the imaginary part of (5) on the line e = 1, where s =€ + it. 
It will then be shown that the uniformity statement made with regard to (3) 
remains unaffected if the partial sums of (1) occurring in (3) are replaced 
by the corresponding partial sums of (7). 

It is a standard fact, readily verified by partial summation, that the series 


oO 
Unit 
m1 
of £ (1 -+ ù) is divergent for every ¢ and that the partial sums of this series 
are uniformly bounded for e<i<T, fO<e<T<o (but not if e—0). 
Since (log n) tends decreasingly to-0, it follows from Dedekind’s converg- 
ence criterion (that is, again by partial summation) that the series (5), 
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where s = 1 + if, and therefore also the imaginary part, (7), of this series, 
is uniformly convergent for e < t< T. 

In order to control the partial sums of (7) as e— 0, use will be made of 
an observation made in 1862 by Kinkelin, according to which 


4 


E (1+ i) = Int + (itm) o(1) as moon 
Ral 


holds uniformly on every fixed open interval e < t < T, as seen by partial 
summation (deeper results, valid within the critical strip, are contained in 
the approximate functional equation of Riemann and Hardy-Littlewood ; 
cf. [1]). Hence, if £*(s) denotes the entire function 


(s) = t(s) —1—(s—1)*, 


it follows, on writing u instead of t, that 


Er (1 + iu) — w = 3 nit — jm ty +. o(1) as m— o 
holds uniformly for 0 < u < T, if T is fixed. For the real parts, this implies 
that 
7 : i ; | k 
R Z nie — wt sin (ulog m) + RE*(1+ iu) +o(i) as moo, 


n=2 
where the o-term is uniform for 0 <u < T. Consequently, as m — c, 


t 


t t 
R 3 niudu — f u" sin (ulog m) du — f RE (1 + w) du 
2 ‘ 0° 


0 


holds uniformly for 0<u<T. But the second integral on the left is 
S(tlogm), by (4); while the first integral on the left is the m-th partial | 
sum of the series (7), since, in accordance with the remark made in connection 
with (5), | 

La 


m m. 
—i | Anti du == X (nlogn) (nt —1). 
è n=2 n=2 


Accordingly, as m—> ©, 


t 
(8) $ (n log n)™ sin (tlogn) — S(tlog m) — f REr(L-- iu) du 
n=2 
0 


holds uniformly for 0 < t < T, where T is arbitrarily fixed. 
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It follows that, in order to prove that the expression (3) tends to a limit 
uniformly for 0 < t < T, it is sufficient to show that, as m— oo, the difference 
between the first term, 3, of the expression (3) and the m-th partial sum of 
the series (7) tends to 0 uniformly for 0<t< T. In other words, it is 
sufficient to prove that the series , 


O0 
(9) = a, sin (tlogk) 

= 
is uniformly convergent for 0 < < T, where the coefficients a, are defined by 
. (10) 2 Gps = 3 ps — 2 (logn)tns, (o > 1). 


But if s= 1 + i, then (9) is the negative of the imaginary part of (10). 
Consequently, it is sufficient to show that the Dirichlet series (10) is uni- 
formly convergent on every fixed segment | # | < T of the line o=1. And 
this can be proved as follows: 


Since €(s) = I(1—p#) 1 for o > 1, 
P? 
a O1} 


where g(s) is a function regular for o > 4. On the other hand, since 


t(s) = Im for o > 1, 


n=l 


3 (log n)™ n = f &(2) dz — s + const. 
n=2 
2 
for o > 1. Hence, from (10), 


D  Sartlogt(s) + f tedre) (>D, 


where f(s) is a function regular foro > À. But 

(12) | &£(s) = (s —1)-1 + an entire function 

and, by the function-theoretical formulation of the prime number theorem, 
(13) &s)#0 for o21. 


Since (12) and (18) obviously imply that the sum of the first two terms on 
the right of (11) is regular for o=1, and since the third term, f(s), 


y 
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is regular for o > 4 and therefore for o = 1, it follows from (11) that the 
difference on the right of (10) is regular for o = 1. 
This is the relevant consequence of the prime number theorem. In fact, 
the balance of the proof will in no sense involve the prime number theorem. 
According to the analogue of the Tauberian theorem of P. Fatou—M. Riesz 
for Dirichlet series | 


oO 
x ak", 
k=l 


(cf. M. Riesz [3]), such a series must converge uniformly on every fixed 
segment — T < < T of the line e = 1 if, on the one hand, 


B ` 
(14) Sar =0(%) as æ— 0 
kel 


and, on the other hand, the Dirichlet series converges in the open half-plane 
o > 1 to a function which remains regular on the line o—1. Since the latter 
assumption has just been assured for (10), all that remains to be proved is 
that (14) is satisfied when ax is defined by (10). 

It is clear from (10) that the sum (14) is now identical with 


(15) S as = 3 1 — Y (log n)~*. 
k=1 pa n=2 


But the first term on the right of (15) is the number of primes not exceeding 
x, and therefore, according to Chebyshev, it is majorized by a constant multiple 
of æ/log x, which is o(s). Since the second term on the right of (15) is 


3 (log n) == S o(1)=o(r), 
nak n=2 


the proof is complete. 

Since only the roughest estimates were needed in this verification of (14), 
one might have the impression that the application of a Tauberian theorem 
can be avoided, if the formulation (x) —z/logx of the prime number 
theorem is used in (15). In fact, if (15) is written in the form 


æ 


$ ar >= 7 (2) u (log n)* ~ r(e) — f (log u) du ~ w(x) —x/log z, 
kzı n=2 


2 


then (x) —z/logx improves the o(s) in (14) to o(z/logx). However, 
this does not suffice for the elimination of the Tauberian theorem. What 
would suffice is the improvement of the estimate o(x/log x) to o(z/log"** x) 
for some « > 0, since the proof could then be based on 
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(17) | f | o(x/log™* æ)| de < ©, 


¥ 


where e > 0 could be arbitrarily small. But the fact is that, while even de la 
Vallee-Poussin’s zero-free domain implies much more than the truth of 
a(x) —a/log x = 0(x/logf x) for some 8 > 1, the prime number theorem 
itself, which is precisely (18), supplies only B—1, and therefore no 
ß=1-e>1 satisfying (17). 

This methodical situation is pointed out because the above proof is such 
as to avoid the prime number theorem entirely, if only the question of Gibbs’ # 
phenomenon, i. e., the vicinity of the point t= 0, is concerned. In fact, it then ” 
suffices to apply the Tauberian theorem for a fixed (small) T. 

On the other hand, if T is allowed to be arbitrarily large, then the above 
procedure is reversible, i. e., the uniform convergence of the Dirichlet series 
(10) on every fixed segment —T < t < T of the line o = 1 is equivalent to 
the prime number theorem, 





(18) Pa~ n log N. 


In fact, if the Dirichlet series (10) converges on the line e = 1 to a con- 
tinuous function, then it is clear from (11) that (12) implies (13). 

In this connection, it is worth mentioning that Riemann’s hypothesis is 
equivalent to the convergence of the Dirichlet series (10) for o > 4. In fact, 
Riemann’s hypothesis is equivalent to the truth of 


(19) (a) —li (z) == o(xi), where Li (2) = f (log u)! du, 


for every e > 0. But (19) is just a rewording of the statement that the 
abscissa of convergence of the Dirichlet series (10) does not exceed $ + e. 
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By AUREL WINTNER. 


The present paper deals with an harmonic analysis of various types of 
“hidden periodicities” in the theory of whole numbers. The “periodicities” . 
in question, the simplest manifestations of which have so much fascinated 
the Greeks, are not of course periodicities proper, and so it is remarkable that 


~~ the corresponding arithmetical recurrences possess at all an harmonic analysis 


in the technical sense of the term. In fact, the “recurrences” prove to corre- 
spond to an almost-periodic behavior in the sense (B) of Besicovich. It is 
revealing for the whole situation that, for instance, Bohr’s class of uniformly 
almost-periodic sequences turns out to be all too restrictive to represent the 
effect of arithmetical fluctuations, except in trivial cases (cases which cannot 
even occur in connection with the “ Eulerian ” and “ Dirichletian ” algorithms, 
treated in 5 and 9 respectively). 

The emphasis in the results obtained is always on the circumstance that 
the resulting expansions into trigonometric series, instead of claiming formal 
identities, represent Fourier expansions for the arithmetical sequences to 
which they belong. Otherwise the results would have nothing to do with an 
harmonic analysis of the “hidden periodicities” in arithmetics. 


1. By a function À will be meant a function h = h(n) or h = hm of a 
positive integer, that is, a sequence A(1), A(2), > -- or hı, ho, >> , The 
symbol M(h) will denote the mean-value 


(1) M(h) = lim (1/n) 3 nm), 


provided that (1) exists as a finite limit. 


Consider a linear transformation 


OS f(n) = 3 en(n)g (m0) 


of an arbitrary function g into a function f. The latter is defined for an 
arbitrary g if and only if the matrix of (2) is “zeilenfinit” (Toeplitz), that 
is to say such that there exists a function N = Nm having the property that 


' (3) Em(n) —0 whenever n> Nm, (m = 1,2," ++). . 








* Received February 14, 1944. 


174 AUREL WINTNER. 


For instance, (3) is satisfied by Nm == m if the matrix of (2) is “triangular ”. 

Suppose that the matrix of (2) satisfies (3) and is such that its elements 
contained in any fixed column form an almost-periodic function. (B) of the 
index of the row, that is, that the functions 


(4) e(n), en), *,6m(n)," : * are almost-periodic (B) 


(the variable is n, while m is arbitrarily fixed). Then the absolute value of 
each of the functions (4) of n is almost-periodic (B). In particular, the mean- 
value M(| em |), defined by the case h == em of (1), exists for m = 1,2,---. 

If the matrix of the linear transformation (2) satisfies (3) and (4), it is 
easy to verify that any function g satisfying 


(5) Eulen 11 g(m)| < « 


is transformed by (2) into a function f(n) which is almost-periodie (B) and 
such that every Fourier constant of f(n) is the limit, as k— co, of the 
corresponding Fourier constant of f;(n), where 


(6) fn) = 3 em (2) gm) 


in fact, fẹ will tend, as k— œ, to f in the mean of the (B)-space (cf. [11], 
pp. 24-25). 

Ineidentally, it is clear from the proof of these facts that the full force 
of the assumption (3), an assumption which is chosen independent of g, is 
not needed. 


2. Suppose that the Fourier series (B) of each of the functions (4) 
is periodic and that the m-th of these Fourier series (B) has the period m, 


where m—1,2,::-. This means that there exist m constants am(1),-°--, 
` am(m) satisfying 
m 
(7) en(n) ~Z anf) (n/m), | 


where m is arbitrarily fixed and 
(8) e(@) = exp (2717). 


On the other hand,-none of the functions (4) of n is required to be 
periodic. In other words, (7) is compatible with 


(9) em (n) e” (n), 


if e”(n) denotes the sum on the right of (7). All that can be said is that, 
besides (7), 
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(10) om(n) ~ 3 an(j)e(nj/m), 
since | | 
(11) em (n) — 3 an (j)e(nj/m) 


is a finite, and therefore a uniformly convergent, trigonometric sum in-n. 
Correspondingly, the Fourier constants @m{j) can be calculated not only by 
the Fourier inversion 


(12) - man(j) = & em{n)e(— jn/m) 
of (7) but also by the Fourier inversion 

(18) maim (j) = 3 e(n)e(— jn/m) 
of (11). 


For the purposes of 5 below, it will be fundamental that the es (9) 
is not excluded by the assumptions of the following theorem: 


(I) If the matrix of a linear transformation (2) satisfies (3) and the 
particular case (7) of (4), and if g is any function satisfying (5), then the 
function f into which (2) transforms g is almost-periodic (B) and has a 
limit-periodic Fourier series (B), 


00 (s8,r}=1 
(14) | f(n) 22 ae e(ns/r), 
r=1 ler 
_ in which the Fourier constants have the values represented by the series 
(15) Ar? = À 9 (ke) ox (48/7) 
T 


(each of which is absolutely convergent) ; so that, in particular, 
Co 
(16) Uf) =a igk)alh). 


It is clear. from (7) and from the definition of a Fourier constant that 
! &m(j)| <= M(| em |) for every j. On the other hand, the summation index k 
in (5) runs through all multiples of r, that is, the series (15) can be written 
in the form 


oO 
X nr (ns) g(nr). 


Hence, if the preceding inequality is applied to m=nr and j= rr, the 
series (15) is seen to be majorized by. the series 


ox} 
3 M(| enr |)! g(nr)|. 


ines een sabe 
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But the latter series is a subseries of the series (5), since r is any fixed 
positive integer. This proves the parenthetical assertion following (15). 

Of the remaining statements of (I), only the explicit representation (14), 
(15) of the Fourier analysis (B) of f remains to be proved. In fact, the 
almost-periodicity (B) of f follows from-1, even if the restriction (10) of (4) 
is omitted. Correspondingly, the proof of (I) will be complete if it is shown 
that, in virtue of the restriction (10), the function (6) has a Fourier series 
(B) of the form 

x (8,r)=1 
(17) faln) ~I 3 at (H)e(ns/r) 
(for every fixed &) and that, as k— œ, each of the Fourier constants of (17) 
tends to the limit 


(18) lim art (k) Sa anr(ns)g(nr),.. 
k> n=1 


that is, to the value (15). In fact, the remark following (6) implies that (17) 
and (18):are sufficient for (14) and (15). 
Substitution of (10) into (6) gives 


(19) fe(n) ~Z 3 an(j)e(nj/m). 


This can be written in the form (17), if all those pairs j, m are collected in 
(19) for which the quotient j/m has a fixed value s/r, where s and r are 
relatively prime. In other words, (17) is satisfied by 


: mesh 
(20) arë (k) = X Om(7)- 
i/m=s/r 


But every pair of summation indices j, m occurring in (20) can be represented 
in the form f = ns, m = nr, where n is a unique positive integer. It is also 
clear that this n will attain all values 1,2,°-.- as k—> co in (20). Hence, 
(18) follows from (20) and from the fact that, as shown above, the series on 
the right of (18) is absolutely convergent. 

This completes the proof of (I). 


3. Suppose that the matrix of (2) satisfies the assumptions, (2), (4) 
and (7), of (I). l 

Of particular arithmetical interest proves to be the case of those among 
the matrices which have the property that, for any function g satisfying (5), 
the (r) coefficients (15) of each of the interior sums in (14) are identical 
except for fixed phase factors. By this is meant that there should exist for 
every s and every r, where 


x 
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(21) (sr)=1 and 1&s Sr, TSR a, 


a constant @r° which depends only on the matrix of (2) and has the property 
that, on the whole s- range (21) belonging to any fixed r, the Fourier constants 
(15) are expressible in the form 


(22) Gr® = e(— ar?) be, 


where the coefficients b1, b2,- + + are independent of s, and g in (15) is any 
function satisfying (5). In other words, the Fourier series G4) should have 
the particular structure 


00 
(23) f(n) ~X bbr (n), 
where the trigonometric sums 
(24) . Br(n) = 2 e(— arè + ns/r) 


depend only on the matrix of (2). 

According to (22) and (15), the matrix of (2) will have this property 
if and only if there exists for every function g—g(m) satisfying (5) a 
function b == bm satisfying 


(25) br — e( a4) 3 g (k)ar(ks/r), 


where, for any fixed r, the integer s is restricted only by (21). Clearly, (25) 
can be written in the form. 


(26) 0 —39 (rn) {e(&,3) Gar (ns) — (Gr?) One (nt) }, 


where ¢ denotes any fixed s satisfying (21) with reference to a given r. But 
(26) is required for every g satisfying (5) and, therefore, for every g = g (m) 
tending sufficiently fast to 0 as m—>oo. Since the expression { } multi- 
plying g(rn) in (26) depends only on the matrix of (2), it follows that every 
{ } in (26) must vanish. But ¢ is a fixed s satisfying (21). Hence, the 
vanishing of every { } in (26) means that, if r,n is any pair of positive 
integers, the product ¢«(@r*)@nr(ns) has a value independent of the choice of 
the ¢(r) integers s satisfying (21). If r and nr are denoted by d and m, 
respectively, then this necessary and sufficient condition for the phase rule 
(22) appears in the following form: 

For every positive integer, m, and for every divisor, d, of m, there exists 
a value, A=An(d), such that 


(27) las) dm (sm/d) = Am(d) 
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holds for all ¢(d) integers satisfying 
(28) (s,d) =1 and 1=5sSd, where d|m. 


This criterion can readily be applied to an explicit determination of the 
linear transformations (2) in question. In fact, the number of pairs of 
integers s, d, satisfying (28) for a fixed m is 


(8,4)=1 : 
3 2% 1—S¢(d) =m. 
d|m 1<8<d4 d\m | 
Correspondingly, the Fourier expansion (7) of m terms can be written in 
the form 


(8,4)= 
(29) Em(n) a > cin (smi/ä) clns/d), 
dim 1=3=d 


whether (27) be satisfied or not. Consequently, the Fourier constants &m (7) 
of the columns (4) of the matrix of (2) satisfy (27) if and only if the 
Fourier expansions (7) can be represented in the form 
(3,d)=1 
Em(n) ~Z àm(d) X e(— & + ns/d), 
alm 1S8<4 
which means, by (24), that 


(30) | Em (10) E An(d)ßa(n). 
Since (27) reduces (25) to 
(31) 3x), 


the result of these considerations may be summarized as follows: 


(II) Let the matrix of a linear transformation (2) satisfy the assump- 
tions, (3), (4) and (7), of (I). Then the Fourier series (14) will have the 
particular form (23), (24) belonging to a given set of (not ‘necessarily real) 
absolute constants ar! if and only if there exist absolute constants An(n) by 
means of which the Fourier series of the columns (4) of the matrix are 
expressible in the form (30); in which case the coefficients of the Fourier 
series (23) of the almost-periodic (B) functions f(n) are given by the abso- 
lutely convergent series (31), where g(n) denotes the function, subject to (5), 
which defines f(n) by (2). | 


4. Perhaps the simplest particular case results if (2) is the linear 
transformation corresponding to the sieve of Eratosthenes, namely, 


ey * f(n) = 2 f (A), 
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where 

(33) gin) = f (n). 

The functional notation (33) in the case (32) of (2) is justified by the fact 
that the function (33) is uniquely determined by (82), if f(n) is any given 
function. In fact, if (32) is written in the form (2), then (3) is satisfied by 
Nm = m, and the diagonal element em(m) is 1 for every m. Thus, the linear 
transformation (32) of f into f has a unique inverse, which proves the 
assertion. 

It is also seen that, if (32) is identified with (2) in virtue of (33), then 
the m-th of the functions (4) can be described as follows: For every m, the 
function e„(rn) of n has the period m and is 0 or 1 according as 1 Sn <m 
or n= m (in fact, this description of the matrix of (32) is equivalent to. 
the sieve process of Eratosthenes). But (8) shows that this description of 
the functions (4) is equivalent to the explicit formula 


(34) en (n) = (1/m) à e(nj/m). 
According to (7) and (11), this means that 

(35) Om (7) = 1/m 

and 

(36) em(n) = e” (n). 


Finally, it is seen from (1), (7) and from the case j= m of (35), that 
M (em) = 1/m. | 

Thus it is clear that, if (2) is given by (32) and (33), then the assertion 
of (I) can be formulated as follows: 


(III) © There exists for every function f a unique function f by means 
of which f is representable in the form (32). Suppose that the function F 
belonging to f satisfies the condition 


oo 
(37) 2 | P(HI/E< ©. 
Then the function f is almost-periodie (B) and has the Fourier series (B) 
CO 
(38) f(n) ~Z arer(n), 
where cr(n) denotes the Ramanujan sum 


(sır)=1 
(39) Cr(n) ere 
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and the Fourier constants a, are given by the absolutely convergent series 
(40) ar = 3 f (k)/k; 

so that, in particular, 

(41) M(F) =m =È f (k)/k. 


This particular case of (I) was found in [11], pp. 24-25 and p. 30. 
Considerations with regard to an “arbitrary” function f which sound like 
(III) but actually either deal with trigonometric identities, rather than with 
Fourier series, or postulate, rather than prove, the existence of a Fourier 
series (38) of some sort are, of course, of a much older date; cf., e. g., the 
‘considerations of Libri [81 or Carmichael [2]. Incidentally, it is sufficient to 


compare (14) in (I) or (28) in (II) with the uniqueness theorem of a ' 


Fourier series (B), in order to see how meaningless a postulation of the 
specific expansion (38) in (III) would be. In this connection, cf. a question 
raised by Hardy [6]. | 

5. Let now the “Eratosthenian” process (32) be replaced by the 
“ Eulerian ” process 


(um)=i 
(42) f(n) = 3 FÜ) 
A 1Slsn 
(“ Eulerian,” since, in virtue of (42), 
(43) fin) =$(n) when f*(n) —1; 
incidentally, from (39), 
(44) fin) =e-(n) when f*(n) =e(nr), 


where r is any ‘fixed positive. integer). 
- It is clear from (42) that f(1) =f*(1) and f(2) = f*(1) ; hence 
(45) F) =f (2). 


Conversely, if f — f (n) is any function satisfying the initial restriction (45), 
then there exists a unique function f* — f*(n) by means of which f is repre- 
sentable in the form (42). In other words, the functional notation 


(46) f= 


is justified if (42) is thought of as written in the form (2), provided that 
the trivial necessary condition (45) is satisfied. In fact, if n= 2, then (I,m) 
is 1 for l == n— 1 but is not 1 forJ—n. It follows, therefore, from (42) 
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‚that, if n = 2, then f(n) = ns + f*(n—1), where ai denotes the sum 
cf certain ofthe n — 2 values f*(m) belonging to m—1,:--,n—2 (with 
the understanding that the number of these values can be 0, in which case 
Fn- 0). Consequently, if (45) is satisfied, then, since f*(n — 1) = f(n) 
— Far for n= 2 and f*(1) —f(1), f*(2) — f(1), the values of f* can be 
determined, recursively, from those of f for every n. This proves the assertion. 

Let (42) be thought of as written in the form (2), where the func- 
tion (46) is arbitrary. Then, since Fy. does not contain f(m) when 
m >n—1(> 0), condition (3) is satisfied by N = m—1 if n = 2, while 
Nı = 1. Actually, the sieve process of Eratosthenes, referred to in connection 
with (32), can readily be adapted to (42) and leads, when (42) is written in 
- the form (2), to the following description of the structure of the column 
functions (4): For every positive integer m (including m ='1), 


(47) ëm(n) —=0 if ISn<m and em(n) =e” (n) if mSn< o, 


where e” (n) denotes 1 or 0 according as n and m are or are not relatively 
prime (so that, in particular, 


(48) e(n) = (n) =1 
for every n). 

Clearly, the function m(n) just defined is a periodice function of n and 
has m as a period. Although the primitive period of e”(n) is in general - 
(namely, unless m is square-free) less than m, it follows that e”(n) can, 
for every m, be represented in the form (11). The coefficients @n(j) of (11) 
ean be calculated from (13). This gives 


Mm (7) = E “e(—js/m). 
ISs=m 
But the sum on the right of this relation remains unaltered if —j is replaced 
by 7. Hence, from (39), 
(50) | On (7) = 6m (J) /m. 


It follows, therefore, from (11) that the function e”(n) occurring in the 
representation (47) of the matrix of the linear transformation (42) of f* 
into f can be given explicitly as follows: 


(51) om (n) — 3 on(j)e(ni/m)/m. 


For the column functions (4) themselves, (51) implies the Fourier 
series (B) 


(52) em (n) ~ 3 an(j)e(ni/m)/m 
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by (11), (10) and (7); cf. (9) and (47). In particular, 


(58) M (| em |) = M (en) = $(m)/m. 
In fact, the constant term of the Fourier series (52) belongs to j = m 
and has, therefore, the value cm(m)/m. This means, by (1), that M (em) 
— cm(m)/m. Hence, (53) follows by placing r =m and n= m in (39) 
and using the fact that em = 0. 

If all of'this is combined with (I), there results the follawins theorem : 


(IV) For an arbitrary function f = f(n) subject to (45), there exists 
a unique function f* = f*(n) by means of which f is representable in the 
form (42). Suppose that the function f* belonging to f satisfies the condition 


(54) S| Ph) $(k)/k < o, 
where & denotes Eulers function. Then f is almost-periodic (B) and has the 
Fourier sertes (B) 
CO 
(55) f(n) ~Z arc, (n), 
r=1 


where the c,(n) are the Ramanujan sums (39) and, if u denotes Möbrus’ 
function, the Fourier constants a, are given by the absolutely convergent series 


r k 
(56) Oy = uO x > ot), f” (ke) ; 
so that, in particular, 
CO 
(57) M (f) =m = 3 f* (ke) (k)/t 
and 
(58) ar = 0 unless r is square-free. 


In fact, if (2) is identified with (42), it is seen from (46) and (53) 
that the assumption (5) of (I) becomes the assumption (54) of (1V). On 
the other hand, (46) and (50) show that the assertion (15) of (1) for (14) 
can now be written in the form 


(59) a -3f (rk)ey.(ks) / (rk), 


where (s, r) = 1, by (21) or (14). But it is easily verified from (39) and 
from the definitions of Euler’s ¢ and of Mobius’ y that 
(60) or (ks) = p(kr)u(r)/p(r), where (s,r) —1, 


holds for & = 1,2,: + - ; cf. (61) below. Consequently, (59) can be written 
in the form a,° = är, if ar is defined by (56). Finally, since ars = a, holds 


Pe a) 
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for all (r) integers s satisfying (21), it is seen from (39) that (14) becomes 
precisely (55). 

This completes the proof of (IV). The crucial point was, of course, that, 
just as in (III), the (r) coefficients of the interior sum in (14) proved to 
be independent of s. Correspondingly, both (IIT) and (IV) can be thought 
of as paradigmata of (IT), the class functions Br(n) of the representations 
compatible with (5) being the functions c,(n), | a(r)| c.(n) in the respective 
cases (III), (IV). In particular, 8,(n) is missing in the second (but not in 
the first) case unless | a(r)| = 1, that is, unless + is square-free. 

It may be mentioned that the elementary identity (60), used in the 
reduction of (59) to (56), is just the particular case of the relation 


(61) . Cm(n)/p(m) = u(m/(m,n))/$(m/(m,n)); 


pointed out by Tegnér [10] for any pair of positive integers m,n and their 
least common divisor (m, n); cf. also Holder [7]. 


6. Any function f satisfying (45) determines a unique pair of functions 
‘f’, f* by means of which f is representable in the respective forms (32), (42). 
Hence, (III) and (IV) supply two sufficient criteria for one and the same 
property, namely, the almost-periodieity (B),.of an arbitrary f. In fact, the 
initial restriction (45), which is necessary in (IV), is quite immaterial, since, 
if f(n) is given for every n > 1, the value of f(1) can be chosen arbitrarily, 
a finite number of values f(n) having no influence on the almost-periodicity 
(B) or on the Fourier expansion (B) of f. 

It will now be shown that neither of the theorems (III), (IV) is con- 
tained in the other: | 


(V) The two sufficient criteria which (III) and (IV) supply for the 
almost-periodicity (B) of a function f are independent, that is, condition (37) 
neither implies, nor is implied by, condition (54). 


In fact, if the values f’(1), f’(2),-- - are so chosen that (37) is satisfied 
and the numerical series (40) belonging to r= 4 has a sum distinct from 0, 
then, since (54) implies (58), it is clear that (87) cannot suffice for (54). 

The remaining negation of (V) follows by choosing f*(n) to be 1 or 0 
according as n is or is not 2. Then (54) is satisfied, since only one term of 
the series (54) is distinct-from 0. It remains to show that this example does 
not satisfy (37). 

First, since f*(2) =1 and f*(n) — 0 for n=£2, it is seen from (42) 
that f(n) is 1 or 0 according as n is or is not an odd number distinct from 1. 
Since (82) is equivalent to Möbius’ inversion 
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(62) P(n) =z u(n/d)f(d) 


for arbitrary mates f, f, it follows that the present f(n) is identical with the 
sum Zg(n/d) in which d runs through all those odd divisors of n which are 
distinct from 1. Hence, if n is an odd prime 9, it is clear that f’(p) is repre- 
sented by the single term u(p/d) = p(p/p); so that F(p) = n(1) —1. 
Since the sum of the reciprocal values of all primes p is divergent, it follows 
that (37) is violated. 

This completes the proof of (V). 

Due to the representation Zu(n/d) of P(n) in the last example, it is 
possible to conclude from the prime number theorem that, in this example, 
the series | 


(63) _ SfG)/E 


is convergent (although (37) is not satisfied). This suggests the question as 
to whether or not (5) always implies the convergence (though not, of course, 


the absolute convergence) of (63). The answer proves to be affirmative. In. 


view of (I) and (IV), much more than this assertion is contained in the 
following theorem: 


(VI) If the function f(n) is almost-periodic (B), then (63) is a con- 
vergent series. 


The point in (VI) is that the assumption of the mere existence of M (f), 
an assumption weaker than the almost-periodieity (B) of f, is insufficient for 
the convergence of (63). This was shown by an appropriate construction 
([11], p. 13), while the question as to the sufficiency of the almost-periodicity 
(B) of f remained there undecided (cf. [11], p. 26). 

If f is almost-periodie (B), the same is true of | f |. Hence, the mean- 
value (1) exists for both functions h = f, h = | f |. This means that M (fi) 
and Mf(f.) exist for the linear combinations = |F| +f, fe—|f|—f of 
j, |f|. On the other hand, it is clear from the distributive character of the 
connection (32) or (62) between the f and f that, if (63) converges when f 
is replaced by fi, where 4 == 1, 2, then (63) must converge for f = $ (fı — fe) 
itself. But M(f;) exists and f; = 0 holds for i= 1,2, if, without loss of 
generality, f is assumed to be real-valued. Hence, in order to prove (VI), 
it is sufficient to ascertain that the existence of M(f) and the assumption 
| f| 20 imply the convergence of (63). But the truth of this implication 
was recently established ([12], p. 6) ; it depends on somewhat more than the 
prime number theorem (cf. [12], p. 9). 

Incidentally, (V1) itself contains the prime number theorem. In fact, 


a 
LA 
LA 
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f(n) is 1 or 0 according as n == 1 or n > 1, then f(n) clearly is almost- 
periodic (B), with 0-+0-+- ++ as Fourier series, while (62) shows that 
F (n) becomes identical with u(n). It follows therefore from (VI) that the 
series (63) converges when f is Möbius’ function x. But this is known to be 
equivalent to the prime number theorem. 

In the above proof of (VI), only the existence of M(f) and M(]f}) 
was needed. Hence, (VI) can be generalized as follows: 


(VII) If f is a function for which both M(f) and M(}f|) exist, then 
(63) is a convergent series. 


That (VII) actually is more general than (VI), follows from the exist- 
ence of functions f which attain only the values 0 and 1 but fail to be almost- 
periodic (B), although M(f) exists ([11], p. 28). 


Remark. Corresponding to Mobius’ inversion (62) of (32), there is an 
explicit inversion. formula of (42), (45), namely, 


(64) F*(n) ne) Eo a where n>1; f*(1) =f(1). 


In fact, it is clear from (42) that 


(65) 3 f(d) — à f* (h). 


But (65) is equivalent to (64), 
Incidentally, (32) shows that (65) can be written in the form 


(66) Fn) =F (n), 


where 
(67) : © P(n) if). 


Since (62) is equivalent to (32), the explicit form of (66) 'is 
(68) f(m) = 3 (n/a) P(A). 
Thus (42) is identical with (68) in virtue of (67). 


7. In view of (III) and (IV), it seems to be worthwhile to mention 
an instance of a Fourier expansion (14) which fails to be of the particular 
form of the Ramanujan series (38) occurring in (IIT), (IV), although it 
belongs to an almost-periodic (B) function f(n) of classical arithmetical 
significance : 


= (VIII) Let f(n) denote the characteristic function of the set of the 
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positive integers which are sums of three squares. Then f(n) is almost- 
periodic (B) and has the limit-periodic Fourier series (B) 


(69) Fin) — 644827 3 Ave(ng/2"), 
rel I&S?" 


where q is odd, e(x) = exp (2rix) and 
(70) Ag = — log {1 — «(q/8)}, 
if the imaginary part of the logarithm is chosen between + m. 


It is understood that by the characteristic function of a set of positive 
integers is meant the function f(n) which is 1 or 0 according as n is or is not 
in the set. 

‚Let u and v be fixed positive integers. Then, since I 


3 e(nj/u) 
j=l 


is u or 0 according as % is or is not divisible by u, the characteristic function 
of the arithmetical progression 


(71) uty, Ru+v,:--, muty,:: 


is represented by the trigonometric sum 
(2) (1/u) Z e(— vj/u)e(nj/u), 


According to Legendre, the sums of three squares are the integers of the 
form 4*1(8m—1), where k—1,8,- : : and m—1,28," ::. Let f(n) 
denote the characteristic function of the subset which results when k is fixed 
and m varies. Then, if f(n) is defined as at the beginning of (VIII), it is 
easy to prove that f is almost-periodie I and that, as a matter of fact, the 
k-th partial sum of the series ft + f? +- - - tends to f in the mean of the 
(B)-space, as k — œ ([11], p. 27). Hence, corresponding to the transition 
from (17) to (14) in the proof of (I), the Fourier analysis (B) of f can be 
obtained by collecting the amplitudes which belong to a fixed frequency in 
the Fourier expansions of the % functions f},- » -,f* and then letting 
k-> œ. But this calculation can readily be carried out, as follows: 

The set having the characteristic function f* was defined to consist of the 
integers 4%-1(8m— 1), where k is fixed and m—1,2,- --. Clearly, this ~ 
set is identical with the case u == 271, y —— 4"! of the arithmetical pro- 
gression (71). Hence, the Fourier series (B) of f(n) can be obtained by 
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substituting u = 2°41, y == — 4! in (72) and then performing summation 


. over all positive integers k. Consequently, the Fourier series (B) of f(n) is 


oo 2ek-l 
(73) f(n) ~I 3 27 e(7/8)e(nj/2). 
k=1 j=l 
Since e(n) = 1, this means that there exist certain coefficients b,? satisfying 
| oo CO 
(74) f(n) ~ 32243 2 bae(ng/2). 
k=1 r=1 1503527 | 


In order to prove (69).and (70), let r,q be two positive integers the 
second of which is odd and less than 2". Then 0,2 in (74) is the sum of those 
coefficients 2-*-*e(7/8) of (73) for which the quotient 4/2% multiplying n 
has the fixed value g/2r. Since (q, 2") — 1, these pairs of summation indices 
j, k can be parametrized by placing j == gm and 2% = 2'm, where m runs 
through all positive integers. Consequently, 


bi 27 S m-te(qm/8). 
m=i 


It follows therefore from (8) that (since the expansion — log (1— 2) 
= x mg” remains valid on j2{—1 if 2541), 


m=i 


(75) | d= 27 log (1—e(g/8)}, 


if the determination of the logarithm continuously is derived from that of 


log (1—z), where |z| <1 and log1— 0. 
This completes the proof of (VIII), since (74) is identical with (69) 
in virtue of (75) and (70). 


8. Theorems (III), (IV) and (VIII) have been deduced directly from 
(I), rather than from the complicated criterion (IL). However, all that is 
responsible for the complications in (II) is the fact that the sufficient criterion 
supplied by (II) is necessary as well. Thus itiwill be convenient to isolate a 
simple particular case of (II), supplying a sufficient criterion which contains 
not only (III), (IV) and (VIII) but is also applicable, for instance, to the 
varlous sequences of Kloosterman’s sums. 


(IX) Let e(n},e(n),::: be a sequence of functions which are almost 
periodic (B) and have the following property: There exist constants 


(76) ays, where l (s, r) me 1, 1 = S < v and T == A 2, sa A 


such that the Fourier series (B) of the functions e, eot- of n are 


expressible in terms of the sequence Bı, Bz’ -> of the trigonometric sums - 


t 
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(77) Br(m) = 3 e(— a + ns/r) 

in the form = 7 
(78) e(n) ~3 Ba(n) 
. (which is equivalent to 

(79) Bin) —3 w(r/d)ea(n), 


by Möbius inversion). Then, if g(n) is any function satisfying 
CO : 

(80) Zul |) 901 < o, 

the function f(n) defined by the linear transformation 

(81) f(n) = 3 en (n)g(n) L 

is almost-periodic (B) and has the Fourier series (14) of the particular type 

O9 
(82) | f(n) ~ 3 rßr(n), (B), 


in which the (“shifted”) Fourier constants b, are given by the absolutely 
convergent series 


(83) | = ga): 


In order to see this, let (81) be identified with (2). Then (3) is satisfied `y 
Ly Nm == m. On the other hand, due to the possibility allowed in (11), (7) 
and (9), it is clear from the device (47) applied in the proof of (IV), that 
the identification of (81) in (IX) with (2) in (I) is admissible (in (47), 
the assignments n < meand m Sn now become n < m and m <n respec- 
tively). Hence, if Am(k) in (30) is chosen to be 1 for every m and every k, 
it is sufficient to go over the assumptions and assertions of (IL) step by step, 
in order to obtain (IX). l 

. The formula corresponding to (41) in (III) is somewhat obscured in 
the generalization (IX) of (III), although (83) corresponds to (40). First, 
it is clear from (77) that only the first of the trigonometric sums B.(n), 
Ban), + - contains a term independent of n, and that B:(n) is identical 
with this term, that is, with the constant e(—«,*). It follows therefore from 
(82) and (1) that M(f), instead of being represented by the case r= 1 of E 
(83), has the value 


(84) M (f) = e(— at) b, = e(— mt) 3 g(h): 


r E 
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This also explains an apparent paradox in the wording of (IX), namely, 
the absolute convergence of the series (83) whenever (80) is satisfied. In 
` fact, if all but one of the values g(1),g(2),::: are chosen to be 0, it follows 

irom (81) and (84) that . 
t 


(85) M(e) =M (e) = ` = e(— at) 


(this can be seen from (78) also). But M(|% |) cannot be less than | M(h) |, 
and the exponential function e occurring in (85) cannot become 0, 


9. All of the arithmetical algorithms (2) considered thus far led to 


Fourier expansions (B) which, instead of having the general limit-periodic 
form (14), induce a “class condition,” expressed by the phase rule (22) or 
by the corresponding reduction of (14) in (I) to (82), (77) in (IX). One 
night expect that this will be the case for every algorithm (2) of classical 
arithmetical interest. But it turns out that there is at least one classical 
algorithm, of substantially arithmetical significance, in which (14) cannot be 
contracted into (82), (77). It results if the “ Eratosthenian ” and “ Eulerian ” 
substitutions, (32) and (42), are replaced by the algorithm 2 
ds n n 

(86) j(n) =a f2 [2] rw, 
which underlies Dirichlet’s divisor problem ([3]; cf. [4]). 

In (86), the bracket [ |] is the symbol of the greatest integer not 
, exceeding the quotient n/m. Hence, if (86) is thought of as written in the 
form (2), where 


(87) g(n) = f(n), 
then (3) is satisfied by Nm==m— 1 for m—1,2,: >. It is also seen 
from (86) and (2) that, while 


. f(n) will contain f° (n — 1) for every n > 2. In other words, if n > 2, then 
| f(n) is of the form f(n) = Fae + ena(n)f?(n—1), where PF, is a linear 
form in the n— 2 values f°(m) preceding f°(n — 1), and the absolute con- 
stant e,.(n) does not vanish. Consequently, there exists for every function 
f(n) satisfying the initial restriction (88) a function f° (n) by means of 
which f(n) is representable in the form (86) for every n, and f° is uniquely 
determined by f and by an arbitrary assignment of an initial value 


(89) PD. 
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= For every positive integer m, let e” — e"{n) denote the non-negative 
function assigned by | 
| (90) e” (1) = 1/m, e"(R) =2/m; >, i 

j er (m —1) = (m—1)/m; (m) — 0 
and by the requirement that e”(n) = e(n + m) for every n (it is under- 
stood that, if m = 1, the assignment (90) gives 
(91) e(n) = 0 


for every n). In terms of these functions e”(n), define the functions em (rn) 
by (47). Then it is clear that (86) and (87) can be written in the form (2). 
Since the function em is non-negative and becomes identical with the periodic 
function e” after the first period of em, it is also clear that M (| em |) — M (em) 
exists and is identical with the arithmetical mean of the m values (90). Hence 


ml 
M (| em |) = 2 j/m? > $ 
j=l 


as m— ©. Consequently, (5) is satisfied if and only if the series formed by 
the values (87) is absolutely convergent. This leads to the following theorem 
(in which the Fourier expansion (B) does not have Fa phase properties 
ene above) : ` 


(X) For an arbitrary function f — f(n) subject to (88) and for any 
choice of an initial constant (89), there exists a unique function F = f°(n) 
by means of which f is representable in the form (86). Suppose that the 
function f° belonging to f satisfies the condition 


OO 
(92) 3 | f(%)| < æ. 
k=l | 
Then f is almost-periodic (B) and has the Fourier series (B) 
co (s.r)=1 
(93) f(n) ~E X ase(ns/r), 
ri 153&r 


in which the Fourier constants are given by the absolutely convergent series 


(94) ar = 3 dos (h)P(k)/E, 
rik 





where the À denote absolute constants 
k-1 

(95) _ Ard(k) == X ne(—ns/r). 
a1 


The sum (95) denotes 0 when it is vacuous, that is, when k=1; cf. (91). 
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First, the assumption (92) of (X) was seen to be identical with the 
assumption (5) of (I). Next, substitution of (90) into (13) gives 


Mam) = = ne(— in/m). 
Hence, from (15) and (87), 
ze is? f° (ke) 3 me(— (ksn/k)/r). 


But this can be written in the form (94), if às (F) is defined by (95). _ 
Accordingly, (X) follows by applying (I) to the case of Dirichlet’s 
algorithm. 


10. If 1=<m£<n and n—1,2,---, let r,(m) denote the residue 
which remains when n is divided by m. In view of the description of the 
matrix of (86) in 9, it is natural to raise the question as to the asymptotic 
behavior of the average fluctuation in the set 


(96) | (1), Ta(R), 73 Ta( m), eal Ta(n) 


of the subsequent division residues of n, aan — œ. For a fixed n, this average 
fluctuation is meant to be the arithmetical mean of the absolute deviations of 
the consecutive elements in the ordered set (96) of n non-negative integers, 
that is, the arithmetical mean | | 


(97) dn = (1/7) 3 | ra (m +1) — ra (m) |. 
The value of „(m + 1) for m =n in (97) is, in the main, immaterial as . 
n— œ ; it can naturally be defined by 

(98) i m(a+1) =n, 


since the least non-negative residue (mod n +1) of n is n. 
An answer to the question is contained in the following fact: 


The average fluctuation of the consecutive division residues (96) of n ts 
of the order of log n; in the sense that, if n is defined by (97), 


(99) 0 < lim inf $n/log n < lim sup ġn/log n < o. 
* FCO RPS 


It will remain undecided whether or not this answer is of a final nature, 
since the approach to be followed will neither prove nor disprove the possibility 
that the (positive and finite) lower and upper.limits coincide in (99). 

As recently proved in another connection ([11], pp. 11-12), 
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ae ter 

min m +1 n 

On the other hand, if em(n) denotes, as in 9, the coefficient of f° (m) in the 

n-th of the equations (86), then, since e„(n) = n/m — [n/m], it is clear that 
men (n) — (m + 1) em (0) = m[n/m] — (m + 1) [n/ (m + 1)]. 


But it is also clear from em(n) = n/m — [n/m] that 


n 
z 
mal 





> + log n — const. 





F 


Tn (m) = Mon (n) ’ 


_ since [n/m] denoted the integral part of the quotient n/m, while rm. (n) was 
defined as the least non-negative residue of n (mod m). The last three formula 
lines imply the first of the inequalities (99), since n is defined by (97). 

In the direction of the remaining assertion of (99), it is clear from the > 
last two formula lines that | 


|ra(m) — ra (m + 1)| € | [n/m] — [n/ (m + 1] | m + [n/m]. 


Since [n/(m -+ 1)] is non-negative and does not exceed [n/m], the sign of 
absolute value is superfluous on the right of this inequality. Consequently, 
summation with respect to m gives 


(100) non SH [n/m]m—3 [n/ (m + 1)]m + à [n/m], 


dy being defined by (97). If" is replaced by m — 1, the second of the three . 
terms on the right of (100) appears in.the form F 


nti 
Fa [n/m] (m — 1), 
which, since [n/m](m —1) vanishes for m = 1 and for m=n + 1, is 
identical with 


— In/m(m—1), 1.e., —_ 3 In/m]m +2 [n/m]. 
Mal 


IRL mi 


Accordingly, (100) can be contracted into 


Non E R 3 [n/m]; so that da = 2 3 1/m, 
mel 


m=i 
since [n/ml/n = 1/m. It follows therefore from 3 i/m —logn that the 


mel e 
proof of the last of the inequalities (99) is complete. 


THE JOHNS HOPKINS UNIVERSITY. 


[1] 
[2] 
[3] 
[4] 
[5] 
[6] 
[7] 
[8] 
[9] 
[10] 


[11] 
[12] 


NUMBER-THEORETICAL ALMOST-PERIODICITIES. 198 


"REFERENCES" 





A. 8. Besicovich, Almost Periodic Functions, Cambridge, 1932. 

R. D. Carmichael, “Expansions of arithmetical functions im infinite series,” 

. Proceedings of the London Mathematical Society, Ser. 2, vol. 34 (1932), 
pp. 1-26. | 

G. P. L. Dirichlet, “ Ueber die Bestimmung der mittleren Werthe in der Zahlen- 
theorie,” Werke, vol. 2, pp. 49-66. 

, “ Ueber ein die Division betreffendes Problem,” Werke, vol, 2, pp. 97-104. 

G. H. Hardy, Ramanujan, Cambridge, 1940. 

, “ Eratosthenian averages,” Nature, vol. 152 (1943), p. 708. 

OÖ. Hölder, “Zur Theorie der Kreisteilungsgleichung X, ,(z) = 0,” Prace Mate- 
matyceno-Fizycene, vol. 43 (1936), pp. 13-23. 

G. Libri, “Mémoire sur la théorie des nombres,” Journal für die reine und 

angewandte Mathematik, vol. 9 (1832), pp. 54-80. 

S. Ramanujan, “On certain trigonometrical sums and their applications in the 
theory of numbers,” Collected Papers, pp. 178-199. 

H. Tegner, “ Von dem Sylvesterschen Denumeranten,” Arkiv för Mat., Astr. och 
Fys., vol. 23 A (1932), no. 7. 

A. Wintner, Eratosthenian Averages, Baltimore, 1943, 

, The Theory of Measure in Arithmetical Semi-Groups, Baltimore, 1944. 








a 





A PARTITION FUNCTION WITH THE PRIME MODULUS P > 3.* 


By Jonx Livincoop.** 


1. Recently Lehner [2]? developed a convergent series for pı(n) and 
P(n), the number of partitions of a positive integer n into summands of the 
form 5] + 1 and 51 + 2 respectively. The purpose of this paper is to develop 
a similar series for p(n), pe(n);' © +, Pepayy2(n), the number of partitions 
of a positive integer n into summands of the form fl +1, pl +2,---, 
pli + (p—1)/2, p being a prime greater than 3. Here, as in the previous 
paper, we follow the method of Rademacher [5]. 

We consider the generating functions 


Fele) =T] (1—at)* = È puln)ar 


l 


(1.1) 


+ a (mod p), (a=1,2,-+-,(p—1)/2) 


convergent within the unit circle. To determine the asymptotic behavior of 
F(x) near a rational point on a circle concentric to the unit circle but in- 
terior to it, we subject x to the transformation + — v’ where 


(1.2) wv=exp(2rih/k — ?nz/k), av == exp (rik /k — 2a/kz). 


Here Æ (2) 5 0, h and k are coprime integers satisfying 0 = À < k, and 
h’ is any fixed solution of 
(1. 21) © hkk ==—1 (mod k). 


We then derive a functional equation connecting Fe(s) and Fy(2’) for all ke 
divisible by p (b == 1,2,- : +, (p — 1) /2 depending upon À). If p{k, we write 


(1.3) 9 a” exp (2rill’/k —2w/Kz), HH’ =— 1 (mod k) 


and find a similar relation between F,(x) and certain new functions A, (2”). 
Certain sums of roots of unity appear. The application of the Rademacher 
method requires that these sums be reduced to incomplete Kloosterman sums, 
so that a better estimate than O(k) will result. 


* Received April 24, 1944. 

** The author wishes to express his appreciation to Professor Hans Rademacher 
for suggesting this problem and for giving much helpful advice in its solution. 

t Square bracket numbers refer to the bibliography. 
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We now introduce the Cauchy integral and apply the transformation 
equations (3.93) and (3.94). If p|k we obtain 


* (p-1)/2 | 
Pa) (n) = % N wah, k)exp(— Rrihn/k) 
Vel lk 


87 oo 
(1.4) X f „ È Po(r)exp (Brih’w/k) 


X exp{—-(r/k°w) (2v — B/6p) + rw (3n — A/6p) } dd, 
OSA CES N, Y = On ks 0" == O” nks B = p° — 6pb + 65°. 
Next the integrand is split into two parts, depending upon the sign of the 
coefficient of w*. We note that this coefficient is positive for vy = 0,1,- : >, 
[B/18p]. For certain p, v—0 is the only admissible value. This is the 
result that Lehner obtained for p == 5. It is also true for all p = 17. How-. 
ever, for other p, there may be more admissible values for v. For example, 
if p=19,v—0or1. This interesting information results in the extension 
of the previous work. The contributions furnished by the case p|% when the 
coefficient of w is negative, and by the case pfk, follow as in the special 
case p = 5. 
Finally we obtain asymptotic ratios for p, (n), po(m),° * `, Pœ-1/2(n). 


I. The Transformation Equations. 


2. The first object is to derive a transformation equation for Fe(s) in 
(1.1). Consider the case p| k. F,(x) is regular, without zeros, in the unit 
circle; therefore log F,(x) is single-valued in the same region if we choose a 
specific branch of the logarithm, for example, the one given by log F(0) = 0. 
Then 


(2.1) Gola) log Pula) ——Slog(1—at) =È À (eim/m), 


EL mel 
l= + 4a (mod p). 
Placing 
g = exp (2rih/k) X X, X=exp(—y), R(y) >0 
(2.2) m=qk+p 1Su=k; eg 
I=rk+i, LSA<k, A= + qa (mod p) 
in (2.1) we have 


(2.21) Gale) = 2 > exp (2athpr/k) 2; DE a + à) (gk + p)y} 
where A, u, r, and q assume the values na above.” 


® Throughout this paragraph, X, #, q and r assume these values. 
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Application of the Mellin formula to (2.21) gives 


+ * ? ré T(s) ds | F 
(z) => 2 (rk LA) (gh F py 
Ga(z) — ZE exp (2rthpa/k) ze); ae (rk A)? Tanya 
T(s 


= 2 2 exp (2rthpA/k) (1/2xi) So year > (r + A/k)-8 > (q + a/k)""'ds 


T(s) 


23) Gele) Sepi) | ya EG ME)E( + s, p/k) a 


where 





&(s,a) 0<a<si 


S 1 
(7% + a)s ? 
is the Hurwitz Zeta function, and where the (œ) under the integral sign means 
that the path of integration is from g — io to a + 200. 
Recall the Zeta functional equation + 


&(s,A/k) = T1 —Ss 
(2. 4) 


) er en (sin (ns/2) p> cos 2rdv/k: (1 — s, v/k) 


© k 
+ cos(ws/2) X sin 2ràv/k : &(1— s, v/k) }. 

v=1 
Applying (2.4), replacing? exp (2mihpà/k) by cos (Arhur/k) and 
exp (Zrihpi/k) by wsin(2mhur/k) in the first and second terms of the right 


member of (2.3), and setting z == (yk/?r), we have, after simplification 





ji 
i 
E ga ie s, u/k)&(1— s, v/k) 
à j (a) 2° COS TS /2 as 
(2.41) 
1 
+ De? > 2 sin u, sin 2rAv/k 
EL +s, p/b E — s, v/k) 
I — u iene ds 
(a) z? sin s/2 
where 2#—exp(slogz) and where we can take | A logz| < 7/2 since 
fe (z) >0. 
We now define p. by setting 
(2.5) à = Kp (mod k), O<p<k 
where Ah’ is given by (1.21). This, together with (1.21), shows that 4 
(2.51) p = — hÀ (mod k). 








— 


3 This is permissible since we sum over À and since À = + a (mod p). 


Lu 
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In addition, since plk, (1.21) implies hh’==—1 (mod p) and hence, by 
Fermat’s Theorem, l 
| h’ == — h?-* (mod p). 
Since p|k and As= + a (mod p), (2.51) implies 
(2. 52) p= + ha = + b (mod p). 


Introducing the new summation letter p and replacing s by — s, we have 


Gal ey = (1/4rik?) > > cos 2rup/k cos 2rh'pv/k 
p uw 2 


a se/k)ei+sv/k) 4, 


(-a) 278 COS rs /2 
+ (1/4rk?) X >) sin 2rpp/k sin 2rh'pv/k 
Pp A z 


¿(1 — s, a/e + 5, v/k) ds 
(-a) 278 sin 78/2 


(2.6) 


where the restrictions on p are given by (2.5) and (2.52). 

The appearance of cosrs/2 and sin rs/2 in the denominators enables us 
to shift the path of integration from (—«) to («), taking into consideration 
the residues at the various poles. Doing this and comparing the result with 
(2.41), we find two expressions of the same form, except that we now have p 
instead of À, A’ instead of A, x and v interchanged, and z> instead of z. 
Hence, using the definition (1.2) of 2’, we obtain . 


CA) G.(2) = mo (2) — ri (Ri + Re) 


where R, and R, are the sums of the residues of the first and second terms ` 
respectively in the right member of (2.6) with the sign of integration moved 
to the extreme left in each case. | 

These residues turn out to be the following: ® 


(2.8) Ry = Az/1Rikp — B/1Rikpz; 
k-1 
| E, =— 32 ((A/k)) ((ha/k)), AZ + a (mod p) 
where oe 
(2. 81) A= p? — bpa -+ 6a?, B=p?—6pb-+ 6b}, 


((@)) =s — [z] — z + 388). 


Thus, by use of (2.7) and (2.8) and by taking exponentials, we obtain the 
desired transformation equation for the case p|k: 








4 Calculation of the residues follows as in Lehner’s paper. 
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(2.9) Pula) = va (h, k) exp{(r/6kp) (B/2— 42) }Po (2). 

Here x and + are defined by (1.2), b by (2.52), A and B by (2.81) and y 
(2. 91) | wa(h, k) = exp {rioa(h, k)} 

with 


(2. 92) ah, b) = È ((A/k)) ((hA/E)), du + à (mod p). 


3. Now we consider the case pfk. Here F,(x) does not transform into 
Fix) ; however, Fa (x). will be transformed into a certain new function by a 
method similar to the preceding one. Choose +”, H, H’, K as in (1.3) and 
place | | 

s= exp (Amlı/k) XX, X= exp (—y), Ky) >0 
(3.1) m == gk + p, Lsp=k; T, qg = 0,1,2," 

l == rK +A, ISA<K, ÀE= + a (mod p). po 
As in 2, we find | 


Galt) = (1/4mikK) 2 > > cos Arrhur/k cos 2rv/ K | 
u v 


€(1 ++ s, p/k)£(1 — s, v/K) ds 


(a) 2° COS 38/2 
+ (1/4rkK) 2 > >, sin 2xrhyr/k sin 2rÀr/K. 
y» 


> Fea sE. ,. 
X f a 7707 ae ds 


2° sin 28/2 À 


(3.2) 


(v= 1,2," : :-,K). j 
Define A* by setting 
(3. 3) a= pH" (mod k), OS AFSL 
where H’ is any fixed solution of HH’ == — 1 (mod k) and H = ph. We 
observe that (3.3) implies A* == — hà (mod k). Introducing A*, replacing 
s by — s, and shifting the path of integration as in 2, we obtain 
Gala) = (1/4mkK) 2 D © cos 2ruÀ*/k cos RrAv/K 
nv | 
(1— s, w/k)&ti + 8, v/K) ds 
(a) 278 cos 18/2 
(3. 4) + (1/4#kK) À > D sin 2aprA*/k sin RrAr/K 
À H} 
ts a/b +s E) 5 
(a) 23 sin as/R e- 


— 2ni(R, + Re) = La (2) — ri (Ra + Be). 





ë Throughout this paragraph, À and # assume the values given in (3,1) and » 
assumes the values 1,2,- - -,K 
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In order to obtain the new function into which F,(x) is transformed, 
we now retrace our steps from (3.4). Replace cos (2rAv/K) by exp (Rriar/K) 
and sin (2rAv/K) by is’ exp (2riAv/K) and apply the transformation equation - 
for £(s,A"/&). After simplification, we find 


La(s) = (1/2miK) SZ exp (aid /K) 
x S (DC) (2r) )E Cs, A/B) EC + 8, 9/K) ds. 
Application of the Mellin formula gives 
In) = 3 Z exp (2ridw/K) 2, (K + v) exp {—(2m/Ke) (qk +A") (rE +») 


(3.5) 
=— > > log {1 — exp [—(2a/Kz) (qk + A*) + 27id/K]}. 


Examination of (8.1) reveals that since pfk, A runs over a complete 
residue system modulo & twice in some order. We therefore define « by 


(3. 6) ko ==a (mod p), 0<a<p. 
This, along with (3.3), yields 
(3. 61) Nes pH’r* + ka (mod K). 


Inserting (3.61) into (3.5), we obtain | 
La(z) =— 2 2: log {1— exp [—(2a/Kz) (gk + à*) 
+ 2atH’ (qk + d*) /k + Rria/p]}. 
Place 
(GB) gk + A* = l, exp (2ria/p) = n (a), exp(— ria/p) = n(e). 
Using these notations and (1.3), we find | 


La) =— È log (1—7(a)2”") — X log (1— a)r”) 


(8.72) Late) = log TI (1 — ala) = II (1—a(@)a*) + — log Hufe”) 
where 


(3.23) Hale) = (1—n(a)st)* IT (1—p(a)xt}2 = 1 +È Cav) ar. 


[a1 
We now calculate the residues as in Lehner’s paper, and find 
Ry = Az/1Rikp — 1/12ikpz + 4 log (2 sin ra/p); 
(3. 8) i 
z 
R: =— } È ((hA/k)) ((A/K)), >. A= + a (mod p) 
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where A and ((z)) are given by (2.81). Therefore, by use of (3.4), (8. 72) 
and (3.8) and by taking exponentials, we obtain the desired transformation 
equation for the case pfk: ÿ 
(3.9) Fa(z) — Ixa(h,k) csc ra/p exp {(x/6kp) (L/z— A2) }Ha(#”) 
where A is given by (2.81), Ha(x) by (3.73), x by (1.2), 2” by (1.3) and 
(3.91) xe(h, k) = exp {rita(h,k)} 
with 

K-1 
(3.92)  te(h, k) 2 ((hA/k))(Q/E)), À=+a (mod p). 

=i s 

From (2.9) and (3.9) we have the following result: 

THEOREM, 1. The function Fa(z), defined in (1.1), satisfies the trans- 
formation equation w 
(3. 93) Falexp [2ath/k — 2uz/k]) 

= wa(h, k) exp [(r/6kp)(B/2— Az) ] Po (exp [2aih’/k — 2r /kz]) 
for the case p|k, and the equation | 
(3. 94) Pa(exp [2th /k — 2r2/k]) 

= ya (h, le) ese ra/p exp | (m/6kp) (1/2 — Az) )Ha(exp [miH’/k— r/K 
for the case pTk. 


II. The Kloosterman Sums. 


4. When the transformation equations (3.93) and (3.94) are inserted ` A 
into the Cauchy integral, certain sums of the roots of unity wa(h, k) and 
xa(h,k) appear. The estimate O (k) for these sums is not sufficient for the 
application of Rademacher’s method. Thus, we now reduce these sums to 
incomplete Kloosterman sums, subject to the estimate O(n%*k*%**), according 
to Salié. . 

Consider the case p|k. From (2.92) 


ca 


salh, k) = 5 ( (A/F) ) (1/6), A= + a (mod p). 


However, by the same procedure as that used by Lehner, we are able to 
replace this by 


k-i 
(4.1) oolh,k) = 2 & (Mk) ((hA/k)) — (0/p—%), Aa (mod p) 
where b is given by (2.52). Employing the definition of ((z)) we obtain 


° See [2], pages 644-645. 
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vo(h, k) = (2h/k*) ZA — (3/k) BAhrA/k] — (1/k) Zà — we: 2); 

| de, (mod p) 
. which upon simplification becomes 

6pkoa(h, k) = 2h{2k? + 3k(2a— p) + A} 
(4.2) — 3k(k— 2p + Ra + 2b) — 1p h Mak], 
à\==4 (mod p) 
where A is given by (2.81). Examination of (4.2) reveals that 6pko,(h, k) 
is always integral. Also, 
Gpkoa(h, k) = 0 (mod 3) if 3Ÿk, 

(4. 21) | | 
6pkos(h,k) = 2a + 2b + 2p — 3 (mod 4) if k is odd. 


Next we shall evaluate a certain sum in two different ways,’ and obtain a 
result containing o4(h, k.), from which we can find the residues of 6pkoa(h, ky 
for moduli which are multiples of k. Now 


(4.81) D ((A/k))*= E ((p/k))?— 2 (p/k—4)? = = (B— l°) /6pk +4 21; 
ee (mod p), p= — b (mod p). 
Also 
2: ( h/b) )? = 2 (GEAR — [a/t] — 4$)? 
(4.32) = hoa(h, k) + h(b/p — 4) — (h2/6pk) (2h? + 3k (2a-— p) + A} 
+ 2 [kr/k]([Rr/R]) +1) +4 2 1; - Asa (mod py 
by the use of (4.1). Comparing (4.31) and (4. 32): we find 
(4.4)  6phkoa(h, k) = h2{2h? + 3k (2a — p) + A} — (k? — B) 
— 8hk (2b — p) — 1l2pkT 

where | 
i T=} 2 [AA/k|([hA/k] +1), Azea (mod p)- 
is always. integral. Let 125 — fG, where f is the greatest divisor of 12p 
which is prime to k. We obtain the following results: 

(k, 12p) m, f= 12,G =p (k,12p) = 8p, f=4,G— 3p 
(4.5) (k,12p) = 2p = = (k, 12p) = oP oer ee 

(k 13p)=4p Pe EP ze 
Denote by A a solution of hk ==— 1 (mod Gk). Since all primes in G\k, 
this congruence always has solutions because (h, k) =1 implies (h, Gk) = 1. 

Multiplying (4.4) by — h’ and remembering that Gk|2k*, we obtain 


7See [6], proof of Theorem 3. 


s 
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(4.61) 6pkoa(h, k) = hu — kv — 3k (2b — p) (mod Gk) 
where 
| u = 8k(Ra— p) + À, v=-B—k: =; 
From (4. 21) and (4.5) we have 
(4. 62) 6phoa(h,k) == ba + 6b + 6p — 3 (mod f). 
Set 
(4.7) f= 1 (mod Gk), Gkr = 1 (mod f). 


Then, from (4.61) and (4.62) we find 
(4. 8) Gphoa(h, k) =fp{hu — kv — 3k (3b — p)} 
-+ GKT(6a + 6b + 6p — 3) (mod 12kp). 

Thus, finally, i 

wa (h, k) = exp {rioa(h, k)} = exp {(2ri/12kp)6pkoa(h, k)} | > 
(4. 9) — exp {2ri[ ($/Gk) (hu — h'v) — (34/6) (2b —p) 

- + (T/F) (6a +166 + 6p-— 3) J}. ” 
5. We now consider the case p{k. From (8.92) and an argument 

similar to that of Lehner’s, we have 


ta (h, k) = >> OJK) ((hA/E)) = 23 (A/K) (RA/k — [hA/k] 


es") —4-+43(hA/k)), A = a. (mod p). 
As in 4, we obtain, upon simplification, 
 6pkta(h, k) = 2h{2R? + 3K (2a — p) + A} 
(5.2) — 8k(K — p + 2a— 2a) — 12 ZA[hr/k], 
A == a (mod p) 
where « is given by (3.6). Examination of (5.2) shows 
6pkt,(h,k) = 0 (mod 3) if 37% 
(5.3) Gpkta(h, k) = (p — pk + 2a + 2a) (mod 4) if k is odd 
6pkl(h, k) = 0 (mod p). 
As in 4, we evaluate 2 ((Aı/k)), A=a (mod p), A==1,2,°--, K—1 
in two different ways, and upon comparing results find 
(5.4) Gphla(h, k) = h’{2K? + 3K (2a—- p) + A} 
— (k? — 1) + 6hka — 1247" ¢ 


where 
T=} X [ha/k] ([hA/k] + 1), =a (mod p). 
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Let 12p = Fg, where F is the greatest divisor of 129 which is prime to k, 
Then 


(k,12p)=1, F= 12p, g =1 (k,12p) == 3, F = 4p, g = 3 
(5.5) (k,12p) —2 | = = (4,12p). == 6 ae = 
eh TR al ee 8 =e” 


Denote by h’ a solution of hh’ == —1 (mod gk). Multiplying (5.4) by —h’ 
and remembering that g|12 and g|2%, we obtain 
(5. 61) 6pkta(h, k) = hu — kv + bka (mod gk) 
where 
u = 3K (2a — p) + À, p = 1 — k’. 


From (5.3) and (5.5) 


(5. 62) Gpkta(h, k) = 9p? (2a + 2a + p— pk) (mod F}. 
Setting 
(5.7) F = 1 (mod gk), gky=1 (mod F) 


and combining (5.61) and (5. 62), we find 
(5. 8) 6pkty(h, k) == FO (hu — h'v + 6ka) 
+ Igkyp? (2a + 2a + p — pk) (mod 12pk). 
Therefore 
xa(h, k) = exp {arita(h, k)} = exp {(2ri/12nk)6pkta(h, k)} 

= exp {2ai| (8/gk) (hu — hu) + 6Ba/g + (9p?y/F) (2a + 2a + p—pk)]}. 
By choosing pH’ == W (mod gk), and using G== pg, H = ph we obtain finally. 
(5.9) xa(h,k) = exp {Rri[ (®/Gk) (Hu — p°H'v) 

+ 6ba/g + (9p?y/F) (2a + 2a + p — pk) ]). 


6. Consider the sum 


A(n,v3k34,03 01,02) =r = SY wa(h, k) exp (— ai (hn — h’v) /k) 
; k 


(6.1 
h mod k, h = bB (mod p); 01 Sh’ < 023 0 So, Ko Sk; pk. 


Here 3° means the sum over all integers prime to the modulus of the system, 
and h’ denotes any solution of hh’s=—-1 (mod k). Examination of (2. 81) 
shows wa(h, k) to be of period k. Because of the periodicity modulo k, we 
can change the modulus to Gk and select that h’ which satisfies Ah’ == — 1 
(mod Gk). By inserting the value (4.9) for wa(h, k) and removing the 
restrictions on À and W, we find that r == 0 (n%%k%**). Hence, we secure the 
following result: 8 


° For details of this development, see [2], pages 649-651. - 
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THEOREM 2. The sum 


(6.2) | A(n, v; k; a, 03 01,02) = SY wa(h, k) exp (— 2xt (hn — h’v)/k) . > 
6.2 k 
k mod k, hk= DB (mod p), a Sh’ < 02 


in which the parameters are all integers, n > 0, k > 0, pl, 0 S oi < 0: Sk, 
and a = 1,2,- , (p— 1)/2 is subject to the estimate O (n®k%*) uniformly 


in v, @, D, Cis Oo. 
By a similar method, and by use of the equations G— pg, H = ph, 


HH’ = — 1 (mod k), we obtain our next theorem. 


THEOREM 3. The sum 


. B(n,v;k;o1,02;@) = DY xa(h, k) exp (— i (hn — Hv) /k) u. 
(6. 3) h , . 
hmod k, HH’=—1(modk), a Sh’ < 02 


has the estimate O(n k+) uniformly in v, Ti, Co, 4. 


III. A Convergent Series for pa(n). 


7. We now apply the Hardy-Littlewood method, with the sharper esti- 
mate of Kloosterman and Rademacher,’ to the generating functions Fe(s). 
We obtain 


a(t) = (1/21) f CO O 


s gre 
(7.1) = S exp (— 2nihn/k) f __ Fa(exp [2xih/k—2n(2/k)]) exp (2anw) dg, 
hk -0' 
nEh<ks N, Y= O hks 8” — O” hk 
We now apply the transformation formulas, and write | 


(7.21) Pa(n) = pa (n) + Pa? (n) 


where pq‘) (n) is the sum of all terms for which p|% and m(? (n) is the same 
for pfk. Choose 8 such that ag= + 1 (mod p). This together with (2. 52), 
shows that | 

h=bß (mod p). 
Then we obtain from (7.1) and the remarks above r 


° See [5]; the notations here are those of Rademacher. 


N 


A PARTITION FUNCTION WITH THE PRIME MODULUS P > 3. 205 


ur 
po) (n) = >” ou(h, k) exp (— 2ai(hn/k)) 
2 hik 
(7.22) X i > pol) exp (2nil’y/l) exp (—(w/k*u) (2»— (B/Sp)) 
+ ww (2n— e 
OSA<kSN, he=bB (mod p), O = Ox, ee 


The sum over v is now split into two parts, Q(n) and R(n) onde upon 
B and a fortiori b such that in Q(n) the coefficient of w* is positive and in 
R(n) the coefficient of wt is negative. R(n) contributes nothing to the final 
result; in fact, 

(7.3) R(n) = O (exp ( crN-*)n*N-**). 


Referring to (7.21) we note that Q (n) contains all v such that y = ee 
If B is negative, the sum over v is vacuous. For positive B and v = 0,1,- 
[B/12p] 

0 if by . 
Pb) = | 1 if by. 


Here pr(v) denotes the number of partitions of y into parts congruent to 
+ b (mod p) and since 


2 — 6pb +60? 

v < B/12p =} FRI — 4 (9/8 —b + B/p) < p/12 
those parts that must be congruent to + b (modp) must be b itself, for 
p-—b or p -+b is too large (p — b > p/2 > p/12 >v). Also, B = 0 means 
b? — pb + p?/6 = 0, i. e., b? — pb + p?/4 = p?/12. Thus, the only permissi- 
ble b for Q(n) are b = 1,2,- +: , [p(3— V3)/61. Setting v= bp, we find 

[p(3-vV3)/8] [B/12pb] 
Q(n)= 5 2 wa(h, k)exp(— Railhn/k)) > Pe eee) 
- dei Rs z * p=9 

(7.4) | 

xf exp (—(r/bu) (bp — (B/6p)) + 7w (2n— (4/6p))} 49, 

0<hRL<EkS<N, h=bß (mod p). 


Evaluating Q(n), we find 


N [p (3-v3) /6] [B/12ph] 

T: 5) Q(n}=?r = > > lern) + O (exp (cr N"?)n% N-**) 
bel p=0 

where 


road aii 
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(7. 51) Axo(n) == Al(n,v;k;a,b;0,k) 
and 
_ {B—12pbp)* | n$ m(12pn — A)*(B — 12pbp)* | Ja 
In(ny = Je (12pn — 4)% 3ple for n > A/12p 
(7. 52) 
_ (B—12pbp)* a (A —12pn)4(B—12pbp)* 
= (A 12pn)% Jy en) ee for n < A/12p. 
Now 
pa) (n) = 4 = xa(h, k) cse ra/p exp (— ?ri(hn/k)) 
.6) 
u’ oo 


X P , À OT Dante (m/Ekw) (2v— (1/6)) + rw (23n — (4/6p))}d#, 
DSh<k=ZN, = Dix Nr 


As before, we split this sum into two parts Q’(n) and R’(n). Here Q (n) I 
contains only the value y = 0. We find, as before, 


(7.7) R' (n) = O (exp (enr N>) nN- +) 
and 


(7.8) Q (n) =r È cse (ra/p)Br(n)L'x(n) + O (exp Re; 


where 
(7. 81) Bin) = B(n, 0; k; 0,k; a) 
and | 
en 1 r(12pn — A)% | 

L'ifn) = Fm — Ay% nd ar eal for n>A/l2p q 

(7. 82) | 4 
I (A — 12pn)” 
== rame 7 j pie for n < A/12p. 


Upon combining (7.3), (7.5), (7.7), and (7.8), D n fixed and 
letting N —> œ, we Fon our-desired result. 


THEOREM 4. The number, pa(n), of partitions of a positive integer m 
into positive summands of the form pl +a(a—1,2,""",(p—1)/2) ts given 
by the convergent series 

Lp(3-V3)/6]  [B/12p0) 
Da(n) = Ir 2 > > Anı(n)Lr(n) 
v=1 p=0 
lk i 
(7.9) ae 
+r X, Bu(n)!| ese xak/p | rln) 
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where Li(n) and L’„(n) are given by (Y. 52) and (7.82), Ax (n).by (7.51), 
and Bin) by (7.81). | 

8. To determine the asymptotic ratios of the Pa(n), we have to investi- 
gate the dominant, terms in each of the series of (7.9). Inspection of these 
series clearly shows that the leading term in each series dominates all others. 
Thus, we must have 


(8.1) 


« 


k—p, b—1, p—0 if plk 
k=1 if pth. 


In brief, the dominant terms are 


Ar 


Di (12mm — A)%B% 
(8.2) (iapn — AK p(n) (1/p)B: th ene 


2 


3p° 
in the series for p|k and 


x (12pn — A)% | 


(8.3) (am A7 Bi(n)|cescra/p| L 3 


in the series for pth. 


From (2.81) and (8.1), we find 


B, = p? — 6p + 6. 


Hence, 
2 = — 6 6 2 
(8.4) Bp = EPEE 1 8/p + 6/p <1. 
‘Therefore 
ate WR Y2 zz % 
(8.5) r (12pn =) B: < a(12pn — A) | 


op 3p 


From the theory of the Bessel functions, we obtain the following estimates *° 


Le) = 0(2), a] <1 
I, (2) ~ exp 2: (7) #, |z| >1. 


By virtue of (8.2), (8.3), (8.4), and (8.5) we note that the term origi- 
nating from the series for the case pf dominates that originating from the 
series for the case p|k. Hence we obtain 


10 See [8], page 203, 
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p(n): pan): =: Pep-ryse(m) - 
__Lesew/p | a (12pn — A,)* 
3p i 
| esc 2r/p | 1 a(12pn — A,)*% | 
Er an 


| lese (p—1)r/2p| 7 Ben met | 
(12pn — Aa)? ~* ` 8p ` 


pn 


Applying (8.6), we finally obtain 


~~ CSC m/p : CSC Êr/p +: esc (p— 1)r/2p. 


UNIVERSITY OF PENNSYLVANIA. 


BIBLIOGRAPHY. 





1. M. Haberzetle, “On some partition functions,” American Journal of Mathematics, 
vol. 63 (1941), pp. 589-599. 

2. J. Lehner, “A partition function connected with the modulus five,” Duke Mathe- 
matical Journal, vol. 8 (1941), pp. 631-655, 

3. I. Niven, “On a certain partition function,” American Journal of Mathematics, 
vol. 62 (1940), pp. 353-364. 

4. H. Rademacher, “On the partition function p{n), Proceedings of the London 
Mathematical Society, (2), vol. 43 (1937), pp. 241-254. 

5. H. Rademacher, “ The Fourier coefficients of the modular invariant J(r),” American 
Journal, of Mathematics, vol. 60 (1938), pp. 501-512. 

6. H. Rademacher and A. L. Whiteman, “ Theorems on Dedekind sums,” American 
Journal of Mothematics. vol. 63 (1941), pp. 377-407. 

7. H. Salié, “ Zur Abschätzung der Fourierkeeffizienten ganzer Modulformen,” Mathe- 
matische Zeitschrift, vol. 56 (1933), pp. 263-278. 

8. G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge, 1922. 


ON THE LACK OF AN EUCLIDEAN ALGORITHM IN R(V61).* 
By L. K. Hua and W. T. SHIA. 


Tt has been proved by A. Brauer * that the fields R( V p), p a prime = 13 
(mod 24), are non-Euclidean, except possibly for p = 13, 37, 61 and 109. In 
the cases p— 13 and 37 the fields R( Vp) are Euclidean. Thus it is an open 
question whether the fields R(V61) and R(V109) are Euclidean or not, 


TitkorzM 1, The quadratic field R(V61).is non-Euclidean 
It is known that Theorem 1 is a consequence of 


THEOREM 2. For any integers x, y we have always 


| (w+ (1/2)y — 1/78)? — (61/4) (y — 17/39)?] > 1. 
Let 
u= 8x + 39y—1, v= 39—17, 
If Theorem 2 is false, then we have integers u, v and % such that 


(1) u? — blv? = k, where | & | = 78? = 6084, 
Since 

(2) u=—1, v=-—-17 (mod 39), 

we have 


k=1?-+17°=0 (mod 39) ; 
furthermore since 


k= (y -+1)?— (y +1)? =0 (mod 4), 


we have that & is a multiple of 156 (-=4 39). Moreover, evidently = 


== 1, since k is not a multiple of 61 (in fact 61 X 156 > 6084). By these 
two properties we may list all the possible values of J, where k = 1561 and 
jo | < 39: | 


# 


0, +1, +3, #4 £5, +9, +12, +18, +14, +15, + 16, 
22, +925, +27, + 34, +36, + 39. 


* Received April 25, 1944. 
1 Brauer, American Journal of Mathematics, vol. 62 (1940), pp. 697-716. 
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For l == 0, + 14, = 22, + 34, (1) is insoluble. In fact, e. g., if 


u? — 61V? = + 14 X 156, 
then 


and (F 


We now give the solutions of (1) for these possible values of k. 


u” = blv? (mod 7), 


7 ) == — |, which is impossible. 


Lemma 1. The numbers of primary? solutions of (1) are given by the 
following table: 


l 


no. of pri- 
mary solu- 
tions of (1) 


ste a m se a a Ea et +13 E15 1519 0 229 ET +96 eed 


4 6 4 8 8 8 8 12 10 


8% 


The proof of the lemma is a straightforward caleulation of 


= (5): 


n 

which is the number of primary representations of k. 
LEMMA 2. If u? — 6lv? = k has no primary solution satisfying 

(2°) v = + 17 (mod 39), 
then u? — 610° = + k has no solution satisfying (2). 


Proof. Since „= (39 +5V61)/2 is the fundamental solution of 
u? — blv? == —4 (in fact 39? —615°—= — 4), the solutions of u*?— 61v° 


= + k are given by 
À 
aa os où ne oe tae | 


u= + 1, 


39 -5V61 
2 


where to, vo is a solution of (1). 


Uo + voV 61 


> AZO, 


> 


For à == 1, we have 


(8) U == ck 4(89 Uo + 5 x 61%), v == wh 4 (39% + Duo), 

1, ©. 

u= + 16%, v = + 17u,, (mod 39), 

i 


(mod 39) 


Uy = + 16v, | 
If u= t 1, ve + 17, then we have 


V ES titu, 


(since 16 X 17 ==—1 (mod 39)). 
w= + 1, vo == + 17 (mod 39). 


? Landau, Vorlesungen über Zahlentheorie, Bd. 1, S. 140. 
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The proof is’ easily completed by repeated application of the same 


argument. 


Thus in order to prove Theorem 2 it remains only to establish thet there 


is no primary solution of (1) with (2) and 0 <i 39. 


Lemma 3. All the primary solutions of (1) are given by the following 


table: 

l U, V 

1 20,2; 41,5; 1484, 190; 3385, 427. 

8 23,1; 88,4; 282, 36; 633, 81; 5147, 659; 11567, 1481. 

4 40,4; 82,10; 2968, 380; 6670, 854. 

5 29,1; 32,8; 151, 19; 337, 43; 883, 113; 1984, 254; 12473, 1597; 


36 


39 


16136, 2066. 

60, 6; 123, 15; 245, 31; 548, 70; 977, 125; 2195, 281; 4452, 570; 
10005, 1281. 

46,2; 76,8: 564, Y2; 1266, 162; 10294, 1318; 23134, 2962. 

97, 11: 208, 26; 463, 59; 1672, 214; 3757, 481; 8443, 1081. 

49,1; 73,7; 134,16; 171,21; 293,37; 378,48; 2367, 303; 3062, 392; 
5319, 681; 6881, 881; 13957, 1787; 31366, 4016. 

80, 8; 164, 20; 5936, 760; 13340, 1708. 

55,1; 67,5; 488, 55; 970, 124; 1165, 149; 2617, 335; 21283, 2725; 
35935, 4601. 

58, 2; 64, 4; 302, 38; 674, 86; 1766, 226; 3968, 508; 24946, 3194; 
32272, 4132. 

83, 7; 100, 10; 161, 19; 205, 25; 527, 67; 1181, 151; 1259, 161; 
2828, 362; 7420, 950; 9599, 1229; 16675, 2135; 21572, 2762. 

69, 3; 114, 12; 191, 23; 419, 53; 846, 108; 1899, 243; 3851, 493; 
8654, 1108; 15441, 1977; 34701, 4443. 

120,12; 246, 30; 490, 62; 1096, 140; 1954, 250; 4390, 562; 8904, 1140; 
20010, 2562. 

78, 0; 105, 9; 322, 40; 715, 91; 1447, 185; 1603, 205; 3250; 416; 
7308, 935; 26430, 3384. 


By Lemma 1, the table contains all primary solutions. The verification 


is straightforward. 


Moreover no solution contained in the table satisfies (2°). Thus Theorem 


2 is established. 


~ 
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THE PROBLEM OF MILLOUX FOR FUNCTIONS ANALYTIC 
THROUGHOUT THE INTERIOR OF THE UNIT CIRCLE.* 


By Mavrıcz H. HEINS. 


1. Introduction. Let E denote a point set of the 2-plane lying in, and 
closed relative to, |z] < 1, having the property that for all R satisfying: 
0=S R < 1 the intersection of # with | z | = R is not void. A function f(z) 
will be said to belong to the class Fm, if f(z) is defined, analytic, and of 
modulus less than one for | z| < 1 and if there exists an Æ such that z eE 
implies | f(z)| = m, where m is a given positive number less than one.. Let 
M(f;7) have its usual significance as max | f(z)|. Tt is required to determine 


Lub.M(f;r) (0<r< 1) and the associated extremal functions. 


€ im 

This problem is solved completely in the present paper; it will be shown 
that the extremal function suitably normalized is unique and independent of r. 
The normalized extremal function will be determined and expressed with the 
aid of the Jacobi theta functions. Two methods of obtaining the extremal 
function are indicated. One involves the theory of Blaschke products; the 
other gives an algorithm for determining the extremal function by the re- 
peated composition of (1,2) directly conformal maps of the interior of the 
unit circle onto itself. 

The methods developed are applicable to other problems. Analogues of 
Tchebycheff polynomials in the hyperbolic plane are defined and determined. 

The problem of the present paper is closely related to a series of in- 
vestigations initiated by Milloux [9], who showed that, if f(z) is analytic 
and of modulus less than or equal to one for |z| <1 and if there exists a 
Jordan are J lying in |z] < 1, except for one endpoint on |z|—1, and 
joining z=0 to the circumference |z|==1 with | f(z)| Sm (<1) for 
z eJ, then there exists a positive constant k, independent of m and J, such that 


(1.1) CIE mh (| z| <1). 


Lower and upper estimates for the best value of & have been given by Landau 
[8]. Subsequently, E. Schmidt [14] considered the problem of Milloux under 
the weaker hypotheses which assumed: (a) f(z) to be analytic and of modulus 
less than one for ze $ where $ == [| z| < 1] - OJ, J having the same connota- 


* Received January 11, 1944, 
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‘tion as above; 2 lim | Fa! = m, and showed the existence of a positive k, 
z(e% )—> 
again independent of m and J, such that (1.1) held for the f(z) considered 
and ze $. In fact, he showed the best value of % for the problem he treated 
to be 1/r and indicated that this was also the best value of k when f(z) is 
actually defined and analytic throughout |z| < 1. The problem was later 
studied under broader hypotheses by R. Nevanlinna [12], Beurling [2], 
Fenchel [4], and Milloux [10], but always with the view to obtaining in- 
equalities having universal constants independent of m and the set Æ where 


lim | f(z)| = m. 
2E 


It should be emphasized that the present investigation is concerned with 
functions analytic throughout the interior of the unit circle and deals with 
m fixed. 


2. Preliminary reductions. Let g (2) be defined, analytic and of modu- 
lus less than one for |z| < 1. Recall that g(z) can be represented + by 
= 1 ("etz 
(21) ef, +, 
where (8) is defined and monotone non-increasing for 06S 27, À is a 
real constant and (2) is defined to be (a) identically equal to one if g(z) 
has no zeros for | z| <1, (b) the finite product 








ae Oy, Oe — 2 
2.2 wenn 
2-1 | Lx | q= Xx2 
if g(z) has a finite number of zeros &,,° - * , ar, multiplicities being counted 


as usual (if any % = 0, then the corresponding factor is to be replaced simply 
by z), (c) the Blaschke product ? 





O x Oy — Z 
2.8 —— = 
( ) 11 | | 1 — 2 


if g(z) has an infinite set of zeros &, &:,* * +, the same conventions prevailing 
here and throughout the discussion as in the case of the finite product (2.2). 

Suppese now that fo(2) e Fm is extremal and that Eo is a corresponding 
E-set By means of a trivial normalization it may be assumed that fo(r) 


ı This is essentially the representation due to Herglotz [6]. Cf. Evans [3] and 
R. Nevanlinna [11] for accounts of this representation. The use of the Poisson-Stieltjes 
representation is not necessary in this connection but is suggestive froma physical point 
of view. 

* An exposition of the theory of Blaschke products as well as of the products (2. 2) 
is to be found in Julia [7]. 

® The proof of the existence of an extremal function and an associated E-set is 
readily established and will be omitted. 
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== M(f,;r). The object of the present section is to show that, subject to this 
normalization, the set [— 1 < x = 0] may be regarded as an associated B-set 
of fo(2). Define *(z) to be identically equal to one if fo(z) is free from 
zeros; 





2, 3 m i alte a | +e 
if fo(z) has a finite number of zeros %,° °°, Zn; 
LE | % | +z 
(2.4) OLE 
if fo(z) has an infinite set of zeros 21, 22," °°. Now let h(z) denote 
i — 2 
(2.5) h(z) =#"(z) exp { ws =f dp. (6) 
where »(@) has the connotation of (2.1) for fo(z). If ze Ho, then 
(2. 6) |a(— i2] SI fol), 
and : 
(2.7) i h(r) & fo(r), 


equality prevailing in (2. 7) if and only if A(z) ==fo(z). These facts may 
be readily ascertained by the use of standard inequalities for expressions of 
the form 





= (lel<ı) 


and for the Poisson-Stieltjes integral (inequalities of the Harnack type). 
Inequalities (2.6) and (2.7) imply, respectively, that A(z) ¢ Fm with 


[— 1 <2 0] as an associated E-set and that h(z) is extremal. Since the 


strong inequality prevails in (2.7) if h(z) s@fo(z), it follows that, if fo(z) 
is extremal, then h(z) ==f.{z), and hence 


THEOREM 2.1. If fo(z) is extremal and is so normalized that M (fo; r) 
= fo(r), then [—1< 20] is an associated E-set. 


3. The qualitative characterization of the extremal function. If f(z) 


is extremal and normalized as in 2, then fo(z) is also an extremal function 


for the following problem. 


PROBLEM. Let f(z) be analytic and of modulus less than one for | z| < 1. 
Further let it be required that | f{z)| Sm < 1, m being a given positive 


y 
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number less than one, for z real and non-positive (-1<2=0). Finally 
let r be real and lie strictly between zero and one. It is required to determine 


Lu. b. |f(r)! 
{f} 


and the associated extremal functions. 


This problem has been studied qualitatively by the author,* the pertinent 
results being summarized in 


THEOREM 3.1. If f(z) is so normalized that f (r) > 0, then there exists 
an eatremal function, d(2;m,r), and it is unique. It has the following 
properties: 

(a) p(z;m,r) is a Blaschke product; 

(b) (2; m,17) has an infinite number of zeros, all simple and negative ; 

(c) (z; m,r) is real for z real; 

(d) on the real azis between successive zeros of p(z; m,r) there exists 
a unique point where ¢? = m?;, 

(e) $(0;m,r) =m, #'(0; m,r) >0; 

(£) dd’ has simple zeros at the points whose existence is affirmed in (d) 
and has no other zeros; 


(g) the zeros of $#— m? are z —0 and the points defined in (d), and 
there are no others. 


Let it be agreed that G[w(z)] will denote the Riemannian image of 


|z| <1, with respect to w(z), where w(z) is understood to be analytic for 


Lee 

From Theorem 3.1 thie structure of G[¢] can be readily inferred. It 
follows from (£). that G[¢] has branch-points only over — m and m. Con- 
sider now the Riemann domain § lying over | w | < 1 which is.defined as 
follows. Let S, denote the open simple disk | w | < 1 slit along the real axis 
from — 1 to — m, and let Sx (k = 2) denote copies of the open disk | w | < 1 
slit along the real axis from — 1 to — m and from m to +1. The Riemann 
domain $ is constructed by joining the upper bank of the slit of $, to the 
lower bank of the left-hand slit of S and the lower bank of the slit of S; to 
the upper bank of the left-hand slit of S2, then by joining in the same fashion 
the banks of the right-hand slits of Sz and S3, then the banks of the left-hand 
‘slits of S; and Sa, and so forth. The Riemann domain, S; obtained in this 


4 Of. M. H. Heins [5]. 


216 MAURICE H, HEINS. 


fashion is simply-connected and bounded. Hence by the fundamental mapping 
theorem of conformal mapping there exists a function w == ®(2;m) which 
is analytic and of modulus less than one for |z| < 1, which satisfies the 
normalizing- conditions: 


D(0;m) =m, (03m) > 0, 


and maps | z| < 1 onto the Riemann domain 8. - 
Consider now the relation 
(3.1) © Efy(z);ml = (z; m,r) 


where ÿ(z) is normalized to vanish at z = 0. It is readily inferred from the 
structure of Ss=G[#] that there exists a function, y(z), which is analytic, 
single-valued, and of modulus less than one for |z| < 1, which vanishes at 
z = 0, and satisfies (3.1) identically for all z in |z| <1. Next, from the 
structure of S and the normalization requirements imposed on ®, it may be 
inferred that ® is real and monotone increasing for z real and positive, and 
that ® is real and of modulus not exceeding m for z real and negative. Finally, 
y(z) is real and positive (in fact monotone increasing) for z real and positive. 
Hence ®(2;m) is a competitor in the extremal problem proposed at the 
beginning of this section. Also y(r) Sr (0 <r < 1) where equality prevails 
if and only if Yy(2)==z. From (3.1) and the enumerated properties of ® 
and y it follows that 


(3. 2) Prism) Solr; m,r) =B(y(r);m) S P(r; m). 


Hence y(r) =r, d&(2;m) =¢ġ (2; m,r), and S= Ge]. One important con- 
sequence of this result is 


THEOREM 8.2. The extremal function (z; m,r) is independent of r. 


For the remainder of the present paper the extremal function will be 
denoted simply by d(2; m). 

The information obtained about the structure of @[$] will be very 
valuable for the explicit determination of ¢(z;m). An immediate application 
of the present results is a recurrence relation for ¢(2; m) which may be found 
as follows. Consider the function ¢*(z) defined by 

st Pam) EM, 
(3.3) [6* (2) = en; p*(0) > 0. 
The function ¢*(z) may be continued to be analytic throughout |z| < 1, 
since at the points where #(2;m) =—m it is true that ¢’(z;m) has a 
simple zero. The Riemann domain, @[#*], has the same ramification proper- 
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ties as G[¢] except that the branch points are now over V 2m/(1-+- m?) and 
— V2m/(1-+ m*). The conditions (3.3) imposed on ¢*(z) imply that the 
derivative of $* (z) at z==0 is positive. Hence $*(z)==6(2; V2m/(1-+ m?)) 
and (3.3) yields 
PAET ET p(z5m) + m 
. } 2 2 

(3. 4) [p(23; V2m)/(1 + m?))] ass REET r 

4. The determination of 9(%;m) by a process of successive composi- 
tions of rational functions. In this section an algorithm will be developed 
for determining ¢ (z; m) as the limit of a sequence of rational functions. One 
noteworthy feature of this algorithm is that each member of the sequence 
`- provides a majorant for (r; m) (0 <r < 1) and hence furnishes incidentally 
an upper bound for M(f:r) where fe Fm. 

Instead of considering ¢(z;m) directly, it will be convenient to study 

_ $(43m)—m 

(4.1) w(z) = en 
The structure-of the Riemann domain, G[w], is the same as that of @[&] save 
that the ramification points of Gle] lie over 0, and —2m/(1-+ m?). Let 
p denote 2m/(1-+ m*). Define o:(z) by the: relation | 


(4.2) | [a +a 7 o(2) +4 

j 1 + kıwı (2) 1 + uu(z) ? | 
and the requirements: w,(0) == 0, w’,(0) > 0, kı being real and so determined 
that these conditions are fulfilled.® It is clear that, subject to these con- 
ditions, kı? = p and on differentiating (4.2) with respect to z that 
oi(0) +h | (1 — #1?) 0's (0) sat (1 — p) (0) 
1+ kyoi(0) = [1 + kio (0) }? [1 + po(0) ]? 


k (1 — k:2)o'i (0) = (1 — p?) (0). 





2 


or 


Hence k, > 0 and is equal to Vu. With k, so specified, w,(z) is uniquely 
determined as a function analytic and of modulus less than unity for | z| < 1. 
A study of the Riemann domain, @[o:], yields the result that @[o,] has the 
same structure as @[o] but with its ramification points lying over 0.and | 
— (2V p/ (1+ a)); (2Vp/(1+ p) will be denoted by m). From (4.2) 
it follows that ,(z) is real, monotone increasing and positive for z real and 
positive since w(z) itself has this property. But then from (4.1) and (4. 2) 


sIt is to be observed that this is essentially the device used by Koebe for estab- 
lishing the fundamental mapping theorem. 
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ort Vp ) (Fe) 
ER je 
a oe VER N Nr. 
1 + mu(?) 1+ (FE) (AE) 
1— mp ET Veo 
( w + Ve )—m 
Ler Ve w 
ws (are) 
1+ Vp w 
and since, by Schwarz’s lemma, wı(r) < r for r real and positive, a rational 
majorant for ¢(r; m) is given by replacing e(r) by r. Hence 


— 
— 


(4. 4) p(r;m) < — ( r i: Ve ) ° 
1+ Ver 
The process applied to w(z) to determine w,(z) may now be applied to. 
0,(2) with u, Wi, 0:(2), 2(2z) replacing p, ki, (2), w:(2), respectively, 
in (4.2) and the conditions w2(0) —0, w’2(0) > 0 replacing the analogous 
conditions on wı(2). This process can be continued step-by-step indefinitely 


yielding a sequence of functions {wz(z)} and a sequence of positive constants 
{px} (k == 0,1,- > -) where | 





= _ BV N 
(4. 5) Ho == fy ia? — IE (k = 0, 1, ); 
Š ‘ ee 9 
4.6 ER [Se] te A T 0. 
( ) wo ( )=u(z) ars 1 + po ( 3 }; | 
and I 
(4.7) on(0)=0,  wx(0) >0 (k = 0,1," °°). 


Let gx(Z) be defined by 
(2 + Var ) | 
ep oe eer oe —— pie 
IH VmZ/ 
1 (= + V px ) 
— rk ee 
1+ Vez 
and let Qx(Z) be defined by the relations 


(49) Qo(Z)==q0(Z)3 QZ) = Quslqe(Z)] (1,2, >). 


(4.8) (2) = 


Ae 


ei DS 
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It is an immediate consequence of these definitions that 


(4.10) pme PER ee). 


An argument of the type used to deduce (4.4) yields the following sequence 
of majorants for d(r:m) (r real and between 0 and 1): 


| Qr) rm o BEE E 
(4. 11) p(r; m) < 1 A mQx(r) (k Su 0, 1, J: 
It is natural to conjecture that, 
Qr(2) + m 


ms) 
- This may be proved from properties of Qx(z) resulting solely from its defini- 
tion. From (4.9) it follows that the degree of Qx(2) is 2***. Second, consider 
the image of the a [— pu S & 0] with respect to Qu(x). Fork=(, 
the image of [— m 2 & 0] with respect to Qu (x) is ee Sus 0}. This 
may be seen by observing that the minimum value attained by Q(x) for real 


for |z| <1. 


æ is — y and that this minimum is attained at t == — Va p. which evidently 
satisfies the u, 











To obtain the image of [— m SS 0] w with respect to Q(x), recall that 
Q(z) = Qolgi(z}] and observe that the image of [— p <x<0] with 
respect to ı (x) is [~m SX 50]; this last remark follows by the argument 
used on Qo(x) and [—y, a0]. Hence the image of [m SıS0] 
with respect to Q (z) is [-» Su=0]. By observing that the image of 
[— mn S e SS 0] with respect to gr(æ) is [— px SX=0] and recalling the 
defining relations (4.9) the proof of the original assertion is established. 
To complete the proof of the conjecture, note that lim up = 1 (this fact 


follows from the elementary observation ‘that {ux} is a positive monotone 

increasing sequence with limit pë S 1, and that p* = 2V e*/(1 + p*)). Let 

{Quin (2) } denote any subsequence of {Qz(z)} which converges for |z| <1 

and let @*(z) denote the corresponding limit function. Since for each k 

(k= 0,1,2,-- +) the image of [— mu S20] with respect to Q:(z) is 

[— Su 0] and since lim px = 1, the limit function Q*(z) must have 
> OD 7 


the property that the image of [—1 < sS 0] with respect to Q*(z) must 
belong to the interval [-aSu=0]. Hence the function 


Dor A 
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Q*(z) + m 
1 + mQ*(2) 


must be a competitor in the extremal problem of 3. But then it is clear that ~ 


Q” (r) +m 
a) SA 


and on the other hand - 11) implies 


Q*(r) +m 
ms LOS. 
In other words, 
an O*(z) +m 
p(z;m) — 1 + mQ* (z) . 


Now the sequence {Qz(z)} does converge. If it did not, there would exist > 
two subsequences with distinct limit functions. However the argument just 
applied to Q*(z) shows that any limit function must coincide with 


p(z; m) — m 
1—me(z;m) ~ 


Hence lim Qx(z) exists for |z| < 1 and stands in the indicated relation 
k->00 | | 


to (2; m). 


THROREM 4.1. If f(z) e Fun, then Mf; r) < wot (k = 0, 1, 2, 


+). Further, the sequence {Qx(z)} converges continuously for |z| < 1 and . a 


lim n Q(z) +m 
Í == m lim Qi(z)] ` 


(2; m) = 
5. The representation of $(z; m) as a Blaschke product. Let B(z; m) 
denote ¢(—-2z*;m). Clearly B(z;m) is a Blaschke product which is even 
and has all its zeros simple and real. Another consequence of ‘the definition 
of B(z;m) is that | B(z;m)| has m as its maximum between successive 
zeros of B(z;m) (for z real). The Riemann domain, G[B(z;m)], is com- 
pletely ramified (the covering is always twofold locally) over m and — m. 
Hence if æ denotes the smallest positive zero of' B(z;m), and if T denotes 
the linear fractional transformation of |z| < 1 onto itself with fixed points 
— 1 and +1, which carries — g into «, then 


(5.1) B(T; m) =—B(z;m). T 
The zeros of B (z; m) are therefore {T*a} (k = 0,1,2,- "5 —1,—2,- - .), | 
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For by (5.1) T*a is a zero of B(z;m) for every integer & Nor can there 
be any other zero since such a zero would have a homologue with respect to 
some integral power of T strictly in the open interval (—«,@) and this is 
contrary to the definition of œ. It now remains to determine « and T in 
terms of m. 

The transformation 7’ may be expressed in the form 


Pa — 1 3 — 1 


Doi ed (à real, O<A <1). 








(5.2) 


— 2 Fe - 
The condition, T (— a) = a, implies that A = G=) . Hence T* is given by 























Tea — 1 1— a\% z—1l 
(5.8) menti (ir) +1 
or - 
1—a\% /l1—z 
a a) Gy 
Gi Pam fi oe fie) 
1+ (iss) (3) 


Since B(z;m) is an even Blaschke product which is positive for z == 0, it 
must necessarily be given by 

00 ( T*a) 2___ x2 
(5. 5) B(z;m) = Tl 1 — (Ta) ?2? * 
The value of x is determined by the condition B(0;m) =m. In other words, 
the relation | 








Ya =)" 2 
1+ (754) 


must hold. It is readily verified that there exists a unique real « lying between 
0 and 1 which satisfies (5.6) for a given positive m less than 1. This may 
1—«@ 
1+ a 
carries the interval (0 << « < 1) into itself and that the infinite product 





be deduced by observing that the linear fractional transformation « 


É m er | 
Po =U |] 


k=0 T: -+ pth 


is analytic for |r | < 1 and defines a monotone strictly decreasing map of the 
interval (0  r < 1) onto itself. As a matter of fact, the inversion of P(r) 
is a classical problem in the theory of theta functions. 


4. 
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To recast the present problem in terms of the theory of theta functions, 
recall the following definitions and identities. The functions 0a(u) and 0s (u) 
with parameter r (|r| < 1) can be defined by 
(5 7) 6,(u) = 1 — 27 cos Bru + Art cos éru — 27° cos bru +: : ; 

\ Pau) = 1 + 27 cos ru + Pr! cos 4ru + 2r? cos bru + + * +. 
For each r satisfying | r| < 1 the functions #,(w) and #,(w) are entire in u. 
For the present purposes the following identities are significant: 


CO 
_ fu) = CTT (1 — Rr cos Qaru + 7?) ; 
0 
(5.8) 


© 
ba (u) =C H (1 + Ar! cos Bru + r), 


where C is independent of z and is obviously not zero—its exact value is of no 
concern for the problem at hand—and 


(0) = C TI (1— >; 
(5.9) z 

B.(0) = CTE (1 + 7%)? 
From (5.6) and (5.9) 
(5.10) m = 8,(0)/8,(0) 


where the parameter r is equal to (1—«)/(1<+ a). The formulas (5.8) 
will be employed in 6 to represent (2; m) in terms of the functions 6, (u) 
and 6; (u). d 

With « assumed determined as a function of m, $¢(2;m) may be ex- 
pressed immediately as a Blaschke product. The definition of B(ż; m) and 
the formula (5.5) imply 


ss © (Ta)? +z 
(5.11) $(z;m) == I] 1 + (Tea) 2° 
È (Tha)? +2 


Note that the sequence {¢y(z)}, where dx (2) = , is monotone 


| io 1 + (Tra)’e 
decreasing for any z real, positive, and less than 1. Hence ¢y(r) furnishes a 
rational majorant for M(f;r) where fe Fm for N = 0,1,2, >+. By way of 
comparison with the methods developed in 4, it is to be observed that the 
determination of the coefficients of y involves the transcendental operation of 
computing « in terms of m, whereas the coefficients of Q(z) may be found 
by essentially “ algebraic ” operations. 


° Following the notation used by Whittaker and Watson [16]. 
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6. The representation of (z; m). in terms of theta functions. With 
r=(1—e\/(1+«) formulas (5.4) and (5.11) imply 
i 1 — pkt \2 
oo (G = ==) +2 
(6.1) $(2;m) el ne — 
&=0 1 + ( T ) z 
1 + kr 
x (1 — r)? -4 z(1 -+ Tik+1) 2 


pime (1 + r) F z(1 — pH)? 


= fy HA Br) el He) 
Zee (1 + z) + Rr (J —.2) + ght? à + z) 


1 — Ir (j=) + pike? 


or 


=TI 
k=0 2k+1 1 — Z 4k+2 
| 1 + 27% (=) + 
and by (5.9) 
(6.2) : p(z;m) = 05 (u) /8s (u) 


where + is the parameter of both @(u) and 0 (u) and cos ru 


= (1—z)/(1+2). 


7. A hyperbolic analogue of the Tchebycheff polynomials. It has 
been observed in 5 that G[B(z; m) ] is completely ramified over m and — m, 
having only branch points of order one over these points. Recall the structure 
of the Riemannian image of the finite z-plane with respect to w = cos z, which 
is completely ramified over + 1 and — 1 with branch points of order one, and 
which is locally simple over every other point of the finite w-plane. On the 
strength of the analogy between the structure of G[B(z; m) ] and the Riemann 
surface for cosz, it is natural to conjecture that in many respects B(z; m) 
plays much the same role in the theory of functions which are analytie and 
bounded in the interior of the unit circle that cos z plays in the theory of 
entire functions. The similarity of the roles played by B(z;m) and cosz 
will be brought out in two extremal problems to be considered. The first is 


PROBLEM. To determine among all (1,n) directly conformal maps, 
(2), of |z] < 1 onto itself those for which 
max | ra(z)| 
-rSrr 
is least and the corresponding écart. Here ns a given positive whole number 
and r is a given positive number less than one. . 
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This problem is a hyperbolic analogue of the problem of em the 
Tchebycheff polynomials from their extremal properties. 

The first question that must be settled is that of existence. Let p(n) 
denote g.l.b. [ max | ra (a) |]. The class of functions consisting of all con- 


an (z a 
stants L modulus one and all directly conformal maps of | z| < 1 onto itself 
which are of degree not exceeding n is compact. Hence it may be shown by a 
familiar argument that there exists a member of this class, r*+ (2), of degree & 
(0S k Sn) for which 


(7.1) a are) | = p(n). 


The degree & cannot be less than n. Otherwise the function ae eNe would 
belong to the class {”„(2)} and would be such that 
mer | arr, (a) | < p(n). 
Hence there exists an extremal function in the class {wa(z)} for the present 
problem. A typical extremal function will henceforth be denoted by w*n(z). 
Qualitative properties of a typical extremal function may be readily 
determined. Of central importance among such properties for determining 
p(n) and the extremal functions themselves are: 1° the location and the 
nature of the zeros, 2° the location of the points on (—r=r=r) where 
| r*,(2)| attains p(n). Recall that a (1,n) directly conformal map of 
|z] < 1 onto itself may be represented by 


(7.2) (2) =e" Il o (8 real; | as | < 1, k = 1,2, 7 ",n). 
ini L— Gz 

With the aid of this representation it can be shown that all the zeros of r*,(2) 

are real. This will be demonstrated by using the inequality _ 


| t— Ra 
1— (Ra)z 


where z is real and satisfies — 1 < x < 1. The inequality may be established 
by direct analytical verification or else by noting that the non-Euclidean circle 
centered at x and tangent to the Euclidean straight line Rz = Ra does not 
contain g in its closed interior. On referring to the representation (7.2) one 
can see that by virtue of (7.3) if any zero of r*,(z) is not real, p(n) would 
be diminished if that zero were replaced by its real part. 

Furthermore, every zero of r*,(z) must lie in (—-r<z<r). Suppose 
that æ, a zero of r*, (2), satisfied | «| =r. Then, if a were replaced by « = pa 
where p is real and less than but near one, the value of p(n) would be 


T—G% 
Vs ae 





9) < IRal<lel<ı) 
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diminished. Also the zeros of x*,(z) are all simple. To see this suppose that 
B is a multiple zero of r*n(z). Let £, and B, satisfy: 1° —r < Bi < B < Bo 
<r; 2° À — B1)/(1 — Biz) * (Be — &)/(1 — Br) < p(n); 


8° (B — B:)/(1 — Bı) = (B: — B)/(1 — BB:). If the alleged factor, 
((z— B)/(1 — Bz))*, of w*n(z) were replaced by (z — 8B1)/(1 — fiz) 
- (2— B2)/(1 — Bez), the resulting function would be such that its écart on 
the interval (— rar) would be less than p(n). This is certainly true 
for Ba < e S ba by the choice of 8, and B2 On the other hand, for those x 
which satisfy either — r = x < £ or B2 < z =r the readily verified inequality 


i zt — fr: | T — Bs z—B y 
(7.4) 0 < 1— fz 1 Bar = = 





prevails. Hence the écart on the interval (—r=<zx<r) of the function 
replacing m*»(z) would be less than a(r), and this is contrary to the definition 
of p(n). | 

If #*n(2) is subjected to the normalization, 7*,(1) = 1, then =*„(z) is 
real for z real. Since r*,(z) is of degree n, all the zeros of dr*,/dzin|z| < 1 
are accounted for by the points of relative maxima of | r*, | between successive 
zeros Of r*, there being precisely one zero of dr*,/dz2 between successive zeros 
of rn `The value of |r*,(z)] at these positions of relative maxima and 
minima as well as at z = — r, r is p(n). Suppose, for example, that r*;(r). 
< p(n) (it should be observed that =*„(r) > 0 by virtue of the normalization 
to which =*„(2) is subjected) and let the zeros of =*n(2) be denoted by 
1, Lo, © ° 3 An where ` | 


— TH BL <a LT. 


If a were replaced by @’n in r*,(2), where @”, is real, less than and sufficiently 
close to %, then the resulting function would be such that the maximum of 
its modulus on the interval (—r = sS r) would be actually less than p(n) 
and this is impossible. A similar argument would apply if | «*.(—r)| 
< p(n). There remains for consideration the relative maximum of | 7*,(<)| 
between a and G1 (k = 1,2,"  ',n—1). Let yx denote the zero of dr” „/dz 
lying between o, and a1 (k == 1,2,- + -,m—1), and suppose that | r*,(2,)| 
< p(n) for some index ky. Replace ar, and hur by ox, and ari respectively 
in w*,(z), where a, and dx, satisfy the following conditions: 1° oz, < om, 
<L Okul L A mr 2° Ox, 18 SO Close to a, and Xk is so close to % 1 that the 
maximum of the modulus of the replacing function for dx, < T < o”%,41 is less 
than a(n); 3° the non-Euclidean distance between oz, and a, is equal to the 
non-Huclidean distance between aus and rai The effect of 3° is that 
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17 
yb 0 Ron T — À Kor T — Oko T — Akori 
( . ) < i o gre ES 
= — g kot 1 — korit 1 — Ak 1— Orori” 


for — 1 <T < dy, and ror <s <1. The function replacing r*,(2) under 
this change of zeros would be of modulus less than p(n) for —r=<x<7r, 
which is impossible. To sum up, 


THEOREM 7.1. There exists a (1,n) directly conformal transformation 
of |z| < 1 onto itself such that the maximum of its modulus on the interval 
(—r=<z£r) (0<r<1) is equal to p(n) =g.1.b.| max A an(z)|] where 


Tn Z -rZ1Zr 


T(z) denotes a (1,n) directly conformal map of | z | < L onto itself. Further, 


if a"n(z) denotes an extremal function for this problem so normalized that 
m*n(1) = 1, then w*n(z) has the following properties: 

1° a*n(z) is real for z real; 

2° the n zeros of r*n (2) ‘are all simple and lie m (—r<zx<r); 

3° nl) =p(n), |w*n(—r)|—pl(n), the maximum of |*n(z)| 
between successive zeros of m*n(z) is equal to p(n), this value being attained 
by | «*n(x)| at r, -—r, and the zeros of da*n/dz; 

4° the zeros of dx*,/dz are simple, and there is precisely one zero of 
dr*,/dz between successive zeros of w*n(z), and there are no others. 


It should be remarked that |”*„(z)| = a(n) only at those points enu- 
merated in 8° since 7*,(z) is of degree n. The structure of the Riemannian 
image of the extended plane with respect to w —7*n(z) is completely specified 
by Theorem 7.1. Since the derivative of m*a (z) at z = 1 is positive, it follows 
from the uniqueness theorem of the theory of the conformal mapping of simply- 
connected Riemann surfaces that »*„ (2) is uniquely defined by its normaliza- 
tion and its extremal property. Hence 


THEOREM 7.2. The normalized extremal function of Theorem 7,1 is 
unique and hence is odd if n is odd and even if n is even. All the extremal 
functions are given by eitr*, (2) (0 real). 


There remains to be considered the determination of p(n) and r*,(2). 
They may be found by the following argument.’ Consider the function ®(z) 
defined by i 


(7.7) (2) = r*nlB(2;r)]. 


An analysis of ®(z) reveals that (z) = B[z; p(n) J. 





7It is readily seen that a(l) =r and r*,(2) =z. It will be assumed for the 
remainder of this section that n > 1. 
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This mey be seen by first noting that B(0;r) =r implies (0) = p(n). 
Second, the structure of G[®] may be readily inferred from the structures 
of @[B(z;r)] and G[r*,]. From the definition of B(z;r) as ¢(—23r) 
(5), G[B(z;r)] may be constructed with the aid of a set of simple open 
disks, Sx, (4 = 0,1, 2,- 5; —1,—-2,° - -), where each Sẹ» consists of a copy - 
of | w| <1 slit along the real axis from — 1 to —r and from r to 1. In 
order to obtain G[B(z;r)] the upper and lower banks of the right slit of Sy 
are joined to the lower and upper banks respectively of the right slit of Shs, 
and the upper and lower banks of the left slit of Sx are joined to the lower 
and upper banks respectively of the left slit of &. for k= 0, + 2, + 4, 
“+, the Riemannian domain so obtained being G[B(z;r)]. From the 
descriptive properties of x*,(z) developed in the present section G[r*n] 
may also be constructed. Let on (A= 1," * >, 7) denote a copy of the open 
disk, | w | < 1, slit along the real axis from — 1 to — p(n) and from p(n) 
to 1. Then G[r*,] may be formed from the ox as follows. The upper and 
lower right banks of s, are joined to each other; then the upper and lower 
left banks of o, are joined to the lower and upper banks respectively of oo. 
If n= 2, the upper and lower right banks of o2 are joined to each other. 
If n > 2, then the upper and lower right banks of o, are joined to the lower 
and upper banks respectively of os, etc. In on one slit remains and the upper 
and lower banks of this slit are to be joined together. If n is odd, it is the 
left-hand slit, otherwise the right-hand slit. The validity of this construction 
is guaranteed by the general properties of (1,2) directly conformal maps of 
the interior of the unit circle onto itself and the particular ramification proper- 
ties of m*„(z) already enumerated. | 

It follows from this discussion that the Riemannian image of each Sp with 
respect to #*„(2) consists of a copy of @[r*„] with o, slit from p(n) to 1 
and o, slit from p(n) to 1 if n is even, or from — 1 to —u(n) if n is odd. 
Hence if G%[r*,] denotes the Riemannian image of 8x with respect to 
mn (2), G[®] may be constructed in terms of the G9 [a"n] by connecting the 
latter along their slits in the following manner. Let it be agreed that the 
right slit of o,® of GO [r*a] (on™ having the connotation for G@[r*,] 
that ox has for G[r*,]) is to be connected to the right slit of o:() and that 
the as yet unconnected slit of on) be connected to the corresponding slit of 
o»), upper and lower banks being connected with lower and upper banks 
respectively. The next step is to connect the available slit of on“ to the corre- 
sponding slit of én ®© and the right slit of 0, to the right slit of c”, again 
with the same type of connection between upper and lower banks. The process 
is to be continued in this way step-by-step. In this manner it is seen that 
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G[®] and G[B(z; n(n))] are identical. Thus, since &(0) = B(0;p(n)), 
D(z)=B(eïfz; p(n)) (8 real). Now 8=0 (mod x) ; this may be established 
by noticing that the zeros of (z) are to be found from those of B(z;u(n)) 
by multiplying those of the latter by e“; all the zeros of ®(z) and B(z;u(n)) 
being real, the assertion follows., Since B(2;»(n)) is even, ®(z) =B(z;p(n)). 

The following argument determines a(n) and the zeros of 7*,(z). Let 
T, denote the linear fractional transformation of |z| < 1 onto itself asso- 
ciated with B(z;r) as T is associated with B(z;m) in 5 and let X, denote 
the associated multiplier (cf. (5.2)) 5 similarly let Tan) and Apu) have the 
corresponding connotations for B(z;a(n)). From (7.7) it follows that the 
cyclic group generated by T, is a subgroup of the cyclic group generated by 
Tue. Hence Tr = Traum for some positive integer k. Actually k =n. 
This may be seen by noting that B(z; u(n)) has precisely k simple zeros in 
the interval (0 < s< T¥um,0) or, what is the same, in the interval 
(0<2<T,0). Now B(z;r) is monotone decreasing for (0S 27,0) 
and B(O;r) =r and B(T,0;r) =—r. Since the n zeros of w*,(z) are 
located in the open interval (—r,r), r*,[B(x;r)]=B(x;p(n)) has n 
simple zeros in (0 < x < 7,0). Hence k =n. A consequence of this result 
is that Apn) = Ar”. On reference to (5.6), the value p(n) may be obtained 
at once. It is | 


00 À; (2k+1) /2n “7 2 
ae, a(n) = [nr | 


Also the Blaschke product for B(z; u(n)) may be written down at once with 
the aid of (5.4) and (5.5). 

The extremal function, r*,(2), will be “specified” once its zeros are 
given. These may be found from the identity already employed: 


(7.9) B(z; p(n)) = z*a|B(z;r)]. 


On the interval (0 < x < T,0), B(z;p(m)) has n simple zeros. In fact, 
they are T 9/20 (k= 1,2, - -,n). Since B(z;r) is (1,1) on the 
interval (0 S S T,0), the points BIT 8)"0;r] (4 =1,2,---+,n) are 
distinct, lie in the interval (——r < x <r) and hence by (7.9) are the zeros 
of w*,(z) and there are no others. The argument is complete. 


Remark I. This discussion may be paraphrased for the theory of ordinary 
Tchebycheff polynomials with the starting point of the discussion being the 
definition of the Tchebycheff polynomial as one which enjoys the extremal 
property usually associated with it rather than the ad hoc definition 


Ta (£) = cos (n arc cos x) /2", 





i 
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Remark II. It should be noted that the class of competing functions 
{a*n(z)} is not convex. Hence the useful property of convexity available in 
the theory of ordinary Tchebycheff polynomials may not be employed here. 
The full force of the proof is to be found in the representation (7.2) of a 
competing function, in the associated discussion of the location of the zeros 
of an alleged extremal function, and in the ramification properties of the 
mapping it defines. 


8. An extremal problem for functions analytic and of modulus less 
than one in the interior of the unit circle, which vanish at the origin and 
have an assigned derivative there. The second extremal problem alluded 
to in 7 is: 


PROBLEM. Let Ea denote the class of functions, f(z), which are analytic 
and of modulus less than one for |z| <1 and satisfy the conditions: 
1° (0) == 0, 2° P(0) =x, where a is an assigned real positive number less 
than one. Further let (a) =g.l.b.[1l.u.b.| f(z)|]. To determine p(a) 

feEa A<a<i $ 


and the corresponding extremal function? 


This problem may be solved in terms of the function B(z; m) by a proper 
choice of m. Since the solution of the present problem calls for many details, 
the major steps are outlined. 


I. There exists an extremal function for this problem. This may be 
inferred from the compactness of the class Ba. Let p(z) denote a typical 
extremal function. Actually it will turn out that there is a unique extremal 
function. ` | 

II. | $(z)| attains (x) for some z in the open interval of the real axis 
(—1<z<1). 

III. Jn fact, | &(2)| attains p(a) an infinite number of times on the — 
interval (—1 < zx <1). | 

IV. The extremal function is unique. From this stage of the solution on, 
(z) is unembiguous in connotation. | 

V. &(2) is real for z real and 1s odd. 

VI. AU the zeros of (2) are real. 

VII. At this juncture it is convenient to introduce an auxiliary extremal 
problem. Let p(a,7) = gi g max | f(z)|], and let it be required to 


determine properties of the associated extremal function. (The problem of 
determining (a,r) and the corresponding extremal function explicitly is 


8 Cf. Bernstein [1] where a related problem for entire functions is treated. 
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difficult but its solution is not essential for the solution of the major problem 
at hand.) The following properties of the extremal function for this sub- 
sidiary problem are listed without proof.” (a) From the compactness of Ba, 
it follows that there exists an extremal function. (b) The extremal function 
is unique. It defines a (1, k(r)) (E(r) a positive integer) directly conformal 
map of |z| < 1 onto itself. Let it be denoted by y(z;r). (c) y(z;r) is real 
for z real and is odd. (d) The zeros of y(z2;r) are real and simple. (e) At 
most one zero of y(z;r) les to the right of z==r and at most one zero of 
y(z;r) to the left of «= —r. (£) u(a,r) is attained on the real asis by 
| y(z;r)| between successive zeros of b(z;r). (g) The antecedent of the 
closed interval [— u(a,r),a(a,r)] with respect to w—=y(2;17) is a subset 
of (—1<a2<1). (h) ala,r) is monotone non-decreasing for O<r<l 
and lim plar) =u(z). Hence by IV lim y(z;r) == p(z) in the sense of 

VE tT 
continuous convergence for |z| < 1. 

VIII. From VII (g) and (h) it may be proved that the antecedent of 
the closed interval [— »(a), (a) | with respect to w—@(z) is (-1<r<!1). 

IX. At each point of (—1<2<1) where |p |= pn(a), 6 has a zero 
of order one. 

X. From IX it is concluded that #(2) = B[T >z; p(a)] where T has 
the meaning previously associated with it. — 

XJ. p(a) is determined in terms of « from the relation 4’ (0) =a. 


The proof of I will be omitted inasmuch as the argument is standard. 
To establish IT the auxiliary function, 7(2; 8), is introduced, being defined by 


(8.1) 9 (23 B) = zeb Ht) (221) (8 real and positive). 


With this restriction on 8, 7(2; 8) is analytic and of modulus less than one 
for |z| < 1 and in addition has the property that lim n(x; 8) =lim (2; B) 
21 L391 


==(), where x is assumed real and of modulus less than one. If £ is taken 
equal to — log g, then 7{z;8)«H,. Let it be assumed for the immediate 
argument that this is the case. The statement II may be established as follows. 
Suppose that w(a) is not attained by | ¢(z)| on the open interval (— 1 < x 
< 1) and let r be chosen positive and less than, but so close to, one that for 
x real and satisfying rS[a| <1 


(8. 2) | n(@3 B)| = a(a)/2. 
° The proofs of these properties may be supplied by applying the methods of § 7 


of [5]. Since the proofs of the present results are so closely related to those given 
there, they will be omitted. 


§ 


$ 
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Clearly max | b(æ)| < ala). Now consider 
(8.3) B(z;A) = (1—A)$ (2) + M (2; B) 


for A real and satisfying 0 SA S 1. For such A the function (8.3) belongs 
to Ea. For Aà positive and sufficiently small, ®(z; À) satisfies (i) max x | Pa; A)! 


< pla); (ii) Tab: 86; A)| < ale) (x real). Hence Tab, 1; À) | 


< p(a) and this connect the assumption that ¢ (z) is divers ‘I follows. 

The assertions III and IV may be established by a combined argument. 
Let {zx} denote the set of points on (— 1 < x < 1) for which | p(aæx)| = (a) 
and consider the Pick-Nevanlinna interpolation problem *° of determining the 
functions, g(z), which are analytic and of modulus less than one for |z| < 1 
and satisfy in addition 


(8. 4) ga) = (ax),  g(0) —0 


for all indices Æ considered. The following inferences may be drawn from 
the Pick-Nevanlinna interpolation theory. The case where the set {ax} is 
finite will be treated first. If the function g(z) is uniquely determined by 
the interpolation conditions (8.4), then it is rational and defines a (1,K) 
directly conformal map of |z| < 1 onto itself for some positive integer K. 
This is impossible because then $(z) would have the -property 


(8. 5) ae | o(z)|=1 


which is contrary to its definition as an extremal function for the major 
problem under consideration. 

If g(z) is not uniquely determined by (8.4), then the possible values 
of g’(0) for the class of g(z) considered. fill a closed circle containing « Let 
p (<1) denote the largest positive number in this circle. Clearly, «Sp. 
There is a unique member of the class of g(z), say go(z),; which satisfies the 
further condition that g’,(0) =p; go(z) defines a (1, K) directly conformal 
map of |z| <1 onto itself. The assumption, «=p, is untenable by the 
argument used above. If a < p, take Bin y(z; 8) equal to — log &/p. Then 
the function 


(8. 6) : $* (2) == go(2)n(z3 B) /2 
belongs to Fa and is such that for the x, considered 
(8.7) | b*(ax)| < le). 


19 Cf, Walsh [15], R. Nevanlinna [13]. 
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Therefore for à sufficiently small and positive, (1 —A)¢(z) + Ab*(z) belongs 
to Fa and satisfies 


(8. 8) eb ee) + rAP* (x) | < u(a) 


which contradicts the extremal character of (z). Therefore an extremal, 
(2), satisfies III. 

The situation where the set {a} is infinite remains to be considered. 
Again, if g(z) is not uniquely determined by (8.4), the set of possible values 
of g’(0) fills a closed circle, containing « Let p* (< 1) denote the largest 
positive number in this circle. The possibility that æ < p*, is excluded by the 
argument applied to the case where the set {ax} is finite. Hence «= p*, and 
this implies, by the Pick-Nevanlinna theory, that g(z) is uniquely determined 
by (8.4) and the condition 'g’(0) —=«. There remains only the case where 
g(z) is uniquely determined. At all events the only function analytic and 
of modulus less than one for |z| < 1 which satisfies (8.4) and g’(0) =a 
is &(z) itself. | 

Now suppose that (z) is not unique and let ¢;(z) and ¢2(z) denote two 
distinct extremal functions of class Fa. Clearly, [¢:(z) + ¢2(2)]/2 also 
belongs to Fa, is extremal, and is distinct from ¢, and > Let {Xz} denote 
the infinite set of points on (—1< x < 1) for which | hi + ¢2 |/2 =u(e). 
At such points ¢; — (bı + d2)/2 = de. Hence by the result of the pre- 
ceding paragraph | 





(8.9) NO RCE CPE 


which is impossible ; uniqueness is established. 
Assertion V is readily proved by noting that along with ¢(z) both 


(2) and — ġ(— z) are extremal. 

Assertion VI may be concluded in the same manner as VII (d). The 
proof is readily supplied. 

Assertion VIII may be established as follows. Suppose that there exists a 
point 2, of |z| < 1, not on the interval (—1 < v< 1), with (zo) in the 
closed interval [—p(a),»(a)]. Then there would exist in |z— zo| 
< min [| Iz |, 1— | zo|] a point £ such that #(£) would lie in the closed 
interval [— p(a,17), u(«, 7) | for all r less than and sufficiently near one. But 
then by Hurwitz’s theorem, for a given neighborhood of ¢, say N (£), and for 
r sufficiently near one, ¥(z;7) would attain the value $#(£) for some z in 
N(€) and this manifestly contradicts VII (g). 

As for IX, the points of (— 1 < x < 1) where | $#(2)| = (a) are points 


> 
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where (x) has either a relative maximum or minimum, p(x). being con- 
sidered as a real function of the real variable x. At such points # has a zero 
of order one as a consequence of VIII. 

Step X is decisive in completing the proof. Letb(z) denote B(T#z; #(a) ) 
and consider the equation 


(8.10) l=) (O) —0). 


Since b (0) = 0; it follows that (8.10) defines y (z) as a single-valued analytic 
function of modulus less than one for |z| < 1, since G[¢] is completely 
ramified with branch points of order one over'a(a) and —p(«). Upon 
differentiation, (8.10) yields b’(0)#(0) =¢’(0). By Schwarz’s lemma 
| #(0)| S 1. Hence 0 < « = #(0) S b’(0). It is impossible that 
_æ<b’(0), since then («/b’(0))b(z) would. belong to Fa and yet for real z, 
| (a/b’(0))b(z)| S (a/b’(0) )p(a) < ale). This would imply that #(2) 
is not extremal. Therefore since « = b’(0), it follows that (2) =b(2). 

There remains to be considered the determination of (a) and the multi- 
plier of T in terms of « (XI). These questions may be treated by much the 
same methods as those used in 5. As in that section let 7’ be given by 


A= z— 1 





(8.11) I: LATE Fe (OLALI 
Then b(z) may be represented By. 
= 0)? 7, 
O0 1 — r* 2 
Hence «a = JI [T#0]*. But (7*0)? = (=) . It follows that 
k=l 
oo 1 — àk 2 


It is readily seen as in 5 that there exists a unique À (0 < À < 1) satisfying 
(8.13). With À so determined, (2) is given by (8.12). The extremal value, 
e(a), is 5(7°0). The solution of the problem is complete. 


Remark. Related extremal problems may be treated in the same spirit. 
For example, one may consider the problem of determining 


g.1.b. [ Lu.b. | f(z)|] 
feEa Ooi 


and the associated extremal function. The problem treated in this section 
and the one just alluded to are of interest inasmuch as their solutions yield 
precise information on the magnitude of a function of class Fa either on a 
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diameter of the unit circle or a ray issuing from the origin. Thus an easy 
corollary of the present discussion is | 


COROLLARY. If f(z) is analytic and of modulus less than one for |z| < 1, 
and if further f(0) —0, | f’(0)| =a (0 < & < 1), then along each diameter 
of |z| <1 there exists a point at which |f| & u(a). If along any diameter 
|F| Sula), then f(z) = eip (etz), where 0, and 0z are real constants. 


ILLINOIS INSTITUTE OF TECHNOLOGY. 
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THE DENSITIES OF IDEAL CLASSES AND THE EXISTENCE OF 
UNITIES IN ALGEBRAIC NUMBER FIELDS.* 


By AUREL WINTNER. 





‘According to'a terminology customary in the analytic theory of numbers, 
the “depth” of an asymptotic law concerning integers or ideals is measured 
in terms of the (specific) arithmetical information needed in. the proof. 
Correspondingly, the varying degree of complication in the: (general) ana- 
lytical theorems of the Tauberian machinery involved is not taken into 
account by this principle of classification. In this technical sense, the prime 
number theorem ‘is deeper than Mertens’ asymptotic formula, not because a 
Tauberian theorem relevant for the former requires a proof which happens 
to be longer than the proof of a Tauberian theorem sufficient for the latter, 
but merely because the former does, and the latter does not, depend on a cer- 
_ tain arithmetical information; namely, on one involving the location of the 
‘zeros of f(s). 

For the “elementary” laws of algebraic number fields, it is natural to, 
consider a corresponding principle of classification, by isolating the theorems 
which can be proved without involving the arithmetical fact represented by 
the existence of a complete system of unities or of an associated lattice. In 
particular, the Dirichlet-Dedekind theorem, concerning the ergodic distri- 
bution of the integral ideals over the various ideal classes of the field, appears 
to be less “deep” (that is to say less arithmetical) than an asymptotic esti- 
mate involving such results as Minkowski’s theorems on diseriminants. How- 
ever, it is another matter to prove that such is the case. In fact, the classical 
proof of the law of Dirichlet-Dedekind depends on the arithmetical theorem 
concerning the existence of a lattice. 

Thus it might be of interest for algebraists that they are overestimating 
precisely the “algebraical depth” of the Dirichlet-Dedekind theorem, since 
the theorem.on the existence of unities (lattices) is superfluous in the proof 
for the existence and the equality of the densities of the various ideal classes | 
in an arbitrary (finite) algebraic number field. - 

The resulting proof is not recommended for class-room purposes. It cer- 
tainly is not simpler than the classical proof. However, it would be about as 
ineaningless to state that the latter is simpler than the former. In fact, one 


_ 
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could say that the classical proof is “simpler” only at the cost of introducing 
the deep, that is to say arithmetical, circumstance that there exists in the field 
a complete system of unities, transforming the problem into what Minkowski 
calls a macroscopic volume-evaluation. But it turns out that, historically, 
this röle of the theory of the unities was that of a deus ex machina (even 
though, according to Furtwängler, the theory of algebraic numbers can to-day 
be developed so as to be based on a lattice). 

It seems to be of interest that the legitimacy of this methodical point of 
view is fully supported by the historical development. In fact, when Dirichlet 
introduced unities into his (quadratic) fields, his sole purpose was the proof 
of the class-number formulae. But the latter are identical with what results 
if the Dirichlet-Dedekind relations of an arbitrary field are particularized to 
the case of a quadratic field. In Kummer’s adaptation of Dirichlet’s theory to 
cyclotomic fields, the röle of the unities appeared in a form less pure, since it 
was interwoven with the algebraic affairs of Fermat’s problem. However, in 
Dedekind’s extension of Dirichlet’s work to arbitrary fields, the introduction 
of the unities served again no useful purpose distinct from the one for which 


Dirichlet originally devised it in his particular case. For the modern algebraist _ 


who cares for generalized theories of unities for the unities’ sake, this may 
not be easy to believe, but he can convince himself by turning over Dedekind’s 
supplements [1] or Minkowski’s historical sketch [3]. 

The ironical twist of historical development, which ‘first makes mathe- 
matics devise a theory for a definite purpose and subsequently leads to other 
concrete ends (this time to Minkowski’s geometry of numbers) but ultimately 
proves that the introduction of the theory was superfluous exactly for the 
original purpose, is not of course an uncommon occurrence. That it presents 
itself in case of the Dirichlet-Dedekind theorem, can be proved as follows: 


With reference to any ideal class C of a fixed algebraic number field 
K = K (a), let f(n; C) denote the number of the integral ideals which are 
contained in C and have a norm not exceeding n, where n = 1, 2,- +. Then 
the assertion to be proved is that the ratio f(n; C)/n tends to a finite, non- 
vanishing limit, say A; and that, in addition, this limit À == Ax is independent 
of the choice of Cin K. | 

Let F(n;C) denote the number (Æ 0) of the representations of n as 
norms of (integral) ideals contained in C. Then it is obvious that 


(1) f(n;:C)=F(;0C)+F(R;C) +: + :+F(n;0) 


and that, if ¿(s; C) denotes the zeta-function of C, the series 


y A 
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© 
(2) &(850) — 3 P(n; C)/n° 
converges in the half-plane o > 1, where s= cœ- it. It follows that the 
existence of a positive value À = Ar satisfying 
` (o—1){(0; C)—X as o>1-+0 


is a necessary condition for the truth of the assertion. In fact, Dirichlet’s 
Abelian lemma states that, if @,@2,°°: is any sequence of values possessing 
a finite mean-value 


(3) M(a) = lim (m + a+: + an)/n, | 
then the Dirichlet series 

OO 
(4) 3 dn/ns 

n=1 


‚must converge for o > 1 to a function satisfying 
= 
(5) (o—1)Sa/n >M(a) as o—1+ 0. 
A nel 


On the other hand, the expression on the left of the limit relation (5) 
can tend to a limit and, what is more, the function represented by (4) in the 
half-plane o > 1 can have a simple pole at s = 1, even though the limit (3) 
fails to exist. This is shown by a well-known example of Dedekind, redis- 
covered by Hardy, and subsequently used by Ramanujan for a mistaken proof 
of the prime number theorem in a manner the illegitimacy of which was 
verified by Dedekind preeisely on this example; ef. [5]. It is true that the 
coefficients F (n; C) of (2) are non-negative, but this is of no avail, since the 
restriction @n = 0 is satisfied by Dedekind’s counter-example also. 

However, as a corollary of Hecke’s functional equation, the function 
(s—1)é(s;C) is regular in the whole plane, and the residue of {(s; C) 
at the point s==1 has a positive value, say À — Àx, which is independent of 
the choice of C in K. This information is available for the purpose at hand. 
In fact, while Hecke’s original proof did make use of the existence of a lattice, 
he subsequently observed that his functional equation can be proved without 
any reference to the theory of unities, and such proofs are now available in 
the literature. For older references cf. [4]. 

Actually, neither the functional equation nor the regularity of the 
difference 


(6) &(s;0) —Aà/ (s — 1) 
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in the whole plane will be needed in the sequel. All that will be used is that 
the function (6), where o > 1, goes over into a continuous boundary function 
on the line o == 1. 

In fact, this in itself makes applicable Ikehara’s theorem, which is a 
particular case of a purely analytical result concerning Laplace transforms 
and does not presuppose any arithmetical information; cf., e. g., [2]. Ikehara’s 
theorem states that, if Gr Qtt 18 à sequence of real, non-negative values, 
and if the corresponding Dirichlet series (4) converges in the half-plane 
g > 1 to a function corresponding to which there exists a constant A such 
that the difference 


(6 bis) 3 m/n? —d/(s—1), 


where o > 1, goes over into a continuous boundary function on the line o = 1,- 


then 
y+ + + On AN 


as n—> co. Hence, if (4) is identified with (2), it follows from (1) that 
fn; C) — An. | 


Tse Joans HOPKINS UNIVERSITY, 


REFERENCES. 





[1] P. G. L. Dirichlet, Vorlesungen über Zahlentheorie, herausgegeben und mit Zusätzen 
versehen von R. Dedekind, 2nd ed., Braunschweig, 1871. 

[2] G. Doetsch, Theorie und Anwendung der Laplace-Transformation, Dover Publica- 
tions, New York, 1943, pp. 216-222, 

[3] H. Minkowski, Gesammelte Abhandlungen, vol. 2, pp. 453-457. i 

[s] “Report of the committee [L. E. Dickson, H. H. Mitchell, H. S. Vandiver, G. E. 
Wahlin] on algebraic numbers,” Bulletin of the National Research Council, 
vol, 5, part 3, no. 28 (1923), pp. 21-25. 

[5] A. Wintner, “On an elementary analogue of the Riemann-Mangoldt formula,” 
Bulletin of the American Mathematical Society, vol. 48 (1942), pp. 759-762. 





À 


— 


SOME RELATIONS BETWEEN THE BEHAVIOR OF A FUNCTION 
AND THE ABSOLUTE SUMMABILITY OF ITS FOURIER SERIES.* 


. By Kıen-Kwone CHEN. 


1. We suppose that f(t) is a periodic function, with period 27, integrable 
in the Lebesgue sense. We write 


b(t) = SU +t) + f(t) > 


and suppose the Fourier series of @(¢) to be SA, cos ni. Bosanquet* has 
shown that the convergence of 3 | An | does not imply that the mean-function 


BOh- (1/2) (udu 


is of bounded variation in (0,7). It has, however,? been proved that the 
later property on [¢(¢) ], is a consequence of 


X | An | logn < 0. 


In the following section we prove that the convergence of X | an | implies that 


SEAD g AEHL < 20, (0<3<1). 


This is the case p(t) — | log é |, A — 8 of Theorem 1. The chief object of 
the present paper is to establish Theorem 2 which includes both the theorems 
stated above. 





2. THEOREM 1. If the Fourier series of f(t) converges N at 
t =v then the function 


80 = (0/9 J Fe +t) He jae 


ws of bounded variation in (0, A), era p(t) denotes any function which is 
absolutely continuous in (0,A) such that: 


A 
(‘1229001 at <o. 
Yo | 


* Received May 1, 1944. 
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As stated above, this proposition is involved in Theorem 2, but there is a 
direct proof much simpler than the proof of Theorem 2. 
In fact, if 0 < t < À then : 


sin nt a sin nt nt 


(1) D(t) = p (t) 34n — I~ + p(t) Sdn ge — 


a 


Let d sinnt 
f. Pre 


it follows from equation (1) that 





pray Sin Nt 
e(t) -n 


A 
Last KOL 
0 








and 








asaf” | p(t) t> | dé, 


A 4 4 
frolas f Olate f ope | aty3| An. 
6 o 9 
This proves the theorem. 


3. Write now o,% for the n-th Cesaro mean of order œ of the series SAn. 
The series 3A, is said to be super-absolutely summable (C, «) to the sum 8 
with respect to the sequence 1 = {In} (0 < ln < Inu) or summable 1] C, «| 
to 8, if ont —> S and the series | 


Sin | Tn? — On-1” | 
is convergent. We denote this mode of summability by the equation 
(2) 3d, = S(1| C, a |). 


We also write, for an integrable function x(u), 


x(a at flux) (@ > 0). 


as the mean function of order @ of x(u) on (0,7). 

The theorem on the summability {logn} | C,0| stated in 1 has been 
extended as follows: if (2) holds true for a sequence | = {(logn)?} (p = 1) 
and an order «> — 1, then the function | log t |r*- A [tp (t)]ia is’ of 
bounded variation in (0,7), provided that À < 1, A S 1 — (a), where (a) 
denotes « — [a], the fractional part of «. The proof depends upon a number 
of lemmas, some of which are recalled in the next section as they are relevant 
to the investigations of the present paper. 


K. K. Chen (1). 
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4 Lexma 1. Let b2=a>—1,A<1, AZ 1— (a), 0 <i<7r, and 
write 
(B)n ER (8+1) Er EC C(x) — [lu (1— u)? cos (ou) du; 
0 

then the series 
à (2), 2 (— 2 — @)n-„Ü (nt) 
ua n= 
converges to a function Fy(t) such that | 

Py(t) == O (vt)? (p: a positive constant), tF’y(t) = O(1). 


Moreover, if vt = 1, then 


4 


Fi) =B(1—X,1+ a) + O(t),  F,(t) — 0(»). 


Lemma 2. Under the conditions of Lemma 1, we have 


ee | co 
f u-*(1 — 2) put) du = X (ov — ov-1*) Fv(t) (0, == 0), 
0 y=0 
provided that $ | on? -— on-1% | converges. 


5. The method we have chosen for the purpose of establishing the 
theorem stated in 8 may be generalized. Indeed, we can prove the following 
theorem. 


THEOREM 2. Let p(t) be a monotone funciion ur tin (0, a), satisfying 
the conditions 


(3) 0< p(t) = O(|logt|4), p(t) —o(L(#)), 


as t— 0, where À ts a constant, and L(t) = f p(w) udu. If the Fourier 
~t 
series of f(t), at the point t = x, is summable 1 | C, a | for an order a > —1 
to the sum 0, where „= L(1/n), (n==1, 2, 8,- -), then the function 
T(E) =p (HAE) 5 A<LASI— (a)) 

is of bounded variation in (0,7). | 

Before proving this theorem it is convenient to give nee the proof of the 
following lemma. 


6. Lemma 3. If the derivative p(t) of p(t) exists and is continuous 
for 0< tsa, then the conditions (3) involve i 


242 | KIEN-KWONG CHEN, 


: ; t 
(4) (1/t) f p(ujdu=—o(L(t)), (#0). 
Firstly, we prove that the relation 
t . 
(5) f p (4) udu = 0(t?L(t) ) 
F i 


holds true for every positive p, as t— 0. , | 
In fact, in virtue of tPpo(t) = o(1), integration by parts gives 


(6) f (uyudu = p(t) — f piu): pursau 


Using the relation p(t) == o(L(t)), we have 





~_| 
t t ' 
(7) f p(u) pudu =o( f L(u) : pudu) = o(L(t)iP +f uP-*p(u)du), | 
D 0 0 f 
in view of the fact that L(t) t? == 1 f, owt) du == 0(1). 
t 


Since p(w) > 0, it follows from (7) that 


t 
f plu): pudu = o (L(t) t). 
| 0 i ; 
On combining this relation with (6), we obtain (5), by using p(t) = o(L(t)) 
again. 
On integration by parts, we obtain 


t t 
(1/8) f p(u)du— p(t) — (1/8) f up’ (u)du = o(L(2)), 
by appealing to (5) and (3). This establishes the lemma. 


7. .Leuma 4. If the Fourier series of f(t), at t=z, is summable 
41 C,a| (@>—1) to the sum 0, then there is a sequence {tn} such that 


0 < tn> 0, lim &(tr,) —0, 


where t== {In}, u = L(1/n), L(t) = f pt) rau, and the functions p(t) 
t 


and &(t) satisfy the conditions of Theorem 2. ` | \ 
In fact, by hypothesis, the positive function 


e(t) = p(t)/L(E) 
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is o(1), as t—0. We shall use the function 
(8) p= p(t) = max ($,1 + 1/8e(t) log t), (0<t<1). 


In virtue of the monotony of p(t), the derivative p’(¢) has a definite sign 
Tor small t. If p’(¢) S 0, we have | 


Lei) pt) —1/e(t) — Ay) S (o(w) /u)du 
> 1/e(t) —1/p(t) - p(t) log #/t 21/2clh), 


by (8). Or, if ¢ is small enough, 


p(t)/L(t?) < 2e(t). 


This result is also true, when p’(t) > 0. Indeed, if £(0) is a convergent 


integral, then it follows from 
lim L(t)/L(e) =1 
t->0 
that 
(9) p(t) /L(t?) = «(t)L(t)/L() < Re(t), 
for small ¢% On the contrary, if L(0) = œ, we have 
1 Slim sup L(t)/L(t?) — lim sup [dL (t) /dt]/[aL () /dt] 
t->0 730 
— lim sup p(t)/pp(?) S1/p S 4/8. 
t->0 


From this (9) follows, if ¢ is sufficiently small. 


Since the summability [| C,&| of 3An implies the convergence Of 
3 | ont — 014], we’ have by Lemma 2; 


BCE) = W(t) /p(t) = AEG Jae 
= (B+ ZI HD (on ont) Fa(2) — ğ (t) +% (t). 


negl 


By Lemma 1, we have #,(¢) = O(1). Hence 


Salt) = 0C À, lon paora = oval À, Im a —On-1" |). 


It follows that 
(10) | p(t) (t) = 0(1), 


as 4— 0, since p(t) —0(L(t)) and SA, is summable 1 | C,« |. 
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Writing [t+] = T, we have to consider ®,(¢) wherein 
Fat) = B(1— A, 1+ a) +0 bi), 

by Lemma 1. Consequently, we may write 

m 
(11) (4) = (a -4-1)B(1— Aà, 1 + @)or* + $ (ont — on) O (nije, 

n=0 : 
Remembering that o,% == o (1), we have 
m 
— > (an-1% — on”). 
n=T+1 
Accordingly, | p(t)or*| S e(t) I ln | mn" — on% |. Hence we obtain 
>T 


(12) p(t)ort == 0(1). 


In virtue of the relations «+1>0, TvyS1, we have, on writing 
M = M(t) [re], 





M p 
(18) S| on ont | (nt) S (MHA E | ont -— ont | + È Int ont |. 
n=0 n=0 n=M+1 


It follows from (8) that 
\ 
Lam) — max { t/t, exp(— (1 + a) /2e(t))}, 


so that | : | 
y 


(14) T,(t ys << f(1-p) +a) > | Tn? — 1? | 
== 0 (t0074) + O(exp(— (1 + 2) /Be(#))): 


"2 


On differentiating the equation p(t)/e(t) = L(t) with respect to t, and 
multiplying by «(¢)/p(¢), and then M don the-equality obtained from 
t to 1, we get 


p(t)/e(t) — C exp( f” (¢(u) /u)du 


with C = L(1). Take a positive number K small enough such that 


3 


(15) Kp(t) = | logt |4, 
and set G— À +1. If there exists a positive number ¢) such that A- 


e(t) log 1/⁄t Z G 
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for 0 < t S tẹ then we have 
p(t) /e(t) Z Cexp( f uud 
= C exp(G log (log t/log to) = C (log t/log to) £. 
On combining this result with (15), we bin 
(16) 1/e(t) = (KC/| log ty |%) | log t | (0<¢S tp). 


Writing . 
y = min( (1 + a)/4, (1 + @)KC/2 | log to |°), 
it follows from (14) and (16) that 


(G) p(t)Ti(t) = O(p(4)#”) + O(exp(—yllogt|)) 
= 0 (t7 | log t |4) = o(1). 


On the contrary, if there exists no t) such as assumed above, then there is a 
‘ sequence of positive numbers év, ty — 0, satisfying 


e(tv) log 1/ty < G; 
and (14) gives 


(13) p(t») Ta (tv) = O (p (tv) U2) + O (p(t) )exp(— (1 + a) /2@ log 1/4) 
== O(ty(@0)/2G | log ty |4) = 0(1). 


By (17), the relation (18) holds good for any case. 


Finally, it follows from 


T2(t) =F | on? —on-a® |S (1/L(#)) È ln | ont — on" 
M+1 Ms+1 i 
and p(t) < 2L(t)e(t) that Ea 
(19) OTO <2elt) Ihn a nat | = 0(1). 


Combining the results (10), (11), (12), (13), (18) and (19), we arrive 
at the relation 


I) = p(tv) (tu) ehr) li) + p(tv) B2(ty) = 0(1). 


This proves the lemma. 


- 8 We can now prove Theorem 2. It follows from Lemmas 1 and 2 
that the relation 
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CO 
(20) D(t) = (1+ a) È (ont— nat) F'n (t) 
holds true for 0 < iS r, since Fat) = O (t+) and the series 


> | on“ — Gn” b 3 
is convergent. 
Using Lemma 1, we have 


Nr | Fa(t)| dtm f(t) | F’n(t)| dt + fr | F'n (t) | dt 
= f ROm dt f patat, 
LE 1/n 


The second term is in And the first term is by Lemma 3, o(ln) as n— co. 
Hence 


(21) fo) rar 


By (20) and (21), there is a constant K satisfying 


(22) fi o(t) & (4) ut SK >) ee 


Now, let ¢, be the numbers given by Lemma 4; then ¥(i,) =o(1). 
Integration by parts gives 


Jr lemla-im ("rc Lac dé 
= p(n) 18m] f PCE) (d/at) 121 at. 
In virtue of the monotony of p(t), the above relation implies that 
fle OHH aS ole) |B) + fr | OCH) a. 
Hence, by (22), 
23) f POBOS pl) 18) +E Eh | on? — on: |. 


We have W(t) = p(t) ®’(t) + p’(t)®(¢). Hence, by (22) and (23), 
we obtain | 


Sci V (t)| dt S p(w) | P(r) | + 2K E ln | ont — cnr? |. : 


This establishes Theorem 2. 
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9. In his paper “ The absolute Cesäro summability of a Fourier series,” “ 
Bosanquet asserts nothing concerning the behavior of the function 


Blue (1H ayers fm a) p(w) du 


when the Fourier series 34, is summable | C, à | (a= 0). It should be 
observed that the summability | O, æ |, is equivalent to the summability 


{L(1/n)}{C,a|  («>—1) 


in the case where L(t) converges to a finite number, as t—>0. Accordingly 
we can infer from Theorem 2 the following proposition. 


THEOREM 3. If the Fourier series of f(t), at t = x, is summable | C, a | 
(a > —1), then the function 


PEPEE) (A<1, AS1—(a)) 


is of bounded variation in (0,7), where p(t) is any function which is abso- 
lutely continuous in (0,7) such that 


f t*p(t)| dt < œ, 


and where 2¢(t) denotes f(x +t) + f(x — t). 
In fact, the relation (21) is now reduced to 


S OROL d= O(1), 


Consequently, (22) becomes 


(24) STELE E | ov — ons", 
We next have | 

fle OPO) | a= 00), 

by the relations F,(t) = O(1) and i p' (t)| dt < œ. It follows that 

(25) SPOILS EE | ot — ont], 

K iisa constant. 


t L. S. Bosanquet (2). 
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On combining the results (24) and (25), we obtain 
f, |(d/dt) {o(t)®(t)}| dt S (K +K’) E | ont — ont. 


The theorem is thus proved. 
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A GENERALIZATION OF HARDY’S THEOREM WITH AN 
| APPLICATION TO THE ABSOLUTE SUMMABILITY 
OF FOURIER SERIES.* | 


By Kirn-Kwone CHEN. 


1. Suppose that f(x) is integrable in the Lebesgue sense on any finite 
interval, and that f(x + 2r) — f(x). Then [¢(t) Ja, the mean function of f, 
at the point x, of order a, may be defined by the equation 


. [é( Ja = at fe — u)! (u) du 


where g > 0, 26(¢) = f(x +1) +f(z—t). If [6(4)], is of bounded varia- 
tion in (0,7), then æ is said to be a point of de la Vallée-Poussin for f. At 
such a point, the Fourier series of f is summable | C,a| for every a>1. 
The point æ is said to be a Dini point of f, if &-*p(t) is integrable in the 
Lebesgue sense on (0,7). m 
Hardy ? has proved that a Dini point is a point of de la Vallée-Poussin. 
Evidently, the integrability of t-1p(t) depends only on the behavior of the 
function f in the neighborhood of the point z. Bosanquet and Kestelman 
have shown that the summability | C, 1 | for a Fourier series at a given point 
- is not a local property of the function under consideration. Therefore, at a 
. Dini point of f, the Fourier series is not necessarily summable | 0,1]. 
Theorem 1 and Theorem 4 of this paper are generalizations of Hardy’s 
theorem. From these propositions, we derive Theorem 2 and Theorem 3. 
Direct proofs of the latter theorems are also given. 


2. We begin with the following 


Lemma 1. If l(t) ¢« L(0,7), then 


| st % ; 
h(t) = t° f f vi(v) dudu e L(0, r). 
0 0 


To prove this proposition, we may assume that I(t} is non-negative. Then 
we have 


my 


* Received August 17, 1943. ` °? G. H. Hardy 1. 
tL. S. Bosanquet 1. | 8L, S. Bosanquet and H. Kestelman 1. 


RAI 


en. TT 
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h(t) = (1/8) f wi(w)aw— (arte) = (1/2) OLS 


and the result is a consequence of the following lemma: 


LEMMA 2, If 1(t) eL(0, x), then 


| t 
rf ul(u) due L(0, r). 
0 


For the proof, we can assume that (t) 20. It follows from Hardy’s 
theorem that the function 


L(t) = (1/t) ZOL 


is of bounded variation in (0,7). This involves the existence of the limit 
L (+0). Integrating by parts, : 


Ira ei fr (rau) dude, 
0 0 e 0 
This establishes Lemma 2. 


3. If the Fourier serves of f is absolutely summable C at the point x, 
then t*(t) « L(0,7) for every À < 1, but not for A—=1. The proof of this 
theorem will be given in another paper. 


Let us now assume that the integral 
x(t) = Ò o(u)artdu 
+6 


F 
exists in the Cauchy sense, i. e. the limit lim exists as a finite number. 
€->+0 € 


Assume further that the function L(t) = y(t) is integrable in the Lebesgue 
sense-on (0,7). Then, the mean function [$(t) |: of the second order is of 
bounded variation in (0,7). 

In fact we have 


= (2/2 f So sodoravdu 





€ u 
= (2/1) f ux (u) du — (2/2) f f x(v) dvdu. 
g ə ĝ G 
Integration by parts yields : | 


Sau = + J x(uydu— f° J "x(v)aodu, 


A GENERALIZATION OF HARDY’S THEOREM. 251 


On differentiation, we obtain 
(ara) BO la = xA) — (6/8) f xatu (8/0) f° F(a) dod 


Hence, by Lemma 1 and Lemma 2, we have | 


J, ara) Lem). dt < ©. 


The following theorem has thus been established : 


THEOREM 1. If t+y(t) eL(0, x), then [p(t)]: is of bounded variation 
in (0,7). 


À combination of Theorem 1 and a Theorem of Bosanquet gives 


THEOREM 2. If t4y(t) eL(0,x), then the Fourier series of f at the 
point x is summable | C, «| for every a > 2. 


4. Next, we shall give a direct proof of Theorem 2. This is on 
the following two lemmas. 


Lemma 3. Suppose that a < 1, b > land h(t) 20. Then the existence 
t 

of the integral f h(t)t”dt implies the convergence of the following two 
0 


serves 
CO 1/n | CO 1 
une f ten (t)dt and Env f th, (4) dé 
1 0 1 1/n 
In fact, we have 


t/n 1/n | 
won: h(t) db = f min{ (nt), (nt)-V}h(é) dé 
0 0 


nn? S toh (4) dt — f " minf (nt), (nt)}h(t)dt. 
Writing `` = = 
H(t) — St min{ (nt), (nt)} , 
we have | 


Su, < f, ‘H(t)t*h(t)dt, Zus f HHR dt. 


On account of the hypotheses A(t) = 0 and t*hk(t)«L(0,1), the con- 
vergence of the two series Zun and 30, follows from the boundedness of H (t). 
We have 


4 L, S. Bosanquet 1. 
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H(t) == f1-¢ > pre + tr ` nd 
nil 


nil 


t 


1-2 ib 9 a b 
1-4 INNEN “l BEN: 
< ge (ist) + 57 (1/t)? T À == 


icat pi’ 








This completes the proof of the lemma. 


Lemma 4. Write g“(n,t) for the n-th Cesàro mean of order a of 
m sin nt (n=0, 1,2,  ); then for a > 0, 0<t<r,n>0, 120 


|(d/dt)*g*(n, t) | S KnA(1 + nt) 
where u = min (g, 1 4+- à), K being a constant. 
This is a known theorem. 


Let 2 < 8 < 3, and write r,? and on? for the n-th Cesäro mean of order 
B of the sequences 


{Las + a, +--+ an} and {nan} 


respectively, where an (n = 0,1,-- :) denote the Fourier coefficients of the 
function @(¢). If the series 


oo 
> (on? — Gn?) 
n=0 


with co-f = 0, converges absolutely to the sum $, then we write 


4a + D an =s | C; £ |. 


~ 


An elementary calculation gives 
an RE On-17 are n'ira, 
We have to show that the convergence of Int | r,f | follows from 


tty(t) eL(0,r). 
Since ° R 


Nan = (2/r) O (d/dt)sin nidt, 





we have 


nr 


ne Gja). J "s(t) (d/dt) g®(m, t) dt. À 
0 
Now, on integration by parts, 


5 N. Obreehkoff 1. Cf. also L. S. Bosanquet 1, p. 519. 
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Ss $ (t) (d/dt) gP(n, t) dt 
= [xt (WA nd] — f. xC) (d/at) {t (4/dt) gP (m, t) a 
This is equal to 
Om) + f OU + nt) dt + n? f "ix (€)O(1 + nt) dt, 


in view of Lemma 4. Hence there is a constant K such that 
” 1/n | T 
3 |1,P/n |< KS(1/n?) +KS f x(t) | dt + Kan: jie 1 x(t) | dt - 
0 ijn 
| 1/n T 
4 Kan f t | x(t)| dé + Kant f #-8 | x(t) | dt. 
0 1/n 


The convergence of the last four series is, by Lemma 3, a consequence of the 
integrability of #* |x(£)|. This establishes the relation 


ju +81 0,8 | 


for 2 < B< 3. The proof of Theorem 2 may be completed = the e following 
theorem of Kogbetliantz.® 


Lemma 5. If a> 0, then 3a,—8|C,a| implies Xa, = S s| C, B | for 
B>a. 


5. Suppose that I(t) e.L(o,r). Write 


t Én-1 tn-a ty 
hn(t) mite f f Í, Br Í tol (to) dtodtı po Abn. 


Lemma 1 can be generalized as follows: 


LEMMA 6. The relation I(t) a r) aD lin(t) ¢ L(0, 7), for every 
positive integer. 


In. fact, integration by parts gives 
t 
ha (t) = hna (t) — tin f urn... (u) du. | 
0 
To obtain the relations hn(t) e L(0, T) (n = 1,2," > -), we can assume that 


°K. Kogbetliantz 1. See also E. Kogbetliantz 2. 


6 
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i(t) = 0 so that ha(t) = huit), for n= 2,8," >. Then, Lemma 2 com- 
pletes the proof. The arguments developed in the m. article can be 
used to extend Theorem 2. | 


THEOREM 3. If the repeated Cauchy integral 


((d)=(1/t) Sum) (TA) [LT CE) f (ota) /to) diodi, 7 


exists as a function integrable in the Lebesgue sense on the interval (0,7), 
then the Fourier series of f, at the point x, is absolutely summable 
(C,m -+-1--.e) for every positive e. 


In fact, let 8 > m + 1; using Lemma 4, integration by parts gives 
raf (— 1)” f UE) (#(d/dt) tg (n, t) dt + O(1/n) 
0 
= ("1m Ÿ (1 nt) 10 (nt)rdt 
0 k=0 
+ fw (1 + nt)-7O (nt)™ dé + O(1/n), 
© 
where y == min (8 + m +2). Hence, there is a constant K such that 
m+i /n m 
men] = rl pa | (E) | dé + Kn? f 12 | 41(4)] dt 
k=0 0 l/n 


4 Km fi "gv | a(t) | dé + O(1/n2). 


From this, the convergence of Zn! |r,’ | follows, in view of Lemma 3. 
Theorem 3 can also be deduced from Bosanquet’s criterion. Indeed, we 
have the following theorem : 


THROREM 4. If the repeated Cauchy integral L(t) in Theorem 3 exists 
as a function integrable in the Lebesgue sense on (0,7), then the mean func- 
tion [e (t) In of order 1 + m is of bounded variation in (0,7). 


Write (t) = ġo (t) = do, and for v > 0, 


pv = gy (t y= fi vs (t)ttdt; 
then I(t) == fipn(t). From 


nl Jan (m + = (fans = fl yet fian 
= ( f Wr — (faa, 





fy? 
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we infer that 
t t 
PLEO Im m +1) = t iR di)" ga — (m +1) ( S 


so that t**[(t) ]mi is a E combination of the functions 


mf Dem PA, S m Cf 1) oq, 


Consequently, the function [4(¢) ]m is a linear combination of the functions 


t 
p f Aldi, t2( f COCOR EET f at) (E) ; 
0 0 0 
or of the functions :. 2 
tha (£), the(£), °° +, thas (2). 


On differentiation, we find that 
(4/48) Le (t) Imsa = Col (t) + oha (t) + + ++ Cmehms (t), 


where Co, C1," * *, Cms1 denote constants. Since l(t), and by Lemma 6, y(t) 
are integrable in the Lebesgue sense on (0,7), it follows that [@(#) mn is 


absolutely integrable on (0,7). Hence [&(£) las is of bounded variation 
in (0,7). 


NATIONAL UNIVERSITY OF CHEKIANG, 
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THE LAGRANGE MULTIPLIER RULE FOR TWO DEPENDENT 
AND TWO INDEPENDENT VARIABLES.* 


By CHARLES B. BARKER, JR. 


Introduction. The Lagrange Multiplier Rule in the Calculus of Varia- 
tions may be briefly described as follows. Suppose that Z, (x, y) and Z(x, y) 
are functions which minimize an integral of the form. 


Sf i (2, Y, Zis Žas Zis ZIY 2985 Zay) dydz 
G 


among all functions 2,(2,y) and 2.(z,y) which assume certain prescribed 
boundary values on G* and satisfy a given differential equation, 


(z, UY, Ris Les Bias Zıy Com, Zay) = 0, 


Then there exists a function A(z,y), which is continuous together with its 


first derivative on the closed region G and is such that it satisfies the equa- 
tions of variation, 


(8/81) (fess at Agz,;) T (9/84) (Fey Eg Ada.) == Tey + Adu, 
(0/02) (fee, + Ab.) + (0/8) (Feo, + Pza) = fe + Ada, 


in which the unwritten arguments of the partial derivatives of f and & are 
Z. (x, y) and Z,(x, y) and their partial derivatives. | 

The existence of the function A(z,y) is demonstrated in this paper for 
all z(x,y) and Z(2,y) which form a ‘quasi-normal surface, an explicit 
definition of which will be given later. The first result obtained in a study 
of the Lagrange problem for double integrals was that of Gross [4]: His 
result was re-established by Coral [3] under weakened conditions. A further 
result obtained by Coral in the same paper is closely related to the result of 
this paper. However, the region of integration considered by Coral is con- 
siderably more restricted than the one considered here, and Coral’s differential 
equation does not contain all of the partial derivatives of the functions. On 
the other hand, the condition of ‘ quasi-normality ? imposed upon the surfaces 
considered in the present paper appears to be more restrictive than the 


* Received July 11, 1944. 
1 Numbers in brackets refer to the bibliography. 
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‘normal? condition of Corals. A very comprehensive treatment of the 
problem in one dimension, together with an extensive bibliography may be 
found in [2]. 


1. Notation. The following notation is employed. If @ is a region, 
then G indicates its closure and @* its boundary. A function, f(z, y), is said 


to be of class C™ on G if the function, together with its partial derivatives 
. of the first n orders, are continuous on @ and coincide with functions which 


are continuous on @. A region G is said to be bounded by a simple, closed, 
regular curve of class C,) if G* is rectifiable and if the parametric equations 
of G*, z=xr(s), y = y(s), s being the arc length, are of class C™ with 
a) (s) and y™® (s) satisfying a uniform Hölder condition with exponent q, 
O0<a<i. The symbols p; and q; are used to represent, respectively, 


(0/0) [z (e, y)] and (0/dy) [zi (x,y) I, (1—=1,2). 


2. <A preliminary transformation. In this section, a particular one-to- 
one transformation of the entire (s, y)-plane into the entire (€,7)-plane is 
established. This mapping possesses specific properties which are essential 
to the solution of the problem. In order to obtain the desired transformation, 
it is necessary to prove certain preliminary lemmas. 


LEMMA 1. Let G be a region bounded by a simple, closed, regular curve 
of class Ca”. Suppose that f(x,y) and g(z,y) are functions of class O” 
on G, and that 


(1) | (f(z, y) P + gley) > 0 


at each point of G. Then there exist two functions, r(x, y) ane O(x,y) which 
are of class O” on G and which satisfy 


(2) r(x, y) cos 0(x,y) = f(x, y), 
(3) r (a, y) sin 6(@, y) —9(@, 3) 
at sach point of G. 

Proof. Let 


(4) ray) = + (ey? + gly) E, 
and let 


gy) ` 
(5) (2,4) = JETTA (2, y) dx + B(s, y) dy] + 8(%o, Yo) 
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where (2, Yo) is a point of G, and where 


G) Almy) mT, BR. 


By Green’s Theorem, if R is any rectangle contained in G, 


{fA (@ y)de + B(s, 9) dy] = 0. 

Hence, by a well known theorem (see, for example, [6]), @(a,y) is of class 
C’ on G, and is such that 5 
(7) .. 00/0% = A(x,y),  00/0y = B(x, y). 
Further, since | 

A(s, y) — (9/82) (arc tan g/f),  B(x,y) = (0/éy) (are tan g/f), 
it follows that 
(8) cos e= f/t {f? + sin g/ {P + 9°}, 


where the signs in the denominators are to be taken the same. Thus, if 
6(2o, Yo) in (5) is chosen so that the positive sign holds in the first place, 


that sign will always hold on G, since 6(a,y) is continuous there. In view 


of (1), (4), (6), (7), and (8), r(#,y) and 8(x,y) are of class C% on G, 
and they clearly satisfy (2) and (8). 


LEMMA 2. Let G be a region bounded by a simple, closed, regular curve 
I 


of class O4”, and let a(z,y), b(z,y), e(x, y), and d(x,y) be functions of 
class O” on G, with 


(9) [a(a, y) |[d(2, y)] — Eb (x, y) ]Le(2, y) ] 0 


al each point of G. Then there exist four functions, ri(x, y), 0, (2, y), 
12(2,y), and (x, y) which are of class C” on G, and are such that 


r (z, y) cos (0,4) =a(2,9); T(z, y) sin (2, y) = (a, y); 


10 | | 
mM T2 (x,y) cos ba (£, y) =b (z, y); T(x, y) sin d(x,y) =d(a,y), 


' on G. In addition, G(x, y) and 6,(z,y) satisfy the inequality 
(11) 0< mS | 6.(2,y) — hlr y| SM <r, 





at each point of 6. 
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Proof. Statement (9) implies that 
la(s, y) P + Lels, y)]’ 40, and [b(x,y) + [d(x, y) 70 


on G. Thus Lemma 1 applies, and hence there exist four functions 7,(z, y), 


(x, y), F2(x, y), and &(x,y) which satisfy (10) on G and are of class 0”” 
there. “Now, 


ad — be = ñf, sin (6; — 62), 
and so, as a result of (9), 
0a (x, y) — (2, y) Mr 


for all integral values of.m. Since both 8,(x, y) and 0. (x, y) are continuous, 
there exists an integer N such that 


Nx < [02(2,y) — (2, y)I< (N +1)z, 
or, | 
0 < [{62(2, y) — Nr} —6(2,y)] < v. 
Accordingly, if 


| fi (z, y) == Fi (x, y), 0, (2, y) = 6, (a, y), 
ra(x, y) = + (ty), 92(8,4) = O2(2, Y) — Nr, 


where the plus or minus sign is taken according as N is even or odd, it is seen 
that equations (10) are satisfied and'that | 


(12) 0 < | (a, y) —A(a,9)| <x. 


In view of the continuity of 4,(2,y) and @,(x, y), (12) is equivalent to (11), 
thus concluding the proof of the lemma. 


LEMMA 3. Lei w(z), u(x), ua(x), and u(z) be functions of ‘class 
0”, O”, C, and O, respectively. Then there exists a function U(x, y) which 
ts of class C” for y = 0, and is such that 


U (2,9) = u (2), Uy(%,0) = us (T), 
U,(2,0) == u (T), urn (2), 
U, (2, 0) == Un (x), U say (2, 0) = Us (£), 

Une (t, 0) = w” (£), Tayy (2,0) =u (T), 
Oxy (t, 0) == ur (x), OU yyy (2,0) = u (s) ‘ 


Proof. Let 
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(ty) ul);  va(2,y) = (y/1 D [ (1/2) f (edel; 
0.(2,9) = (42/2) {(1/2y) Í, “tan f ua (n) and): 


val, y) = 4°/3! j (1/2y) X 


f Cary) Sem Se) ade l : 


f 
-y 
If, now, U (z, y) be defined by 
U(x, y) Er V1 (T, y) EE va (T, y) T Va (2, y) DE Va (T, y), 
it may easily be verified that U(z,y) satisfies the conditions of the lemma. 
LummMa 4 Let G be a region bounded by a simple, closed, regular curve 
of class Cu”, and let a(z,y), b(z,y), e(&,y), d(x,y), e(x, y), and f(x,y) 
be functions of class O” on G with 


(13) La(æ, y) ITd(x, y)] — [o (æ, y) ILe(2, y) 1 54 0 


at each point of G. Then these functions may be extended to be of class C’” 
over the entire plane, with all functions and their first three derivatives uni- 
formly bounded and with (13) satisfied over the entire plane. 


Proof: By Lemma 2, there exist four functions, ri(s, y), 0:(%, 4), 
r.(2,y), and @(x,y) which satisfy (10) and (11). As a matter of con- 
venience, let | 


(14) O(s, y) = O2(2, y) — 0, (x, y): 
Now let 
(15) a==2(é,y), y=y(&n) 


be the conformal transformation of the exterior of G onto the exterior of T, 
the unit circle in the (&,»)-plane, the transformation being of class C’” both 
ways, even on @* and T*. The existence of such a transformation is well 
known [5]. Now, let u(z,y) designate, in turn, each of the functions 
Tis Vos 015 Oz, 0, e, and f, and let u(é,») be the transformed function on T*. 
Define, on T*, 


Ug = ete + Une, Un = Urn + Uy, Up (1,6) = ur cos p + Un sin ¢, 


(op, p) being the polar coordinates in the (&,n)-plane, with Us and uy the 
known values on G*, and similar definitions being made for the higher 
derivatives of u(p, D). 
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Now let (p) be defined as a function of class C”” which is such that 
(16) A(1) =k (1) =R" (1) =W (1) = (2) = h” (2) =W” (2) — 0, 
(17) h (2) = l. 

Let u represent the functions 1, 12, (2/r)0, (2/1) 6e, 61,.e, and Fin turn. 
Then for the closed annulus, 1Sp= 2, let u(p, 6) be defined by 

u(p, p) = U (p, #)[1—-R(o) ] + Ch(p), 


where the constant C is unity for 7, (2/r)8, (2 |) 8, e, and f, is zero for 6,, 
and is + 1 for rs, the sign being that of r, on I, a where U(p, i is the 
function U (x,y) of Lemma 3, defined for 


Uy (2) = u(l, $), ua (£) = Upp (1, $)» 

u(t) = up (1, $), ur) = Uppp (1, $). 
Clearly u(p,¢) is of class C’” for this region, and it may easily be verified 
that u(p,¢) matches up, together with its first three derivatives, with the 
known values on F*. 


From (4), (11), and (14), it is observed that r,, r2, and # possess bounds 
on the unit circle of thè form 


ln [2k DO, |r l= k> 0, 0< 23m/r E | (2/r)ð | = 2M/r < 2. 


These bounds cannot necessarily be preserved on the annulus, but it is possible 
to maintain the following set of conditions there: 


(18) | r| = k,/2 > 0, | ra| = ka/2 > 0, 0 < m/r S | (2/r)0| S(M +r) /r < 2. 





Suppose that p, is the smallest value of p'at which any violation of (18) 
occurs. Then let (p) satisfy (16), be monotone, and satisfy 


h(p)=1 for (1+ p)/2 S p =2. 


Clearly this preserves the bounds of (18). The other functions, together with 
all derivatives, are evidently bounded on the closed annulus, since each is 
continuous on a closed set.” 

For p > 2, let u(p, $) and its first three derivatives be defined to possess 
their respective values atp=?%. As these values are all constants, u (p, $) is 
clearly of class C’” for p > 2, and all functions, together with their derivatives, 
are bounded. In particular, 


(2/7) 0 (2, p) = 73(2, $) = | ra(r, p) | = 1, 
so that (13) is seen to be satisfied for all p > 2. 
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Now let the inverse transformation of (15) be applied. The functions 
all return to their original values on G* and all derivatives match up on GX. 
Outside of G*, the functions are of class C’” and are uniformly bounded, as 
are all derivatives. In particular, (2/7)6, Tı, and r are bounded by the trans- 
formed conditions (18), and thus (13) is satisfied everywhere. 

As an additional result of this lemma, due to the nature of the boundary 
of G, there exists a square having G* in its interior, and having the functions 
6, and 6, equal to 0 and 7/2, respectively, on the boundary and outside of 
the square. 


LemmA 5. Let the curve C, 
t=2(s), y=y(s), aSsSa-+tk, 


s being the arc length, be a simple closed curve with no cusps, and be such 
that the interval (a,a+k) may be divided into a finite number of sub- 
intervals, (Si-1,5:) in each of which closed intervals x(s) and y(s) are of 
class O0”. Let x(s) and y(s) be defined for all values of s by: 


a(s +k) =2(s), y(s+k) —y(s). 


Then there exists a function, 6(s), uniquely determined except possibly for 
a multiple of Rx, which is such that 


| (La + kI) — 6(a*)| = 2r, 
cos 0(s) =a'(s), sind(s)=Y(s), ss, 
cos 6(s;*) =a’ (sit), sin (si) = y’(si*), 
cos 0 (s7) =x (s7), sin6(s7) =y (se), 

| a(s) — 4(si)| < r. 


Proof. This is a well known theorem, and may be found in [7]. 


Lemma 6. Let 0(x,y) be of class O” over the entire plane with | 6], 
| ðs |, and |0, | all bounded by M for all (z, y). Let a —x(s), y=y(s), 
s being the arc length, be the solution of i 


(19) dæ/ds = cos 6, dy/ds = sin 6, 
for which | | 

x (0) = To, y(0) = Yo.” 
Then 


2The existence and uniqueness of these functions is guaranteed by well known 
existence theorems in the theory of ordinary differential equations, and may be found 
in [1]. 
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(20) er, -y (Sr) = (Se) - 
implies that 
(21) i $1 = Se. 


Proof. If one assumes (20) to be satisfied and (21) to be not satisfied, 
a contradiction can be readily obtained through the use of Lemma 5. 


Lemma 7. Let 6,(2,y) and 0,(x,y) be of class C’ over the entire plane, 
be umformly bounded together with their first derivatives there, and be such 
that 


0<mX|0.(2,y) —4(2,y)| SU < + 
for all (x,y). Then there exist unique functions of class C” 


t(s), yı (s), T(t), and Y2 (t), 


such that | | 
(22A) - dz,/ds = cos 6, dy,/ds = sin 6, 
(22B) dx,/dt = cos ba, dy2/dt == sin bz, 


and such that - 
%,(0) = 21; Y1(0) = 41, (0) = 2i, y2(0) = Ya 
For these funcitons, 


% (81) = (te), and Yı(sı) = y(t) 
amply that 


Proof. This lemma follows as a consequence of the two preceding lemmas. 


Lemma 8 Let 0 (x,y) and d,.(z,y) be of class O” over the entire plane 
with ||, | O21, | bio |, | Gay |, | Gee |, and | Gey | all bounded by M k all 
(x,y). Suppose also that 


O< mS | (ty) Il, y) SM<r 


for all (x,y). Let x.(s) and y,(s) satisfy (22A) of Lemma 7, and let x, (s, t) 
and yı(s,t) be defined for each s by 


(8/88) [a (s, t) | = cos 62, (8/84) [y ie t) | = sin 6, 
with 


2,(8,0) = z, (8), Yı (s, 0) = y1 (8). 
Then z,(s,t) and yı(s,t) are of class O” and the transformation 


z == Ti (S, t), y=Yıls,t) 
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is one-to-one from the entire (s,t)-plane into a subset of the (x, y)-plane. | 
Proof. This follows readily from Lemma 7. 


LEMMA 9. Let O(x,y) be of class O” over the entire plane ‘with | 6], 
| 0, |, and | 0y | all bounded by M for all (x,y). Let 


s= g(s), y=y(s), 
s being the arc length, be the solutions of 


dz/ds = cos 6, dy/ds = sin 6, 
for which | 
(0) =o  Y(0) — Yo. 


Then for each R there exists an sı > 0 and an s, > 0 such that 





(23) [z(si1) — t0]? + ly(s:) — yo]? = R’, 
(24) [z (— 52) — to]? + [y (— 82) — yo]? = F. 
Proof. Let x,(s,t) and yı(s,t) be determined by 
| _ôx/—— sind,  ôy/0t = cos 0 
with 
(25) (5,0) 29), 191,0) —y(s). 


Then by Lemma 8, the transformation 


T = Tı (S, t), y = Yı (S, t) 


is one-to-one from the entire (s, #)-plane into a subset of the (z,y)-plane. 
Let 

J; (s, t) = TLısYıt — TitY1s, 
so that 

Ji(s,0) =1. 

Also, since 
Jit = — (6, cos 6 + 8, sin 8) - J, 
it follows that 
(26) e-2M]t] = J, (s, t) S elt, 
In addition, 


{tue + yet} = 


A(s) -f f Tı(s, 1) dsdt. 


Integrating this and making use of (26), | | 


Now, let 
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A(s) = (s/M) (1— ¢??™), 
and so 
(27) lim 4 (s) = + 00 


>00 
In particular, if T =1, 


A(s) = (s/M) (1— e). 


Since (27) holds, there exists an s, such that the area in the (2, y)-plane 
corresponding to the set 
0Z<S8< s, —1Zi<i 


exceeds (R + 1)?. That is, there exists a point (So, to) in this set such that 
[ts (So; to) — %o]? + [gi (80; to) — yo]? > (R + 1V. 
In adđition, 
Lai (So, to) — T1 (80, 0)? + Lya (Sos to) — Y1 (so 0) P S 1 

so that A 

[2 (So; 0) — z0]? + [y1 (S0 0) — yo]? > R. 
Thus, in view of (25), it is evident that’ (23) holds. A similar method of 
attack will demonstrate the validity of the inequality (24). 


Luma 10. Let G bea region bounded by a simple, closed regular curve 
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of class Ca”, and let a(z,y), b(z,y), c(x, y), and d(x,y) be functions of 
class O” on G, with 


La(s, y) Ida, y)] — [o (x, y) ITe(x, y)] 0 
at each point of G. Then there exists a one-to-one transformation 


(28) = E(x, y), n=n(2, y) 


of the entire (x, y)-plane into the entire (£,n)-plane, which, together with its 
inverse, is of class C” over the entire plane, and in which £ and n satisfy 


Em — Éma >= 0, 
(29) ana + ey = 0, 
béz + dé; =Í. 

at each point of G. 


Proof. Let the extension of Lemma 4 be applied to these four given 
functions. Then the functions r.(x, y), (2, Y), r2(2,y) and 8,(x, y), which 
are the functions of Lemma 2, are all of class C’” over the entire plane, and, 
together with their first three derivatives, are uniformly bounded everywhere, 
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In particular, there exists a square 8: [ (£o, Yo), (Zo + k, Yo + %)] which con- 
tains G in its interior, and which is such that 6, (x, y) and ĝa(z, y) equal 0 
and 7/2, respectively, on &* and at all points exterior to S*, as well as at 
all points (x,y) interior to S which are such that their distance from S* is 
not greater than unity. 
Let 
x = %4(s), y=yıls), and z == g(t), y = Yalt) 


be the families of curves satisfying (22A) and (22B), respectively, and 
designate by C, and C, the curves of the first and the second families, respec- 
tively, through (2%, Yo). Now let P: (z,y) be any point, and let C’, and €”: 
be the curves of the first and second families through P. By means of Lemma 
9, we can easily show that 0”, intersects C2, and that O”, intersects C,. Let 
P, and P, be, respectively, these two points of intersection. Then let s be 
the directed distance along C, from P to P,, and t be the directed distance 
along C from P to Pa. Let &(z,y) and n(x, y) be defined by 


E(x, y) = S, (a, y) == À, 
By Lemma 8 and the above, the transformation 
é= (x, y), n = n (2, y) 


is one-to-one from the entire (x, y)-plane into the entire (&,n)-plane. 
Let z, (s, t) and y:(s,t) be defined by 


(3/88) Ca (S, t)] == COS 8, (2, Ys); (9/8s) [y (8, t)] = sin 0s (2%, Yı) 
with | 


2, (0, t) = r(t), y1(0,¢) = yat), | 


z == T(t), y==Y2(t) being the equations of C,. Let z.(s,t) and g(s,t) 
be defined by ; 


(9/04) [x (s, t) ] = cos & (2,92),  (9/8t)[ye(s, t) ] = sin 0: (2, yo) 
with i 
t(s, 0) = z, (8), Ya(s, 0) = y1 (8), 


g = zı ($), y=Yı(s) being the equations of C1. 
By Lemma 8, all of the functions are of class C”” in both s and t. Also, 
it follows that both of the transformations, 


z = Ti (8, t), y = y: (S, t), | (i = 1,2), 


carry the entire (s, t)-plane into the entire (z, y)-plane. 
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If these transformations are reversed so as to obtain 
(30) er Sı (7, y), t — t, (2, y), and s= S2(z, y), t= t2(%, y), 
from the first and second, respectively, then-it is seen that 


= (q, y) == $ (T, y); . n = (7, y) = t; (2, y). 
Now, let 


Ji(8, 8) = LisYit — CatYis, | (t= 1,2); 
it may easily be verified that J,(0, £) -is never zero, and that since 
Jis = | (0/0y) sin 0, + (8/82) cos 8,] Jh, 


Ji(s,t) is never zero. Similarly, J,(s,t) is never zero: Thus the inverse 
transformations (30) are of class C””, and hence both £ and » are of class C”. 
Now let | 


J (s, E) == Eony — Syne. 
This may easily be reduced to. 
` J = sin [6.(2, y) — (2, Y) ]/J J2 


Thus J is defined everywhere and never vanishes. Hence the inverse of (28) 
is of class 0” everywhere. = | 

Now, : 

Ane + Coy = 11 COS Arye + Ta sin Giny 

= r,[2,9 + Yom] = 0, 


since J, never vanishes and since 
Qe = — Yrs/J1, Ny = Tis/J 3, 
Similarly, it may be shown that 
ber + déy = 0. 


This is the transformation sought for in this section. The essential 
features that will be needed later on are its differentiability properties, the 
three statements of (28), and the fact that it is one-to-one from the entire 
(x, y)-plane into the entire (é, »)-plane. 


3. A lemma of general interest in the calculus of variations. In this 
section, we seek a. lemma which is of quite general interest in the Calculus of 
Variations. It is necessary to develop several preliminary lemmas which yield, 
upon proper application of the transformation of the preceding section, the 
desired result. 
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LEMMA 11. Let B(z,y), «(z,y), and e(z,y) be functions of class C” 
on the closed rectangle R: | (x1, Y1), (22, y2) |], with B(x, y) and a(x, y) never 
zero on B. Then there exists a function u(x, y) which is of class O” in x and 
of class O” in y which possesses the boundary values 


U(E, Y1) == U (T, Yo) = Uy (T, Y1) = Uy (T, Y2) = 0, 
and which is such that 
J” Bn fale, ua, y) + (a, paf, nl. 
Proof. Let v(x,y) be of class C” and be such that 
a(z, 9)02(2,9) + e(z, y)0(a, y) = Bla, 9). 
If now, ¢(y) is any function of class O” satisfying 


pui) = p (22) = p (4) = p (y2) = 0 
and such that i 


"4 (4) dt 56 0, 
Hi ‘ 


then obviously the required function of the lemma is 


u(x, y) =v (z, 9) $(y)/ Í, ” s(t)at. 


Lemma 12. Let (x,y) be a function of class C’ ‘on À, R being the 
rectangle: | (21,41), (Tz Ye) |, and suppose that 


(31) Í, f p(x, y)u(z, y)dyds = 0 


for all u(x, y) which are of class CO”, with Uoso(t, y) also continuous and zero 
on R*, which vanish together with their first and second derivatives on R*, 
and which satisfy 


Ya 2 
(32) f° B(x, 9) lee yule y) + eau) (a y) ldy = 0, 
B(z,y), «(z,y), and e(z,y) satisfying the conditions stated for them in the 
preceding lemma. | 


Then there exists a function x(x) of class O for tı S s x, such that 


(33) (2,9) + (9/87) [B (z, y)a(2, y)x(2)] — B (x, y) e (x, y)x(#) = 0 
on Ř, 


"+ 
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Proof. Let u (x,y) be the function of Lemma 11. Now let v(z.y) be 
any function of class O” which vanishes together with its derivatives on R*, 
and define y(x) by 


(a) = f” Ble t) [ala Due(a t) + ea #)0(x, t) dt 
Yr 
' Thus y(x) is of class 0”, and satisfies 


(a1) = y (t2) = Yu) = y (22) = 0. 
Now let 


vx, y) =u* (2, y) + a (v, y)y (2). 
Obviously u* (v, y) satisfies both (31) and (32). If, now, 


f” Joe neoley ayae 
vı Y 


be manipulated by various interchanges of letters and orders of integration, 
as well as by integration by parts, there results the equation, 


B9 PT Ponte — By) x2) 
| + (6/02) [B (2, y)a (2, y)x(2) 1) dyds = 0. 


Q 


where 
Y2 
r mn see , dt. 
x(2) = REICH LICH 


Since (34) is satisfied by all v(x, y) of class O” which’ vanish together with 
their first and second derivatives on R*, then the statement (33) follows 
immediately from the fundamental lemma of the calculus of variations. 


LEMMA 13. Let A(x,y), B(x, y), C(x,y), D(z, y), B(x, y), and F(x,y) 
be functions of class ©” on a simply connected region T with AD — BC 0 
on T. Then a necessary and sufficient condition that there exists a solution 
| 540 of class C’ on T of the two equations 


(35) (8/0x) (An) + (9/69) (Cu) == Ep, and (9/8x) (Bu) +(0/0y) (Dp) = Fu 


as that 


OD As NC BD) 

(29) ay AD — BC 
= [AC Be— Di) BU — As —G) 7 
= on AD—BC 


on T. 


Proof. If the equations (35) be solved simultaneously for ps and y, 
it is found that 


7 
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D(B — As — Cy) —O(F--B,—Dı) | 

= "AD — BC Bs 
AOS Be DB 0). 

di AD — BC 


From these, we may conclude that if w=£0 on T, then p is never zero on T, 
and so log» is defined and is of class 0” on T. Dividing these last two 
equations by p, it is clear that, if (35) holds, then (36) is also satisfied. 

Finally, if (36) holds, there exists a function (x, y) of class C” on I' 
such that 


D(B— As — On) —O(F —Bo—Dy) 


a AD = BO 
AF—Be— Dy) — B (E — As — Gy) 
ne AD — BC d 


2 


since T is simply connected. Thus any function u of the form 
p = CeP, 
C being any constant, satisfies (35). 


Lemma 14, Let a(x,y), bay), (ey), day), (ty), F(z y), 
alz, y), S(a,y), elx, y), and’ &(x,y) be of class C” on the rectangle 
R:[(z,,Yı), (a, Ye) ] with a-80 on À. Lei u(x,y) and v(x, y) be of 
class C’ on À, vanish on R*, and satisfy 
(37) Ma + dv, + eu + lo = 0 
on È. 

Then 


(38) ff (aux + bug + cu, + dv, + eu + fv) dydx 
me [. f ul (6/8) (aH) —- cH — (az + y — e) ]dydz, 


where 


en "en y) > a 7 à ai) 





x f ep JHE dr]: [bea t) + Aula) — f (2, t) Mat 


Proof. If u(z,y) and v(x,y) satisfy (37) on Æ and vanish on R*, 
we have 


(39) v(a,y) —K(a,y) f B(s, t) [a (a, t) ue (a, t) + e(z, t)u(a, t) ldt, 


where 


~~ a 


~ 
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Kay) =— exp [— | — är], 
and 





VE(mr) ; 
B(a,1 
9) = ey) PCS, en)” 
Now if the left hand member of (38) be integrated by parts, and v(z,y) be 
replaced by its equal from (39), there will result, after various interchanges 
of the order of integration as well as several integrations by parts, the right 
hand side of (38), as required. 


Lemma 15. Let a(x,y), b(x,y), c(2,y), d(z,y), e(x,y), f(z y), 
a(z,y), 8(z,y), e(z,y), and £(a, y) be of class O” with «- 840 on the closed 
rectangle B: | (a, Y1), (4, %2) |. Suppose that 


SJ (au; + bus + cu, + dv, + eu + fv) dyde = 0 


for all pairs of functions u(x, y) and v(x,y) which are of class O” on R, 
which vanish with their first and second derivatives on R*, and which satisfy. 


(40) GU, + dvy + eu + fv = 0 
on À. a ; 

Then there exists at least one function A(z, y) of class C’ on À which 
satisfies the two equations 


(9/00) (a— da) + (8/Ay) (6) = e — às; 
(8/02) (b) + (8/0y) (d —A8) =f — t 


Ead 


on R. 


Proof. Let u(x, y) and v(x, y) be of class 0” on À, vanish with their 
first and second derivatives on R*, and satisfy (40). Suppose that urae (2, y) 
is also continuous and vanishes on R*. Then the equation (39) of Lemma 14 
holds. In order for v (s, y) to vanish on R*, it must be true that 


(41) J” (x, t) [a(a, t)ue(a, t) + elz, t)u(a, t) ]dt = 0. 


Thus, since all of the conditions of Lemma 14 are satisfied, the result stated 
as equation (38) must hold for all u(z,y) satisfying all the stated conditions, 
including (41). From Lemma 12, then, it follows that there exists a function 
x(x) of class C’, such that 


(9/0x) (aH) — H — (az + Cy a e) + (0/82) (aBy) — «By = 


where H and B are defined as in Lemma 14. 
Now, if we define 
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A2,y)=H(a,y) + B(2,y)x(2), 


it may easily be verified that this function satisfies the required conditions 
of the lemma. 


LEMMA 16. Let G be a region bounded by a simple, closed, regular curve 
of class Ca”. Let A(x,y), B(a,y), C(a,y), D(a,9), E(x,y), Play), 
a(x, y), b(x, y), c(x, y), dix, y), e(x, y), and f(x, y) be functions of class ©” 
on G, with | 


[A (2, y) ][D(a, y) ] — [B (x, y) JLO (x, y) ] 0 


on G. Suppose also that the set of points (x, y) where 


(42) a Se | 
oy AD — BC 
_ ô FA(F— Be— Dy) —B(E— As — Cy) 
Oa AD—BC | 


is nowhere dense. Suppose finally that 
(43) Í f (atte + hve + cuy + du, + eu + fu) dyde = 0 
R 

Tor all u(x, y) and v(x, y) which are of ‘class O” on Q, which vanish together 
with their first and second derivatives on G*, and which satisfy 
(44) Aus + Bu, + Cuy + Do, + Eu + Fv =0. 

Then there exists a unique function A(z,y), which ts of class C’ on 6, 
and which is such that | 


(3/Au) (a — A) + (9/8y) (e —AC) =e — dE, 


= (0/92) (b —AB) + (8/8y) (d—AD) =f — AF. 


Proof. Let the transformation of Lemma 10 be applied to these given 
functions. Then (43) becomes, T being the transform of G, 


(46) f f (arte + E EE E E + fiv) dnd = 0 
where : 
a (É, n) o {a[x(é, n); y(& n) 1& + elate 1); y(é, 7) Jé} (TEYn == TYE), 


with bi, cı, di, &, and fı represented by similar expressions, and where u(é, 7) 
and v (é, 7) are the transforms of u(x, y) and v(x, y). Equation (44) becomes 


(47) (Aig: F Ciéy) UE 5 (Bigs + Diëy) ve Ar (Aine T Ciny) Un 
+ (Bine + Dim) vn + Eu + Fiv = 0, 
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A1, Bi, Ci, Di, E and F, being the transformed functions A, B, C, D, E, 
and # respectively. From the properties of the transformation, the coefficients 
of Um and vg are zero, and, in addition, — 


(digs + Cié) (Bino + Dim) = (ALD1 — B101) (Erny — érne) 0, 
so that (47) may be written as 


aug + un + eu + Cv = 0, 
œ, 5, e and & having the obvious interpretations, with 
(&7)8(& 9) 0. 
Also u(é,7) and v(é,7) are of class O” and vanish with their first two deriva- 
tives on T*, 


Now let 5 be a rectangle in T, and let & be the corresponding region in G. 
Then, by Lemma 15, there exists a function A,(&,n) which is of class O’ on p 
and which satisfies 


(O/0Ë) (ai — Ma) + (0/09) (c1) = e1 — Me, 


(48) (8/88) (b1) + (8/89) (di — M8) = fı — Al. 


Now let a, A, etc., be the original functions of z and y with (é, y) and y (£, 2) 


substituted in when the context demands. Let 
J = Eoy — es Jı = LEY, — Inye. 


On rewriting the first of equations (48), using the formulas for a,, «, etc., 
we have 


z [E (AE + 0] — i ee 


Now by manipulation of this last expression, including the use of formulas 
for the derivatives of the inverse functions, as well as certain properties of the 
transformation, we obtain 


in + ty — ÀX(Az -+ Cy) — Az — Chy ae e — ÀF, 
where 
À — Aı/dı. 


This is the first of the equations of (45), and the second may be obtained 
analogously. 

. Thus on each region À of the type indicated, there exists at least one 
A(z, y) satisfying (45). Since the set where (42) holds is nowhere dense 


er m miim e, 


EEE o 25 
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in G, it follows that (42) cannot hold identically on À, and it follows from 
Lemma 13 that A(z, y¥) is uniquely determined on R and hence over the 
interior of G. 

Finally, if A. (é 7) =A(z,y)/J, it can easily be shown that Aj, Aug, and 
An have continuous limits on T* by studying the behavior of these functions 
along a small part of T*. 


4. The Lagrange multiplier rule. In this final section, we wish. to 
prove the Lagrange Multiplier Rule for the-case of two dependent variables 
and two independent variables. 

Suppose, then, that f(z, Y Zis 22, Pr, Pos Qu q2) and p(z, Y> Zi, 22, Pas Pay Ga, q2) 
are of class O” in their arguments, that 2,(#,y) and Z(x,y) are of class 
C! on a region G, the boundary of which is a simple, closed, regular curve 
of class C4”, and that 2,(z,y) and 2,(2,y) minimize 


(49) SS F(z, Y, Ras 22, Pis Pa: Gi» Qo) dydz 


among all functions 2,, 2, of class O” on G, coinciding with 2, and 2s, 
respectively, on G*, and satisfying 


(50) $ (T, Y, 21, 22, Pis Pay us 92) = 0. 


Now suppose for the moment that Z,(2,y; a) and Z,(2,y; u) are of 


class C” in their arguments for (z,y) on G and |p| < po, coincide with 
Z, and 2, if p= 0, and satisfy (50) for |» | < mo. Then, if we differentiate 
with respect to » and then set u == 0, we see that 


(51) Pnb + botox + Pair + Party = bats = Prke m 


and ¢, and £, vanish on G*, Here we have set 


&ı Te [ (8u) A (x, Y; p) |p= Éo = | (0/dp.) Z2 (x, Y; +) [uso 


and $p, ete., stand for $p (T, Y, 21; Ze, Zia, Zar, Žins Say), ete. Equation (51) is 
known as the equation of variation. 

We cannot prove the multiplier rule for all possible cases, but shall prove 
it only for the case where the surface 2, =: 2, (æ, y), Z2 = Z2(x,y) is ‘ quasi- 
normal’ with respect to the differential equation (50). 


Definition. The surface z, == Z, (T, Y), 2—=2(z,y) is said to be quasi- 
normal with respect to (50) if 


ae AD — ee on G, a = op, B= Ppa C = ba» D = pan» E = Bay 
= $a) ; 





NY 
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(ii) The set where 
LA PE EP 
_ On AD -— RC 
is nowhere dense on G; and 
(iii) If & and & are any functions of class O” on @ which satisfy (51) on 
G and vanish on G*, there exists a one-parameter family 7, (2,4; p); Zelt. y; p) 
of pairs of functions of class O” in their arguments for (x,y) a point of @ 
and | ul < po such that 
(a) 41(%,y;0) (x, y), Za(z,y;0) = 2(%, y); 
(b) [07/0] u=o == 1, [92 3/0] uzo == fo; 
(c) for each a with [ni < po; Zı(2,y; a) and Z:(x,y;u) coincide on 
G* with 2,(x, y) and z(x,y), respectively; and 
(d) Z,(%,9y; a) and Z2(x, 43) satisfy (50) for each x with | | < Ho- 
THEOREM 1. Let f, p, G, Zu and 2, satisfy the differentiability hypotheses 
of the second paragraph of this section and suppose that the surface 2 == 2,(t, y), 
o == 2o(%, Y) 18 a quasi-normal surface with respect to the differential equation 
(50). Suppose that 2,(x,y) and 2.(2,y) minimize the integral (49) among 


all pairs 2,(2,Y), 2:(x, y) of class O” on G, coinciding with 2, and % on G*, 
and satisfying (50). 


Then there exists a unique function, A(z,y) of class C’ on G which 
satisfies the equations 


(8/02) (Fo, — ns) + (8/0) Fa — Aba.) = fes — Aber 
(4/02) (Fo. = À Pre) T (3/8y) (Ta ds Ada.) aa fes ~ Abe 


on G. (The notation of equation (51) is employed here.) 


Proof. Let &(z,y) and £&(x,y) satisfy the conditions (iii) of the 
definition. Since the surface 21 = 2, (2, Y), 22 = 22(%, y) is quasi-normal with 
respect to (50), there exists a one-parameter family of pairs of functions 
Z,(&,y; un), Ze(x,y;u) which satisfy the conditions (iii) of the definition. 
Let f(x) be the function of u obtained by substitution of the Z;(x,y; p) in 
the integral (49). Since 3, and % minimize this integral, we must have 


ie, S Fabio + Fotos + fain + fakes + Fate + Fake) dyde — 0, 
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That is to say, we have 


fs (abre + Bose + Chiy + doy + ef; + féz) dyda — ( 


where a = fp, etc., for every pair (£:, £2) of class ©” on G, vanishing on-G*, 
and satisfying 


Abie + Below + Cory - Dé: + EG: + Ft; = 0 


where A = p, etċ. The existence and uniqueness of A(z,y) follows from 
Lemma 16 of 3, since it is clear that a, A, etc., are all of class 0°”. 
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TRE NON-LOCAL EXISTENCE PROBLEM OF ORDINARY 
DIFFERENTIAL ‘EQUATIONS. à 


By AUREL WINTNER. 


Introduction. Let f,,: © :,f, be real-valued, continuous functions of 
position on the (n + 1)-dimensional region 


(1) —asisa — © LT < 0; (= 1,: ::,n). 


Then, corresponding to any set of real values ci, the system of differential 
equations 


(2) Da fi (t; Li, ` *,@n) 5 (t= 1,---,%), 
where a’ — dx/dt, has near t = 0 a solution z; = (t) satisfying 
(3) ti(0) = Ci. 


The italicized proviso is essential, even if the system is “ conservative” (in 
the sense that (1) and (2) become | 


(4) ey ee eae E (i= 1,:::,n) 
and 
(5) B'i = fi (T1, ° Zn) 


respectively) and even if the functions f; are regular-analytic on the whole 
v-space. 
For instance, if (5) is the single differential: equation 


(6) T = T, 


then, although fı = fn is a polynomial, every solution z(t) determined by a 
non-vanishing æ(0) ceases to exist at a finite t= 7%. In fact, all solutions 
. distinct from the solution z(t) ==0 (which belongs to z(0) — 0) are repre- 
sented by z(t) = (to — t) “1, where ¢) is a non-vanishing integration constant 
determined by the initial value 7(0). But the function (tọ — #) cannot be 
continued beyond t= 7%) so as to remain a solution. For, if it could, then, 
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since it should satisfy the differential equation, it ought to be defined at t = te 
in such a way as to be differentiable, hence continuous, at t = tẹ. But this 
is impossible, since the solution is not bounded near ¢ = to. 

These trivial comments are made only in view of (iii bis) below and in 
order to make it clear that the possibility of “moving singularities” in the 
particular case of analytic differential equations is just a manifestation of the 
local nature of the existence theorem in the general case. In this regard, not’ 
even Riccati’s type, though reducible to a linear differential equation, is ex- 
ceptional, since (6) is of his type. 

On the other hand, the existence theorem of the initial problem (3) is 
not of a local nature if the system (2) is linear and, without additional loss 
of generality, homogeneous, that is, if 


(7) fi (t; ITR ` `, Tn) = fu (t)i +: | + fin (t) En, 


where, by virtue of the assumption made with regard to the range (1), the 
n? functions fi; (t) are continuous on the interval —a=t=a. In fact, the 
solution of (2) determined by arbitrary initial data (3) is known to exist 
on the whole interval — a = t = a in the case (7). As was shown in [1], 
pp. 553-556, the non-local existence theorem’ for the linear case can be 
obtained as a corollary: of the local existence theorem for the non-linear case, 
if the limited Z-range supplied by the latter is applied repeatedly. The possi- 
bility of this reduction depended on the divergence of the harmonic series, 
S1/m = œ, a series resulting from the particular structure of (7). 

Loc. cit., this elimination of the non-local existence theorem of linear ` 
systems as an independent theorem was Just a matter of convenience, namely, 
a way of replacing two proofs by one. It took me twenty years to observe 
that the reduction process applied in [1] has more to it than this, just 
methodical, interest. In fact, it turns out that the whole of this reduction 
process can be worded so as to avoid the assumption of linearity. And it 
happens that the resulting rewording leads to a solution of the non-local 
existence problem (“in the large,” i.e., in the “unrestricted” sense of [3], 
pp. 85-86, 132, 341) for the non-linear equations (2) ; a solution which proves 
to be of a final nature. Cf. (iii*) and (ili bis) below. 

Both the result and its proof are very similar to the procedure applied 
by me to Strömgren’s empirical principle of natural termination. On the 
other hand, an application of Birkhoff’s subsequent variant of this proof oi 
the termination principle would not lead to a solution of the problem (that 
is, to (iii*), (iii), or, for that matter, to the weaker results (1*), (i), which 
are not final in nature), since Birkhoff’s variant consists in the replacement 
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of the constructive process of prolongation by the indirect device of the Heine- 
Borel theorem. For references cf. [3], pp. 441-442. 

It should finally be mentioned that the proofs, which will be worded 
for the case of a real variable ¢, need no modification if ¢ is replaced by. 
z ==% -+ iy; so that all results remain valid in the case of (ordinary, non- 
linear) analytic differential equations in the complex domain. 


1. The arrangement of the proofs becomes particularly convenient if 
the most general case, instead of being formulated directly, is reached through 
successive stages of straightforward generalizations. In fact, all the essential 
elements of the proof are needed for the following particular case: 


(i) If fi, ++, fm are continuous functions of position on the space (4), 
and tf (Cu > ",Cn) 1s any point of this space, then (5) and (8) have a solution 
vı = Tı (t) which exists on the whole t-axis, — co < t< œ, whenever the 
given functions f; are subject to the n inequalities 


(8) fe (2, ee =0(|z|) as | s| — oo. 


_ Here, and in the sequel, |x| denotes, not the Euclidean length of the 
vector æ, but the length of the longest component of x, that is, 


(9) | | = max (| z: |, - -,|m|), where & — (x, : - ,æ) 


(this leads to | æ j| = |z | if n—1). Accordingly, (8) means the existence 
. of a constant A satisiying | 


(10) la, m) < A max (fa |, jo | 1). 


The (n + 1)-th term, 1, on the right of (10) is adjoined in order to take care 
of the vicinity of the origin of the x-space. 

Since only the continuity of the functions f; is assumed in (i), the 
solutions to which the assertion of (i) refers will not in general be unique. 
In addition, the solution can be unique near {== 0 but then lead to branch- 
points. What will happen in such a case is clear from the wording of (i) and 
from the following proof. Needless to say, the emphasis in (i) is not on this 
generality, since what really is interesting in (i) is the case of “smooth ” 
functions f; of the type occurring in dynamical applications (or, for that 
matter, the case of regular-analytic functions); ef. [8], p. 356. And the 
solutions must be unique throughout (and so, by (i), for — œ < t< œ), 
if the given functions f; satisfy, for instance, the local condition of Lipschitz 
(e. g., if every fi is of class C’). 
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If the n continuous functions f:(2,: - *, €n) have an absolute value not 
exceeding M in the cube | z; — £i | b about a point (tio * +, Zro), ànd 
if to is arbitrary, then (5) has a solution v(t) which satisfies the initial con- 
dition (do) = Tio and exists, at least, on the t-interval consisting of those 
values which differ from ¢ by not more than b/M, and the n inequalities 
| si (t) —aio| <b hold for every ¢ contained in this interval. The lower 
bound 5/M for the ¢-range of assured existence follows by the method of 
equicontinuous functions. The same b/ results when, under an additional 
restriction of Lipschitz’s type, another method, such as the method of suc- 
cessive approximations, is applied. Actually, b/M cannot be improved in the 
complex-analytic case, a case in which b/Af becomes a “ best universal con- 
stant” (of the type of absolute constants occurring in the theory of con- 
formal mapping); ef. [2]. 

If the constants Zio, to Ù are identified with c:, 0,1 respectively, it is 
clear from the definition of M and from (10), that M can be chosen to be 
A max (¢,1) — Ac, if c is any value exceeding each of the n + 1 numbers 
| ¢4|,1. Hence, if c is fixed in this manner, then b/M = 1/M becomes the 
reciprocal value of 4c. Consequently, if 


(11) tı = A-/e, 


then (2) and (3) have a solution z,(¢) on the interval OStSt,, and the 
n inequalities | 2:(¢) —c; | <1 hold for every ¢ contained in this interval 
and so, in particular, for ¢==7,. It follows, therefore, from the definition 
of c that 

(12) | e(t )| < c +1. 


Next, let Zio to, b be identified with z(t), t:, 1 respectively. Then it is 
clear from the definition of M (for the resulting cube) and from (10) and 
(12), that A max (c + 1,1) = A (c + 1) is an admissible value of W. Hence, 
b/M =1/M becomes ta, if te denotes the quotient 


(13) = At/(c-+1). ` 


Consequently, the solution 2;(¢), the existence of which was assured for 
OZ<É< t, proves to be prolongable for , = t S t ae ta, Since Tio = Ti (t), 
it also follows that the n inequalities | (4) — z: (tı)| & 1 are satisfied for 
every ¢ contained in the latter interval and so, in particular, for t = t, + ta. 
Accordingly, from (12), 


(14) | wi (ty + lo) 





<< c+ 2. 





~k, 
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If io, to, 0 are identified with x(t, + be), 4 + te, 1 respectively, it 
becomes clear that the possibility of repeating this procedure is never arrested. 
The m-th term of the sequence which starts with (11) and (13) is seen to be 


(15) tm = A*/(¢ + m— 1), 
and the m-th step extends the solution initiated by (3) to the ¢-interval 
(16) is ds 2 NE as a a (to = 9), 


since, corresponding to (12) and (14), 


(17) EACE ' -H tma) << e+ m—l1. 
The first m intervals (16) cover the range 0S ¢ Tm, where 
(18) | Tm = b +: i + bn. 


But, since X1/m == œ, it is clear from (15) and (18) that Tu œ as 
m— oo, Hence, the existence domain of the solution z;(t) contains the 
whole half-axis 0S!< œ. Since ¢ can be replaced by —#, the proof of 
(1) is now complete. 


2. If the functions f; are polynomials, then the assumption (8) of (i) 
is satisfied only if the system (5) is linear. On the other hand, (8) includes 
an extensive class of algebraic, and for that matter rational, functions fi, 
as well as entire functions f; (as exemplified by such types as 


f(a) =(1-+25)4, (1427), o/(1+2%), cexpsing, 


where n=1). In the linear case, the general solution of (5) consists of 
exponentials eff and (possibly) of #, ¢?,- - - ,i*-1 since ¢ does not occur in 
(5). In particular, every solution is O(e°t), as £—> œ, in this trivial case. 
In the non-linear case, no “ explicit” solution of (5) is possible, of course 
(except when n—1}). But it turns out that the growth of the solutions an 
the non-linear case is limited by the same estimate as in the trivial case of a 
linear system with constant coefficients : 


(ii) Under the assumptions of (i), each of the n components x;(t) of 
every solution of (5) is O(e°*) as t—> œ, where C is a constant. In addition, 
C can be chosen so as to be independent of the integration constants (3). 


In fact, it is clear from the proof of (17) that | 2:(t)| < c + m holds 
for every positive ¢ not exceeding the value (18). On the other hand, it is 
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seen from (15) that, as m— œ, the value (18) is asymptotically equal to 
Atlogm. This proves the first part of (ii). The refinement claimed by the 
second part follows by observing that the constant A, being defined by the 
formulation (10) of (8), depends only on the system (5). 

The trivial case mentioned before (ii) shows that the estimate supplied 
by Gi) cannot be improved if only (8) is assumed. However, it is clear from 
the proof of (ii) that C in (ii) can be chosen arbitrarily small if (10) holds 
for every A. In other words, (ii) can be supplemented as follows: 


(ii bis) If O(|a|) in the assumption (8) of (i) is refined to o(| |), 
then O(eCt) in the assertion of (ii) can be improved to exp o(t). 


By an adaptation of these remarks, estimates of the growth which corre- 
spond to (ii), (ii bis) can readily be obtained for each of the cases covered 
by the general result (iii) below. 


3. In (i), the differential equations are of the particular type (5), that 
is, ¢ does not occur explicitly. In order to extend (1) to the general case (2), 
let f° © +, fn be given as continuous functions of position on the (n + 1)- 
dimensional region (1). The #-bound b/M supplied by the local existence 
theorem, used in the above proof of (i), must then be replaced by min (a, b/M), 
where a is the number occurring in (1). Correspondingly, the values (11), 
(13), (15) must now be restricted so as to be within the t-range of (1), 
that is, (15) must be replaced by 


(19) tm = min (a, A*/(¢ + m—1)). 


Then the extension of the solution to the consecutive intervals (16) is exactly 
the same as in the proof of (i), if it is assumed that the functions f; (which 
now contain ¢) satisfy the inequalities (10), where A is a constant (in- 
dependent of (2, © *, 2n) and of t). 

Thus, under the assumption just mentioned, the existence of the solution 
z;(t) follows on the interval OS $ & Tm, where m is arbitrary and Tm is 
defined by (18) and (19). However, since 31/m = co, it is clear from (18) 
and (19) that Tm becomes identical with a when m is large enough. Con- 
sequently, (i) can be extended from (5) to (2), as follows: 


Gi*) IF fotte, fa are continuous functions of the position (t;2%1,---,2n) 
on the domain (1), and af ¢1,- > *, Cn are arbitrary, then (2) and (3) have 
a solution 2; ==2;(t) on the whole t-interval, —a S t S&a, whenever the 
given functions are subject to the n inequalities 


Op 
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(20) max |filt; tu En) = 0C] |) 


-aita 
as (9) tends to œ. 


t 


Clearly, (i*) implies the classical result as to the unrestricted existence 
of the solutions of linear differential equations. In fact, (20) is satisfied in 
the case (7), where the f(t) are arbitrary continuous functions on the 
interval — a < t& a. Conversely, sincé the estimate (20) is just what is 
required in the case of linear systems, the exceptional function-theoretical 
standing of the linear systems might suggest that (20) cannot be relaxed. 
- However, it turns out that (20) is not the true condition, since (i*) can be 
improved as follows: 


_(iii*) The assertion of (i*) remains valid if O(| x |) in (20) is relaxed 
to O(L(|x|)), where L(r) is any L-function satisfying 


(21) ` E f dr/L(r) = œ. 


This contains (i*), since fdr/L(r) =logr in the case, L(r) =r, of 
(20). And (iii*) is the true theorem, since its integral condition cannot be 
altered, as will be shown below. 


4. The proof of (i), where (2) is of the form (5), is based on the fact 
that the series 31/m diverges. Correspondingly, the proof of (i) remains 
unaltered in cases in which 31/(m log m) or 31/(m log mloglog m) takes 
the place of 31/m. On the other hand, what introduced the particular series 
31/m in the proof of (1) was just the linearity of the function, (9), occurring 
in the O-assumption, (8), of (i). Thus it is clear that (i) can be generalized 
as follows: — 


(iii) The assertion of (i) remains valid if O(| x|) on the right of. (8) 
is relaxed to O(L(|»|)), where L(r) is any L-function satisfying (21). 


Actually, the assumption that L(r) be an L-function is not needed to its 
full extent. On the other hand, the assumption (21) is fundamental indeed: 


(iii bis) Corresponding to any L-function subject to 


(21 bis) | (ars) 28, 
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there exist systems (5), even analytic systems, which satisfy the assumptions 
of (iii) except the assumption (21), but are such as to make the assertion of 
(ii) false (1. e., such as to possess solutions &;(t) which cease to exist at a 
finite t = t°). | | 


In order to see this, let n = 1, and let fı(z,) — f(x) be identical with 
L(x) (for large positive x; = x), where L(r) is any given L-function satis- 
fying (21 bis). Thus the system (5) becomes the single equation + = L(r) 
(for large s > 0). Its solution æ—x(t) results by the inversion of the 
relation 





(22) = i A 
© 

(if c is large enough). Since Z>0, the integral (22) is an increasing = 
function of æ (> c), and so the correspondence (22) between t and x is 
one-to-one. But it is clear from (22) and (21 bis) that # tends to a finite 
limit as æ— co. Hence, if ¢° denotes this limit, then z(t) — co as t> t, 
where £ < to (< ©). It follows therefore from the remarks made after (6), 
that the solution z(t) cannot be prolonged beyond #°. 

This proves (iii bis). And (iü bis) implies the assertion made after 
(iii*). Finally, in order to prove (iii*), it suffices to make in the proof of 
(iii) the trivial modification which led from the proof of (i) to that of (i*). 
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CRITERIA FOR THE ABSOLUTE CONVERGENCE OF A FOURIER 
SERIES AT A GİVEN POINT 


By Kıen-Kwong CHEN, 


1. In the case of the convergence of the Fourier series of f at a given 


point, the problem is entirely controlled by the behavior of f in the neighbor- . 


hood of that point. But the absolute convergence of the series is not a local 
property, and in fact depends on the behavior of the function throughout the 
whole interval of definition. 

Various sufficient conditions for the absolute convergence of the series 


(1) do > (an cos nt + bn sin nz) 
n=1 


are known." Any one of these implies the convergence of the series 


(2) 2 (|an | + | on |). 


The necessary and sufficient condition for the absolute convergence of a 
trigonometrical series in the whole interval, is that the series is a Fourier series 
of a Young’s continuous function.? 


2. Let h(x) ie an even function such that h(2) = zt (0 <a <1) for 
027, and that h(x + 27) =h(x) for every s. Write 


9) =$ (sinne) /m ha) + g (2) =f (2), 


and suppose that the Fourier series of f(z) is (1). Then we have b, —=1/n. 
An easy calculation shows that a, == O(n“). Thus, the Fourier series of f 
converges absolutely at the point 


(3) z= Q, 
without the convergence of the series (2). It is perhaps worth remarking 


that the example may be obtained more quickly by setting an = 0, bn = 1/n. 


* Received February 21, 1944. 
1 Cf. A. Zygmund (1), Chapter VI. 
? K, K. Chen (1); G. H. Hardy and J. E. Littlewood (1). 
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The absolute convergence at the origin (3) of the Fourier series can however 
be known by the following criterion.. 
THEOREM 1. If 0 << np < 1, and the derivative of 


t Ph (udu 
(4) Eod 


exists as a function of bounded variation i nthe interval 0 & t & r, where - 
(5) p(t) =a{f(e +t) +f(z—t))} 
then the Fourier series of f converges absolutely at the point x. 


In fact, when #(¢) = 41e, the derivative of the function (4) becomes a 
constant multiple of {* which is of bounded variation in (0,7), since a is 
non-negative. 

3. In order to prove Theorem 1, we establish several lemmas. 


Suppose that 0 <a < 1, z = 0, and that the integral of h from 0 to x, 
of order 1 — « 


Gare (1/E(1—a)) f (e—#)*h(t) at 
has the derivative (d/dx) (h(x) )1-a at the point +, then we write 


(h(2))-a— (d/da) (b(2))s-0 


Lemma 1. If the derwatwe of (k(z))ı. (O<a<1) exisis as a 
bounded function in (0,X), then (h(x)). ts equivalent to a function of 
Lip a and 

h(z) = ((A(z))-a)o (OSeS 4), 


except for a null set of points x. 
Proof. Write | 
(d/dx) (h(x) )ı-a— g (2), a g(z)| = A. 
I 0Zx<x S X, then we have 
(A (%) ia — (A(2))ia | E 4 (7 — 2). 


Hence (h(x))1 is an absolutely continuous function. 





3 Another criterion for the absolute convergence of a Fourier series at a fixed point 
can be found in the note: K. K.. Chen (2). 
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Since g(t) is bounded,. (g(z))a is continuous.* ` Remembering that 
0<a< 1, we have 


(h(a) a= [y (tt = (Hd) e)ie 


It follows that the two functions A(s) and (g(#))a are equivalent. Hence 
h(x) belongs to the Lebesgue class LP(0,X) for every p>1. Hardy and 
Littlewood have proved that 5 if p2 1,0 < a< 1, and A(x) belongs to LP, 
then | 


x i ` 
L fi TOE) a — (hle — 8) )a P da]? — 0 (8), 
as -> +- 0. It can be deduced from this theorem that 
(6) | (h(z))ae Lip a. 
But it is better to give a direct proof for (6). We have 
(7) Ta) {(h(2’) a — (h(t) )a} 
= f D (a — t h(t) dt + f (a — t) h(t) dt. 
Jo : G 
We may suppose that h(t) is continuous, so that | 
AHS MrT(a+1) (0StS YX), 


if M is sufficiently large. Assuming 2’ > a, it follows from (7) that 
AM (h(a) al SoM fee (2 dt + Me —2)* 
0 


= M (de — x) + 2M (x — x) = 38M (r — x), 


since 0 < & <1. This proves (6). 
Finally, by definition, (kA(z)).«=g({z). Hence 


((k(&))-a)a = (g (2) a. 
Since ((g(x))a is equivalent to h(x), the proof is completed. 


4. LEmMa?. Suppose that q +1 > a>0,¢<1,0 << wz, and that 
ww m 
Z(w) = f ure f (t — u) ta cos nt dt du. 
Q 173 3 


1G. H. Hardy (1). 
8 G. H. Hardy and J. E. Littlewood (2). 
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Then there ts a constant C such that 
SC(nw)* (nw21), 
(8) InZz(w)|! SC(nw)** (nw <1, eq), 
= C(nw)*t (nw <1, & > q). 
Proof. In the first place, it follows from 


17 
Z (x) = | t COS nt |. ure(t — u)Tidu di 
= B(a,g—a-+1) LA cos nt dt 


= 0 
that 
Z(w) =Z(r) — fur [AC — u) cos nt dt du 
a/ W u 
= — IK: cos nt (raw oldu dt 
10 w . 
Tv 1 

(9) = — f cosnt | vt*(1—v)*1dv dt 

0 J w/t 


ign) f “sin nt- (w/t?) (w/t) (1 — w/t) dt 


= (1/n)wir@ fc —w)*t-*4 sin nt dt. 
10 





| The second mean value theorem gives two numbers £, and tz such that 
| i = 
nweZ (w) = f, (t — w) sin nt dt, w <t LT, > 
10 
and that w < t, < 4, ` 
1c+1/n ta 
InweZ (w) | = f (t — w)*1dt + | ns f sin nt dt |. 
10 s 10 


Hence 
|nweZ(w)| S (2 + Ya)n“. 


This proves (8) for the case nw = 1. 


Secondly, let nw = 1; we have 
7 
wirg-a J. (t — w) tta sin nt dt 


T a-1 sin(y + nw) + nw) 
= (nw) HTa f y (y + nw)™s dy 


Am-1 en \ 
(we fl, 


7-1 . 00 
— (my very + mw)-*dy hm Ne) 
0 Zr- 






4 
L i 
{ 
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where | àn | < 1, | un |< 1. Since g + 1 > a, the integral over (x/2 — 1, ©) 


is convergent. The integral | 
I LT yr (y + nw) dy 
is O(1), when a >q. And if «Sq, then 

I< (nw): (1/a) (7/2). 
This completes the proof of the lemma. 


5. Lemma 3. If P(t) is of bounded variation in (0,7) then the series 
co ı/n co r 
Im f (ailde and En f (nt l dete) 
n=1 o n= 1/n 
are both convergent, where «> 0. | 


Proof. The function 
x 
H(t) = n> min {(nt}s, (nt)~} 
n=l 


«bounded in (0,7). In fact, 


H(t) = Z n'(nt)} + Z nn)" 
ni nt> 
This is clearly O(1). The sum of any one of the two series in the lemma, 
is not greater than S H (¢) | dp(t) | which is a finite number, since ¢ (t) 
Q 


is of bounded variation. Lemma 3 is thus proved. 


6. Guided hy these lemmas, we were led to the following theorem which 
is an extension of Theorem 1. 


THEOREM 2. [FO <a<1,gZe, and the function 


| gan à ('utb(u)du 
(10) ef Te 


exists and is of bounded variation in (0,7), then the Fourier series of f con- 
verges absolutely at the point x. 


This reduces to Theorem 1, when « == q == p. 


Proof. We have to deduce the absolute convergence of the series 


(11) | | © (2/7) FAO cos ntdt 
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from the fact that the function y(t) is of bounded variation in (0,r).° 
In virtue of g = a, the function : ~ 


o 1 d (*Ħwgp(u)du 
(MO) a= HE) (da) 


being the product of y(t) and #2-4/T (1 — «), is of bounded variation in (0,7). 
It follows from Lemma 1 that the relation 


p(t) = i (29d (i) )-a)a. 


holds almost everywhere. Therefore the n-th term of (11) can be written as , 
LS $ 
f ta cos nt- (1/T (a) ) f (t — u) (ung (u) )-adudt 
0 0 | 
rT T 
= (1/T(e)) f, su). f (t —u)**t-4 cos nididu 
0 tt 
m | 
= (1/2 (a)) f urou (u))-adZ (u). 
0 
On integration by parts, we obtain 
T'(æ)T(1— a) fe cos ntdt —— {"Z (w)ap(w) 
«7 0 ü 
since Z (0) = Z (r) =0. Hence, by Lemma 2, 
T : °1/n 
(12) | f p(t) cos ntdé | S (C/n) J i (nw) | dy(w)| ` 
0 a 
+ (G/n) È (nwy* | ay(w)|. 
1/7 





The absolute convergence of (11) follows from (12) and Lemma 3. The 
theorem is thus proved. 


T. If we equate « and g in Theorem 2, we obtain Theorem 4. In particular, 
if the derivative ¢’(¢) exists and both $(£) and t#’(t) are of bounded variation 
in (0, 7), then 


= + turp(u)du = burp (tv) du 
ul i 0 (t—u)? 5 Go)» | 
v?(d(tv) + tod’ Frs ri 
“aaa EN 


e Cf. L. S. Bosanquet (1). 
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\ which is evidently also of bounded variation in (0,7). Hence we obtain the 
following 


THEOREM 3. If (t) and tẹ (t) are both of bounded variation in (0, x) 
then the Fourier series of f converges- absolutely at the point x. 


` ee) 
8. Write o,% for the m-th Cesäro mean of order a of the series 2 An: 


. n=0 
P(n tati) for « > — 1 


Thus, writing (e)a = m ETTET T) 


= (1/(@)n).& laast 


The series 3a, is said to be absolutely summable (C, œ) or summable | O, « |, 
if the series | 


Re 
> | Tn? — On-1° | 
n=0 
with o_,° = 0, converges. In this case, letting on% —> s, we write 
CO 
Sans | C, a |; 
n=0 
In particular, summability | C, 0 | is the same as absolute convergence. 
LEMMA 4. If a >— 1 and $, an =s | C, a |, then for e> 0, 


Sams T EAR 


This important theorem is due to Kogbetliantz.” It seems however that 
the proposition is new in the case —1<a< 0. We give a proof here. 


Proof. Without loss of generality, we can assume that e < 1. Writing 
x + e = ß, we have, by Abel’s transformation, : 


(B)non => (e en 1)n-v(&)vov® 


m=, y 
= 2 (ot -— amt) 2 (%) p(e— 1) np T on*(B) n. 
It follows that on 


On — ona = ((@)n/(B}n) (on — ona”) +2 (ov — ovat) (nm, v), 


TE. Kogbetliantz (1), (2). 


= =e- ne ee 
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where | 
(n, v) =X (a). | cet Res = (n, v) + (nv), 
(n,v), = re 2 > D(a) ile 2 aan 
ERBE. lee ERBEN T (a+) ule—2) nop 


DENE en 
If N > 2, then we have 


N N N n-2 
D | on? — onf |S 2 ((2)n/(B)x) ont — on% | + 2 2 | ( (ovt — ovt) (n, v) |. 


n=1 


The first term is O(1), as N —> co, since (B)n > (@)n. The last term is 
equal to 


Slow — omt] 2 > (m, v)|. 


y=0 


N sa 
l'ence it is enough to show that > |(n,v)] is uniformly bounded in N and v. 
v+2 | 


There is a constant K such that 


N N > p 
E (nr) | <E E nbn (a)n. 
n=2y+1 n=2y+1 p=0 


This is equal to 





N 
K(« +1), & n?*=0(1), 
n=2y+l 
uniformly in N and v. 
If v-+ 2S 2, then (B)n-1 = O(v*) and 
2} P 
2, Š (oa e—a j= Ë, Zul an | 


-—— (a)y >> (e— 2) nop 


n=?+2 


-È TS Lys — (e — 1 Yavu). 
This is less than 3 (a)p(e— 1)v-p = (ß)». Hence 
À (1/(B)ma) & (a)a(e— Yan Or?) (8)» = 0 (1). de 


Therefore we have 
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CO > 
x |(n,v)11=0(1). 
n=v+l 
In a similar manner, we can prove 
CO 
2 | (n, v)2 | = 0(1). 
The proposition is thus established. 


9. It has now been shewn that the absolute summability of negative order 
is a property which is stronger than absolute convergence. Let us next con- 
sider the absolute summability of negative order. For this purpose, we write 


[x(t) la = P (1 + a) tt (x(t) )a 
as the mean function of order « of y(t). Thus | 
[x(t) Jo = x(4); | 
Re (4/0) (Gus) (a> 0, t> 0), 
provided that x(#) is integrable in the Lebesgue sense over (0, to). The 


latter equation in the case 0 < & < 1 holds good for almost all values of ¢ in 
(0,2,).? The mean functions of negative order exist with additional hypotheses. 


THEOREM 4, Suppose that —1<—a< 0,424 and that at the point 
x the function 


(13) — vaftg(t)]a 


is of bounded variation in (0, x) ; then, for «> 0, the Fourier series of .f is 
E; 
summable | C,—a + el. : 


Before giving the proof of this theorem it is convenient to prove the fol- 
lowing three lemmas. | 


‘10. Lemna 5. Write g“(n,t) for.the n-th Cesaro mean of order « of 
Rr sin nt. If —1< 8 < 0,° then 


| g®(n,#)| Ant(1+nt) T8, (1>0). 


8G. H. Hardy (1). 
If a=0, then ga(n,t) = O(1 + nt}-a + O(1 + nt). See Obreschkoff (1). 


294 KIEN-KWONG CHEN. 


Proof. In fact, we have 


8, 1_ 


g’ (n, t) = m (B)n > (8 zu 1)n-v sin vt. 


os 


Abel’s transformation gives 
n a ; | 
> (8 — 1)av sin vt = > (ß)uA sin (n-—v)t 
p=0 y=0 
n= 
== — 2 u) 2 (B}v cos(n —v—4)t 


which is numerically less than a eonstant multiple of in!#, This proves the 
lemma for the case nt 1. To complete the proof, we rewrite 


È (B—1)wvsinet = ( Z + 2 )(B—1)rsina—n)t. 


Now, if nt > 1, 


p B—-Dysnn—nils > |(B—1)y| rs, 


Z (B—1)»sin(n—v)#—— 2 sin (4/2) 2 (B)vcos(n—v—3%5)t + O(EP) 
== 0 (tf). = 


Therefore we obtain | | 
g8(n,t) = O (nt). 


The lemma is thus proved. f 
From the proof of Lemma 5, we can state the following result. 


Lemma 6. Jf —1<B< 0, nt = 1, then the relation 
(1/(B)x) à, (8—1)vsin(n — v) t = O (nt) 
holds uniformly for tS pen. 


11. Lemma Y. Suppose that —1 < —a <B <0, 1 +q > a — gB. and 
that 


(14) Zia f "ur f " (t — u)r (ddt) g? (n, t) didu. 
| o u ' | 

Then for 0 < w S r, | 

(15) , | Ze(w)| SS (nw)P(1 + nv). 
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Proof. As in the proof of. Lemma 2, we have . 


Zg(x) = B(a,q—a-+1) iR (d/dt) g®(n, t) dt = 0. 


Hence 
1 
(16) Z(w) == — f (waryg (n, t) f ve (1 — v)rtdvdt 
=e S. (t — ww) ag (n, t) dt. 
Write gP(n, t) — 9, (n, t) gia t) with 
iy P 
(B)nga(n,t) = È (P — 1)» sin (n—»)t. 
Firstly, assuming nw = 2, let us consider the following two integrals 
Zg (w) = wa f — w) ttg; (n, t) dt; (j == 1,2). 
P | 
By Lemma 6, we have 
w+1/n | 
(17) we f (t— w) “4-149, (n,t) dt 
i -f*w+i/n 
== 1919-80 (nw) # | (é—w)T tt adi = O (nw) 8, 
w 


The second mean value theorem gives a number w, for which w < wı < w, 
such that : 
+ 210 , j . . Be 7 Wy, “ 
wira-a f (t — w) “tg, (n, t) dt = O(n) (nw)-« gi (n,t)dt. 
w+1/n : : | w+l/n f 
We have | | 


Se, EL a a mee 


Since 4 < n/2, we have - 


cos(n—v)t '. rn! 
we, er ren yA ——__— -14-8 
2,061), OS (8) + O (n5t), 
And in virtue of 8 < 0, we have 

52 | te i 


Therefore we obtain 
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| 20 
(18) wite-a f ) (t — w)jott-i-ag, (n, t) dt = O (nw) T8. 
w+1l/n 
Integrating by parts, we have 


fe wort g (t) dt 
Tauern $ EZD: eet)" 


y=0 (Bin Nn—v 240 i 
F f "g Eue) $ 2 ' LE om ent dt 
= O(n) + O (wen?) + fe — = £ (bw) jO (n) (nt) Pdt, 


since, for ¢ > W, 


— (d/dt) (dw) = ta t — 0) (2 ai (1 + gt 
> a(t — w)*?(1—a)w > 0. | 
Now, we have 


0 < f, — (d/dt){(¢—w) tt} Bde 

== O(1) + wrth? — B fe — D} bgt = O(wrrF?), 
since g+%»>0—ß. It follows that | 
(19) pure FAC — wy) Hg (t) dt = O(nw) P, « 


Collecting (17), (18) and (19), we obtain 
(20) Ze (w) = O(nw) Th, (nw = 1). 
We are now in a position to consider Zg (w). We have 
Ze (w) = wire FAC — w) tign, t) dt 


u four W (t —- u)*'t-4(d/dt) g2(n, t) didu, 





since the function (B)ag2(n,t) = È (B—1)h1. sin vt vanishes at 0 and x. 
en 


Therefore we may write 
(21) ZF (u) = f "ra (dg,/di) f "ura (t — u) tdudi 
40 o ’ | 
a f (dgs/dt) f ‘uae (t —u)™dudt. 
; 0 g 


Ár 


~ 
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The last term is a constant multiple of 
40 
(22) | (dgn/dt) dt == ga (n, w) = (1/(8)r) 2 giles sin vi 


. = (1/(8)n) O (nf) max | sin w er sin 2w +: --++ sin pw | 
= O (nw), i 


since (®—1)„-, is increasing in v. And it follows from the second mean 
value theorem that 


(23) f (age/at) ra — t) dudit = B(a, 1 + g— a) ff (dgesatyat i 
== O (nw)>, 


Combining the results (20), (21), (22) and (23), we obtain 
(24) Zp(w) = Z p(w) +Ze(w) = Olmu)t, (nw 2 2). 
Secondly, let nw < 2. Using Lemma 5, we have 
(25) wire f tt w) 4-498 (n, t) dé = wre f “C= w)*4--90 (nw) dt 
= We fe — w) 0 (nw) dt = O (aw). 
By enna 5, gE (n, t) = O(nt) 8 fort >0. It follows that 
(26) wea fe — w) 4-198 (n, t)dt = O(n ®) wre f K — w) 4 tchat 
== 0 (nw)? fC — 1) ty ody == O (nwy, 
since the integral s (vu—1)*+y7*78dy converges, by the eae 
— BL] Re q. From (25) and (26) we have 
(27) Zg(w) = O(nw)® (nw £2). 
The two stone (24) and (27) establishes the lemma. 
12. Proof of Theorem 4. By hypothesis, the functions 


eee d ctutd(u)d 
y(t) — (lee ea “eat wd | 


and #1-4 are of bounded variation in (0,7). ‘Hence the product 
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Se Te) (sth). 





is bounded in ( 0, aw). It follows from Lemma 1 that 
(28) p(t) = (CHACE) )-a) at, i 
Sept for a null set of ponp t. 


Write Tr? and onf for fe n-th Cesaro mean of order ß of 
` (2/x) 1 "$(t) (d/dt) sinntdt and (2/r) f "A (t) cos nt di 
8 «/ 9 


respectively. An easy calculation gives 





Tn? ponen Cn1P sex wr, 8. 


Assuming —1<—a<B<0. We have to show al x | nra? | con- 
verges. By (28), we have 


r 8 
RE) ei got ag 
Jo. * dt 
As in the proof of Theorem 2, this can be rewritten as 


af, usw) =— (Zu) à (u). 


It follows from Lemma 7 that 
in T | 
Inn | Ant f (nw) | dy(w)| + An! Í, (nwy | dy (w) |. 
0 i/n : 


On account of — 8 > 0 and —a—'< 0, the convergence of the series 
Z | nira? | follows from Lemma 3. This establishes the theorem. 


Putting ¢ = g = p, it has been shown that the function 


t wre (u) da 


iJ, Gum 'O<P<1) 


is of bounded variation in (0,7), if both #(¢) and i¢’(t) are of bounded 
variation in (0,7). It follows from Theorem 4 that the series 3 | n™ 1, | a 
converges for 8 >—p. Hence the Fourier series is summable | C, a| for 

every «> — 1. We have now obtained the following | 


-4 
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THEOREM. 5. If s(t) and td’(t) are.both.of bounded variation in (0, x) 
then the Fourier series of f, at the point x, is absolutely summable (C,«) for 
every a > — 1. 


NATIONAL UNIVERSITY OF CHEKIAKG, 
MEITAN, KWEICHOW, CHINA. 
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THE RADICAL AND SEMI-SIMPLICITY FOR ARBITRARY 
RINGS.* 1 


By N. JACOBSON. 


The radical of an algebra with a finite basis, or, more generally, of a ring 
A that satisfies the descending chain condition is defined to be the join of the 
nil right (left) ideals of X. The importance of the radical for the structure 
theory of these rings is due to the facts that 1) the radical N is a two-sided 
ideal whose difference ring A — Jt is semi-simple in the sense that its radical 
is 0, and 2) the structure of semi-simple rings satisfying the descending chain 
condition can be subjected to a thorough analysis that leads in many important 
cases to a complete classification. Several investigations of nil ideals in arbi- 
trary rings have been made recently but none of these has led to a structure 
theory for general semi-simple rings.” This is one of a number of indications 
that in order to develop a satisfactory structure theory for arbitrary rings it 
is necessary to abandon the concept of a nil ideal in defining the radical. 

Other possibilities for defining a radical are afforded by two important 
characterizations of the radical Jt of an algebra A with a finite basis. One of 
these, due to Perlis, makes use of the notion of quasi-regularity. An element 
z of À is right quasi-regular if there exists a in À such that z +- 2°-+ 22’ — 0, 
Perlis has shown that z«%t if and only if u + z is right quasi-regular for all 
right quasi-regular u. A second characterization of N for algebras with an 
identity is that Jt is the intersection of the maximal right (left) ideals of W.* 
A start in the investigation of the first characterization as a possibility for 
defining a radical for an arbitrary ring Ÿ was made by Baer, who showed that 
the totality R of elements z that generate right ideals containing only right 
quasi-regular elements is a right ideal.’ 

The point of departure of the present investigation is the observation 
that R is a two-sided ideal and that R coincides with the two-sided ideal 





* Received September 6, 1944; Revised January 5, 1945. 

1 Presented to the Society October 28, 1944. 

2? Baer [1] and Levitzki [1] and [2]. 

3 Perlis [1]. 

4 Jacobson [1], p. 66. Cf. also G. Birkhoff [1]. 

5 Baer [1], p. 562. This definition of the radical has been independently proposed 
by Hille and Zorn who proved that $f is a two-sided ideal and that if Y has an identity, 
N is the intersection of the maximal right (left) ideals of 9%. These results were 
announced by Professor Hille in his Colloquium Lectures in August 1944. 
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defined in a similar manner using left quasi-regularity and left ideals. We 
define the radical of X to be the ideal R. In the first part of the paper we 
establish a number of “radical-like” properties of R and we investigate R m 
several important special cases. For rings that satisfy the descending chain 
condition R—N where I is defined as above. If X is a commutative normed 
ring À coincides, with the radical as defined by Gelfand to be the totality of 
_generalized nilpotent elements. A similar characterization holds for non- 
commutative normed rings. | | 

In the latter half of the paper we investigate the relation between St and 
the intersection of the maximal right ideals of W. We show that if AR 
then # = IIX for the maximal right ideals $ of À and HS = AR. If W has 
an identity, R == ILS. For arbitrary rings that contain maximal right ideals 


we show that À is the intersection of certain two-sided ideals B whose difference . 


rings are of a special type called primitive. 

This result implies that any semi-simple ring is isomorphic to a subring 
of the complete direct sum of primitive rings. To a certain extent this reduces 
the study of semi-simple rings to that of primitive rings. A tool for studying 
the latter is a representation theorem ‘for these rings that states that a primi- 
tive ring is isomorphic to a dense ring of linear transformations in a vector 
space over a division ring. These theorems are analogues of the fundamental 
Wedderburn-Artin structure theorems for semi-simple rings that satisfy the 
descending chain condition. The’ Wedderburn-Artin theorems can be deduced 
quite simply from our results. Moreover, our results contain as special cases 
Stone’s theorem on Boolean rings and other known results on the.representa- 
bility of rings as subrings of direct sums of fields.” We can also obtain trom 
_ our theory a theory of algebraic algebras that is fairly conclusive for algebras 
with elements of bounded degree. These results will be published in a subsequent 
paper. | 
"I am indebted to R. Baer for a number. of important suggestions that led 
to simplifications of some of the proofs and to extensions of several of the 
theorems from rings with an. identity to arbitrary rings. 


1. Definition of the radical. Let Ÿ be a ring with an identity and 
let z be an element of X such that 1 + z has a right inverse u. We write 
w—=1-+?7. Then (1+2)(1+7)—1 implies | 
(1) +! += 0. 

Conversely if z is an element for which there exists an element 7 satisfying (1) 
then 1-+ z has the right inverse 1 +7. This leads to 


7 Stone [1], McCoy and Montgomery [1], McCoy [1] and [2]. 
° Gelfand [1], p. 10. : 
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Definition 1. An element z of an arbitrary ring W is right quasi-regular 
if, there.exists an element 7 in Y such that z + ¢-+ 27 — 0. The element z 
satisfying this equation is called a right quasi-inverse of 2. 

We have noted that if X has an identity then z is right quasi-regular with 
right inverse 2 if, and only if, 1 4- z has the right'inverse 1 + Z. 

If z is any element of N the totality {x + za} of elements x + zæ where 
x ranges over À is a right ideal. If z is right quasi-regular with right quasi- 
inverse 7 then — 27 + zZ e {x 4 zx}. Hencezre{z-+zr} and ze {x + ez}. 
Then {x+ zx} =. On the other hand if {x + zz} = then — z = 2 + 22 
for a suitable 7 and z is right quasi-regular. Hence we have the alternative 


Definition 1”. An element z of a ring YW is right quasi-regular if the 
totality of elements {x + ze} = N. 

A right ideal X will be called quasi-regular if all the elements of 3 are 
right quasi-regular. Let Jı and Sz be quasi-regular right ideals and let 2; e %, 
== 1,2. There exists an element 2, such that ı + 2, + 2,3, = 0. Since 
Z2 + 222", €X this element has a right quasi-inverse w’ such that 


(22 + 2091) + w + (22 + 22271) w’ = 0. 
Hence 
(a + Za). + (73 + w + 2.0") + (a + 22) (41. + w + zaw) 
= [at 75 + avi] + (ee + 2221) + w+ (e+ 227 es 
+ La + 21 + 221) w’] = 0. | 


Thus 2; Ae w + zw is a nen quasi-Inverse Z + 2. Hence 9, + Be is 


quasi-regular. 

Now let R be the join of all the quasi-regular right ideals of X. Since 
the right ideal generated by an element z is the totality of elements zi + za 
where # is an integer and we, it is clear that À is the totality of elements z 
such that z? + za is right quasi-regular for all integral + and alla in. The 
above result shows that R is a right ideal. We wish to show that R is a two- 
sided ideal. Let zeR and be W. Then 2b eit and there exists an element w” 
such that zb + w + (zb)w =0. Then 


bz + (—bz— bw’z) + bz(— bz — bw’z) == — b (w + zb + zbw’)2 = 0 


and so —(bz + bw’z) is a right quasi-inverse for bz. Similarly if + is an 
integer and ae WW, (bz)i + (bz)a = b (zi + za) is right quasi-regular. Hence 
bze R and we have proved 





8 This definition of quasi-regularity is due to Baer. 
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THEOREM 1. IfA is an arbitrary ring the join R of all the quasi-regular 
right ideals of A is a (right) quasi-regular two-sided ideal. 


Definition 2. The radical of a ring is the join of all the quasi-regular 
right ideals of the ring. ` 

We have seen that R is the set of elements z such that zi + za is right 
quasi-regular for all integers sand all a in W. If Wis a ring with an identity, 
the connection between quasi-regularity and regularity shows that J is the 
totality of elements z such that 1 + za has a right inverse for every a in À. 

A similar discussion holds for left ideals. We define left quasi-regularity, 
left quast-inverse, quasi-regular left ideal and left radical W in a manner 
analogous to the above. As for ordinary inverses we say that an element is 
guasi-regular if it is both right and left quasi-regular. 


LEMMA 1. If 2 is quasi-regular any right (left) quasi-tnverse is a lefi 
(right) quasi-inverse, is uniquely determined and commutes with 2. 
Let z be a right quasi-inverse and 2” a left quasi-inverse. Then 


z4- 7+ zz —=0 and z+ g” + 2-0. 
Hence 


z” =Z + (z4 + as) -Hg tH 27) 
= 7 + (z+ 7 + de) + (2+ Z Lara) =. 


This proves the first two statements. Since 
z+ Z + zr = 0 m=z z + vz, 2é = d'a. 
We call Z the quast-inverse of z. 


Now let ze. Then z has a right quasi-inverse 7 = — z — zz. Since 
N is an ideal.z’ eR. Hence 7 has a right quasi-inverse. Since z is a left quasi- 
inverse of 2 it follows by Lemma 1 that 7 is quasi-regular and. z is its quasi- 
inverse. Hence z is quasi-regular. Since R is a left ideal R = the left radical W. 
By symmetry W = R. This proves 


THEOREM 2. The radical of a ring À is the join of all the quasi-regular 
left ideals of À. | - 


By the Lemma the elements of Jt are quasi-regular. 


2. Elementary properties of the radical. If X is an arbitrary ring 


we know that we can imbed W in a ring with an identity, Ÿ* such that 
M” — A + (1), XA (1) — 0 where (1), the ring generated by 1, is iso- 


van 
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morphic to the ring of integers.® At first we assume only:that A* — A + (1). 


Let R(A*) be the radical of N* and let ze R(A*) AW. Then z has a quasi- 
inverse 7 in A*. Since 7 —=—2— zz’, 'e% and z is quasi-regular in M. 
Hence (RAN) AW) = RW). Since M* — Y + (1) any right ideal of X 
is a right ideal of X*. Hence KW < R(A*). Thus R(W) — RA) A N. 

Suppose now that WA (1) = 0 and that (1) is isomorphic to the ring 
of integers. Then if z2*«t(*) the coset Zë of z* in the difference ring 
%* — N is in the radical of this ring. Since the radical of the ring of integers 


is 0, 2*=0 and 2*e%. Hence XZ=R(A*). From the equation N(M) 


== HU) AY we obtain KM) = R(A*). 


THEOREM 3. Let Y be an arbitrary ring and let U* be a ring with an 
identity containing W such that U*—W+ (1). Then the radical KA) 
= NUE} AW. If in addition X À (1) =0 and (1) is RE to the 
ring of integers then RA) = RAR). 


We shall call A a radical ring if A =R. I£ R—0, M is semi-simple. 
For many problems the following theorem effects a reduction to the con- 
sideration of these two extreme types of rings. 


THEOREM 4. If Rt is the radical of X, X = A—R is semi-simple. | 


Let Z be an element of the radical of X and let z be an element in the 
coset 2. Then there exists an element 7 such that 2 + 7 + zf = ue. Also 
there exists a w such that u + w + uw =0. Hence 


en + (2+ 7 +z 
=z 4- (++ ru N helf tu + gw). 


Thus 2 is right quasi- Feuer Since the totality of elements z in the cosets 2 
of RM) is an ideal, this totality is a quasi-regular ideal. Hence zeit and 
Žž =Q. 


nt 
If z is a nilpotent element of index n, # == > (— 1) ’z? is a quasi-inverse 
1 


of z. Hence we have the following 


THEOREM 5. The radical of a ring contains every nil right (left) ideal 
of the ring. l 


As a consequence of Theorems 4 and 5 we may prove the 


COROLLARY. If zis an element such that WA SR then ze K. 


? Albert [1], p. 22. — 
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_ For if 3 is the right ideal generated by z, 3° SAM SR. Hence 
Z= (3 oe À) — À is nilpotent in the semi-simple ring = Y — ch Hence 
3-0, FSR and ze, 

This corollary implies that ze if and only if za (a2) is right (left) 
auasi-regular for all a in M. 

The elements of the radical need not be nilpotent. This can be seen in 
the example: M the ring of p-adic integers. By applying the definition directly 
or by using Corollary 2 to Theorem 18 we can show that R = pA. However, 
no element of X is nilpotent. Some information on the nature of the elements 
of R can be obtained from the following 


THEOREM 6. If Jt is a subring of À and zeN, then for any positive 
integer h either FIR > 219 or 2 == 0. 


Evidently ZN = 19 Suppose that 2171 = IN. Then # = a'y for 
some y in N. Let y be a quasi-inverse of — y. Then . 


Q = 2 — hy chy! — yy == 2% LR y + y — yy’) = a 


This theorem implies that the radical contains no idempotent element 
7=0. It is known that if M is a ring with an identity whose lattice of right 
ideals is completely reducible, then every right ideal $ in A has the form 
eX where e is an idempotent element in 3.1° Hence we have the following 


THEOREM 7. If Uisaring with an identity whose lattice of right (left) 
ideals is completely reducible, then X is semi-simple. 


We shall show next that any ring which is regular in the sense of von 
Neumann is semi-simple. We recall the definition: Wis regular-if every ele- 
ment a of À has a relative inverse u such that aua = a. Suppose that we. 
Then — ua has a quasi-inverse v such that — ua + v — uav = 0. Hence 


0 = — qua + av — auav = — a+ av — av = — 4. 


THEOREM 8. Any regular ring is semi-simple. 


3. The radical of a ring satisfying the descending chain condition. 
We suppose now that X is a ring for which the descending chain condition for 
right (left) ideals holds. Let N be a two-sided ideal contained in Ñ and sup- 
pose that N? =N. Then if R 0 there exists a minimum right ideal X of À 
with the properties 1) FSM, 2) INZEI. 


19 See, for example, Jacobson [1], p. 65. 
1 Von Neumann [1]. 


306 N. JACOBSON. 


Let b be an element of 3 such that DR—0. Then (b9t)It = IN 0 
and since DR = we have bN = X by the minimality of Y. Since b eX there 
is an element y in % such that by =b. As in the proof of Theorem 6 this 
leads to b.— 0 contrary to bN =Æ0. Thus N = 0. Now the positive integral 
powers R* of À are two-sided ideals and N =? =---. Hence there is an 
integer p such that Jr — he. Then for N= R’ we have N? =N. Hence 
Jt = Rr = 0. This proves 


THEOREM 9. If Wis a ring that satisfies the descending chain condition 
for right (left) ideals, then the- radical of X is nilpotent. 


Since any nil ideal is contained in the radical this proves that any nil 
ideal in a ring that satisfies the descending chain condition for right (left) 
ideals is nilpotent. It is clear also that À coincides with the usual radical 
defined as the join of all nilpotent ideals. 


4. Finitely generated ideals contained in NR. 


THEOREM 10. If N is a right ideal with a finite basis contained wn the 
radical R then either IN <N or N = 0. 


Since N is a right ideal either NK <N or NN =N. Assume that 
NR =N. Let yı,’ -,Y» be a basis for N. Then every element of N has 
the form Syias + Sysji where the aie X and the j: are integers. Since NR—N 
every element of % also has the form Syiz:, zı in N. In particular yı = &yi2:. 
Let 2’, be the quasi-inverse of — 24. Then we have 


Yı = Yi + Yi(— 21 + 71 — 4%) 
= (Y1 — Y121) + (yı — Y121) 1 = 2 y; (2 + zz). 


Hence 7, can be eliminated from the basis. Similarly every y: can be eliminated 
and so N% = 0. 

If X is an arbitrary ring we define the transfinite powers A® by the 
' conditions 1) W = NA, 2) Wet = WN, 3) if æ is the limit ordinal Ae is the 
join of all 2 with 8'< a. There exists a least ordinal p such that N° = Ar", 
We shall call p the index of A and we shall say that X is transfinite nilpotent 
if Wr — 0. Now suppose that À is a ring that satisfies the ascending chain 
condition for right ideals. We recall that this condition is equivalent to the 
requirement that every ideal has a finite basis. Let N= N” where p is the 
index of the radical N of N. Then NN = Yt and so, by Theorem 10, N — He = 0. 


THEOREM 11. The radical of a ring that satisfies the ascending chain 
condition for right ideals is transfimie nilpotent. 
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5. The radical of a matrix ring. If X is an arbitrary ring we denote 
as usual the ring of n X n matrices with elements in X by Wn. If B is a sub- 


ring (ideal) in Ÿ then 8, is a subring (ideal) in Un. Let À be the radical. 


of X. Then we wish to show that M, is the radical R(Wn) of An. 


Lemma 2. Any matric z= (zij) of Un in which ay is right quasi- 
regular and the zi; = 0 for à > 1 is right quasi-regular in Un. 


Since zu is right quasi-regular we know that the ideal {x + zus} = A 


Hence there exist elements 2’,; such that 21: = 2432 14 = — 244. Then if we. 
"set Zi; = 0 for + > 1 we may verify er that 7 = (Z ij) is a right quasi- 


inverse of 2. 

Consider now the totality 3. of matrices with first row consisting of 
elements in R and other rows 0. Then % is a right ideal. Hence by the 
lemma % =R(W.). Similarly the totality 3; of matrices with j-th row con- 
sisting of elements of À and other rows 0 is contained in #(WMn). Since 


Rn = B+: ne + Qu Ra = R (Mn). 


Conversely let Y = (y1) eR (An). If a is any element of & we denote 
‘the matrix that has æ in the (#,7) position and 0’s elsewhere by Ai. Let a 
and b be arbitrary and form the matrix D = 2 ArY Ba. Then D is the 


Passa matrix {4Y»b, °°"; Ynqd} and D ROH). If D = (di) is a right 
quasi-inverse of D it is easy to see that d = u is a right quasi-inverse of 
d == GYpgb. Evidently this implies that for arbitrary c in %, and arbitrary 
integral i, de + di is right quasi-regular. Hence de. Since a and 5 are 
arbitrary the Corollary to Theorem 5 shows that ypge ft and Y «Rp. 


THEOREM 12. If N is an arbitrary ring and Un is the ring of nXn 
matrices with elements in X, then the radical KR.) = Rn, R the radical of À. 


6. The radical of an algebra. Let Ÿ be an algebra of possibly infinite 
- order over a field ®. By an ideal in the algebra A we mean, of course, an ideal 
of the ring À that is invariant under the scalar multiplications z —> va, à in ©. 
Jf X has an identity, za = «(1a) = (1«)z and so any ideal of the ring X is 
an ideal of the algebra X. 

The above discussion is valid without change for an arbitrary algebra A. 
Thus the radical À of X can be defined to be the join of all the quasi-regular 
right ideals of W. R is also the maximum quasi-regular left ideal of X. All of 
our theorems hold for algebras. 

An element a of an algebra À is algebraic if it satisfies a non-trivial 
algebraic equation with coefficients in the underlying field ®. An equivalent 
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condition is that a generates a subalgebra A with a finite basis. As in the 
special case of a field, an element which is not algebraic will be called 
transcendental. If every element of UW is algebraic, then X is algebraic. If a 
is an algebraic element and A is the subalgebra generated by a then there 
exists a positive integer A such that a4 = aA. Hence if « is in the radical, 
Ly Theorem 6, a is nilpotent. This proves 


THeorem 13. If Wis an algebra over a field, the elements of the radical 
R of À are either nilpotent or transcendental over ®. 


If X is algebraic every z in R is nilpotent. Hence, since R contains every" 
nil ideal, we have the following 

THEOREM 14. The radical of an algebraic algebra U is'the join of all 
nil right (left) ideals of A. 

If X is commutative, an element z generates a nil ideal if and only if it 


is nilpotent. Hence we have the 


COROLLARY. If U is a commutative algebraic algebra, the radical of W 
as the totality of its nilpotent elements. 


7. The radical of a normed ring. We suppose now that A is a normed 
ring, 1. e., À is an algebra over-the field-® of complex numbers and for each 
ain À there is defined a non-negative real norm | & | such that 


1 fal>0ifaÆ0 [ol —0 


ie +dI=slal+lbl 
lav] = hall- |a] if aeg 
[ab S fal ib] 


À has an identity and | 1 | —1 
W is complete relative to the metric D (a, b) = | a — b | 


ie a E 


Following Gelfand we call an element of Ÿ a generalized nilpoient ele- 
ment if lim || 2# |” = 0.?” For commutative normed rings Gelfand has 
defined the radical to be the totality of generalized nilpotent elements. We 
shall show that this set coincides with the radical as defined here and we shall 
obtain a similar characterization of the radical for non-commutative normed 
sings. We prove first the following 


THEOREM 15. The radical of a normed ring À is the totality of elements 
z such that (za)” —> O((az)" — 0) for every a in N. 








33 Gelfand [1], p. 10. 
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Since X has an identity 9 is the totality of elements z such that 1 + za 
has an inverse for every a in X. Now suppose that z is an element such that 
(za)"—0 for every a. Then for any æ in ® || (z~)” | < 1 for n sufficiently 
large. Thus |." | < 8” where B==1/|a|. We choose & so that la| >1. 
' The series 1—z-+-2?-—---- is ultimately dominated by the convergent 
series 1+ 6+ 67+-:+:+. Hence 1—z+2?—::: exists in À and this 
element is the inverse of 1 + z. Similarly we can show that if 2 = za, then 
1+ 2 has an inverse. Hence ze. Conversely suppose that 29%. Then 
1 + zæ has an inverse (1-+ 2a) for every æ in ®. Using the fact that 
(1 + za) is an analytic function of œ we may prove, exactly as Gelfand has 
done in the commutative case, that (za)”— 0. In particular z” — 0 and 
since R is an ideal (za)"—>0 for every a. | 

We shall call an ideal a generalized mil ideal if all of its elements are 
generalized nilpotent elements. If ze%, (za)”— 0. Then for n sufficiently 
large | (z&)* | < 1 and | 2” | < 8” for 8=1/| a]. Hence 0 S || 2 |?" < B. 
Since £ is arbitrary lim | 2’? = 0. Thus z is a generalized nilpotent ele- 
ment and % is a generalized. nil ideal. Next let X be an arbitrary generalized 
_ nil right ideal. Then if y «3, || y” |Y®— 0. Hence y"—0. Since X is a right 
ideal, y’ = ya e X and (y )” — 0..By Theorem 15, yet and so JSR. This 
proves 


THEOREM 16. The radical of a normed ring is a generalized nil ideal 
that contains every generalized nil right (left) ideal of the ring. 


Let Y be commutative. Then if z and ae, 
| (za)” | =| ar |S fer] fe [sie e lal. 


Hence | (2za)” |” = | 22 7 -|| al] and if z is a generalized nilpotent ele- 
ment then za is a generalized nilpotent element. Thus any generalized nil- 
potent element generates a generalized nil ideal and Yt is the totality of gen- 
eralized nilpotent elements. 


8. Quotient ideals. We return to the consideration of an arbitrary 
ring À. The results that we obtain are also valid for algebras but we shall 
not state them explicitly for these. 

Let X be a right ideal in X. Then if ae the ont multiplication 
=> xa determined by a induces an endomorphism & in the difference group 
M—=N—S. The mapping & sends the coset s + X into za + 3. The totality 
of elements @ is a subring X of the ring of endomorphisms of W -and the 


13 Gelfand [1], p. 10. 
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correspondence @—>& is a homomorphism ‘between X and À. The kernel of 
this homomorphism is a two-sided ideal X: X which we shall call the quotient 
of relative to X. Evidently A(Z: A) = $ and if X has an identity, (3: A) 
is the largest two-sided ideal of Y contained in %. By the fundamental 
theorem on homomorphisms = 9 — (X: M). 

Let X be maximal, i. e., N > J and there is no right ideal X such that 
A>YD>% Then M—W—S& is irreducible relative to À. As usual we 
call a ring of endomorphisms X irreducible if the group M in which M acts 
is irreducible. Let M240 have this property. Then the totality 8 of elements 
z in Mt such that 2M = 0 is a subgroup of M invariant under X. Hence either 
B—00r 8—%, Since À Æ 0, 2M and so 8 = 0. It follows that if x 
is any element 0 of M then că s40. Since aM is a subgroup invariant 
under M, să =M. We use this to prove 


THEOREM 17. Any irreducible ring of endomorphisms is semi-simple. 


Let Z be an element of the radical of X and let «=< 0! be arbitrary in Yt. 
If 220, (zz) X =M. Hence there is an à in À such that zžä = z. The 
element — 2d has a quasi-inverse 7. Hence 


g = g — (ei — e7 + wid?) = r — 424 + (x — aa)? = 0. 


This contradiction shows that 22— 0 for all æ. Thus 70 and À is semi- 
simple. 
This theorem has the following important consequence. 


COROLLARY. If. is a maximal right ideal (S:X) contains the radical 
H of N. 


If (3: W) = there is nothing to prove. Hence suppose that (J: W) X. 
Then X = 9 — (X:N) is an irreducible ring of endomorphisms 0. If ze% 
the coset ž — z + (X:N) is in the radical of W — (J: A). Since M is semi- 
simple, Žž == 0. Hence ze (%§: A) and 9S (4: W). 


9. The radical as intersection of maximal right ideals. Let Xbeany 
ring that is not a radical ring. Then W contains an element a which is not 
right quasi-regular. Hence the right ideal {v + ax} does not contain a. 
Moreover, if X is a right ideal that contains a and contains the ideal {x + ax} 
then = N. By using Zorn’s maximum principle we may prove 


Lemma 3. If a is an element of X that is not right quasi-regular the 
right ideal {a + ax} can be imbedded in a maximal right ideal. 





THE RADICAL AND SEMI-SIMPLICITY FOR ARBITRARY RINGS. 3li 


This shows, of course, that any ring that is not a radical ring contains 
maximal right ideals. We assume now that W is any ring that contains 
maximal right ideals. Consider the intersection IJ of the maximal right 
ideals $ of M. Let yeI. Then y is right quasi-regular. For otherwise 
{x + yx} can be imbedded in the maximal right ideal X. Then ye% and 
X = W contrary to the maximality of Y. Thus every element of HX is quasi- 
regular and since IIX is a right ideal, HS =. On the other hand, by the 
corollary to Theorem 17, R= (CB: VW). Hence AR < A(Z: S= and 
AR S IS. This proves 


THROREM 18. Jf Wis à ring that contains maximal right ideals and IEX 
is the intersection of these maximal right ideals, then ISSR and UR SIR. 


COROLLARY 1. Jf Wis not a radical ring and IIS is the intersection of 
the maximal right ideals of U then WE SR and AR = IS. 


COROLLARY 2. If Wis a ring with an identity the radical of A is the 
intersection of the maximal right ideals of I. 


For UR =R. Hence À = IX as well as HS < HR. 

The following results also are consequences of Theorem 18: 

If X is a ring that contains maximal right ideals then IEX is a two-sided 
‘ideal. 

For AIS) S AR < WS. Hence IX is a left ideal as well as a right: 
ideal. “s 
The radical of a normed ring is a closed ideal. ' 
It is known that any maximal ideal %§ is closed. Hence R = ILS is 
closed. | 
| If is a semi-simple ring, HS — 0. Suppose, in addition, that W satisfies 
the descending chain condition for right ideals. Then we can find a finite 
number of maximal right ideals %;, j = 1,: °°,” such that IIS; = 0. We 
may suppose that the set {%;} is minimal in the sense that II u 0 


for every i. Thon: AS; 0 and Yu E Vi. Since Jı is maximal it follows 
that A == Xi + Si. Hence Y; is isomorphic to the difference X-group À — À: 
and SY; is minimal. Using a simple lattice-theoretic argument we can conclude 
that A =J PB: > Pn." This proves the well-known 


THEOREM 19. If À is a semi-simple ring that satisfies the descending 
chain condition for right ideals, X is a direct sum of a finite number of mini- 
mal right ideals. 





ater 





14 Gelfand [1], p. 8. 15 Jacobson [1], p. 35. 
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Suppose -again that Ÿ is any ring that contains maximal right ideals. 
Then, by the corollary to Theorem 17, RSIU3:%) for all maximal X, 
Conversely let ye (3: M1). Then Ny = UX <N. Hence Wy = KR and this 
implies that y eÑ. We have therefore proved | 


THEOREM 20. Let A be an arbitrary ring that contains maximal right 
ideals. Then the radical of A is the intersection A(Z: N) where X ranges over 
the maximal right ideals of A. 


COROLLARY. If À is not a radical ring, R—U{(S: À) where X ranges 
over the maximal right ideals. 


\ 


The results of this section hold also for left ideals. An interesting conse- 
quence of the second corollary to Theorem 18 is that if Wis a ring with an 
identity then the intersection of the maximal right ideals of 2 coincides with 
the intersection of the maximal left ideals of M. 


10. Primitive rings. 


Definition 3. A ring À is primitive if À contains a maximal right ideal 
Ÿ whose quotient (3: A) = 0. 


Let U be of this type and as before let X denote the ring ‘of endo- 
morphisms «+ S> za +8 in M-A—X. Then À is irreducible and | 
Y=A— (GA) =N. Thus any primitive ring is isomorphic to an irreducible 
ring of endomorphisms. | 

Conversely suppose that À 54 0 is an irreducible ring of endomorphisms 
acting in M. Let x be an element 0 in Mt and let e denote the totality of 
elements b of X such that zb = 0. Evidently X is a right ideal in X. We 
have seen that ză — M. Hence Sa L A. Let ö be an element of À not in Sr 
and let © be arbitrary. Then zöz£0. Hence (za) A — Dt and so there exists 
an element % such that zäü = rc. Thus ¢— die Xs, and X — Xs + ax for 
any & not in Xs. This proves that X, is maximal. If 59£0e% there is a y 
in Mt such that yĉsÆ0. There exists an & such that vā = y. It follows that 
œacs£ 0. Thus for any ¢54 0 there- exists an & such that @¢ ¢X$2. On the other 
hand, if ĉe (Se: À), ace Ya for all 4 Hence &=0 and (Xs: AX) = 0. 


Taxorem 21. A necessary and suficient condition that U be primitive 
is that X be isomorphic to an wreducible ring of endomorphisms. 


If ® is a two-sided ideal s40 in the irredueible ring N, the argument 


that we have used before for X shows that 28 = Mt for any «540. Thus H 
is irreducible. Hence we have the following 
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THEOREM 22. Any two-sided ideal in a primitive ring is primitive. 


For a deeper study of primitive rings we require a theorem on irreducible 
rings of endomorphisms recently proved by the author. We recall first that if 
À is irreducible in M then the totality of endomorphisms of M that commute , 
With all the Ge is a division subring D of the ring of endomorphisms of t.15 
Since D contains the identity mapping, we may regard Vt as a vector space 
over D. ` 

We call a set X of linear transformations in a vector space M over D a 
dense set if for any finite set z,* ` -,%, of D-independent vectors and any 
finite set Yy1,* ` `, Yn of arbitrary vectors there exists a linear transformation 
det such that tiä — y; An equivalent condition is that if © is any finite 
dimensional subspace of Yt and A is any linear transformation in © over Ð, 
then A can be extended to a linear transformation & e X of Mt over D. Hence 


if M is finite dimensional À — X the complete ring of linear transformations 
in M over D. We have proved elsewhere the following 


THEOREM 23. If U0 is an irreducible ring of endomorphisms in the 

commutative group M and D is the division ring of endomorphisms commu- 

tative with the ae, then X is a dense ring of linear transformations m the 
vector space M over D. | 


The converse is trivial. Thus the concepts of primitive ring, irredueible 
ring of endomorphisms and dense ring of linear transformations may be used 
interchangeably. 

If Y is a dense ring of linear transformations in M over D and z1, T2, 23, ° °° 
are D-independent, then 


Sa; > (Sey N Sa) > (Sr, IX Rae A Ses) >> .. 


where Xs denotes the right ideal of annihilators of z. Hence if W is infinite 
dimensional, then X does not satisfy the descending chain condition for right 
ideals. Thus if À satisfies the descending chain condition M is finite dimen- 
sional over D and therefore Ñ — Q the complete ring of linear transformations 
in Dt over D. This proves 


THEOREM 24. Any primitive ring that satisfies the descending chain 
condition for right ideals is isomorphic to the complete ring of linear trans- 
formations of a suitable finite dimensional vector space over a division ring. 


16 This is Schur’s lemma. See Jacobson [1], p. 57. 
17 For the definitions and results on dense rings of linear transformations quoted 
here, see Jacobson [2]. 
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Since the complete ring of linear transformations in a finite dimensional 
vector space is simple we have the 


COROLLARY. Any primitive ring that satisfies the descending chain con- 
dition for right ideals is simple. 


11. Structure of semi-simple rings. We have seen that if Wis not a 
radical ring, the radical R — IF(S: N) for the maximal right ideals 3. The 
difference rings A— (3:4) are isomorphic to irreducible rings of endo- 


morphisms. Hence they are primitive. In particular we have the following 


| THEOREM 25. If is a semi-simple ring X contains two-sided ideals 8 
such that 1) each A — B is primitive and 2) IIB = 0. 


The converse holds also. For if 8 is a two-sided ideal in a ring and 
U — P is semi-simple then VY = R. Since any primitive ring is semi-simple 
each ideal B such that W— Y is primitive contains R. Hence if 1B = 0 
R = 0. 

Theorem 25 reduces, to a certain extent, the study of semi-simple rings 
to that of primitive rings and hence to that of dense rings of linear trans- 
tormations:in a vector space over a division ring. This will be clearer in the 
next section where we derive a certain alternate form of this theorem. Before 
doing this we obtain some consequences of the theorem in the present form. 
We note first 


THEOREM 26. Any two-sided ideal in a semi-simple ring is semi-simple. 


Let N, be a two-sided ideal in the semi-simple ring Ÿ and let {B} be a set 
of two-sided ideals in X such that 1) each A — 3 is primitive and 2) IHY — 0. 
Let Bı == WU, AB. Then A, — (U AB) = (A + B) — B a two-sided ideal 
in the primitive ring À —%. It follows that W, — B, is primitive. Evidently 
USB = 0. Hence M, is semi-simple. 

Next let X be a' semi-simple ring that satisfies the descending chain con- 
dition for right ideals. Let {8} be a set of two-sided ideals satisfying the 
conditions of Theorem 25. We may replace the set {8} by a finite set Bi, 
1,: + -+,s, and we may suppose that the set is minimal in the sense that 


B= TI 0. Since %—% is primitive and satisfies the rn 


chain ren for right ideals, X —% is simple and so B is a maximal two- 
sided ideal in A. It follows that Bi + Bı = M- Hence W; = NY — Bz is 
simple. As for one-sided ideals we can prove that A — 9,8 =: GB B's. 
This proves the Wedderburn-Artin structure theorem: 
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à + 
THEOREM 27. Any semi-simple ring that satisfies the descending chain 


condition for right ideals is isomorphic to a direct sum of a finite number of ` 
simple rings. 


By the preceding section the structure of the component ring W, is that 
of a ring of linear transformations in a finite dimensional vector space over a 
division ring. This is the second fundamental Wedderburn-Artin structure 
theorem. | 


12. Infinite direct sums. Let S be an arbitrary set. We call the ele- 
ments of © points and we suppose that to each point P there is associated a 
ring Ep. Now let 6 = (S, CE») be the totality of functions f(P) with domain 
Sand with f(P) in Er. If f(P) and g(P) «© we define f + g by (f+ 9) (P) 
== f(P) + g(P) and we define fg(P) — f(P)g(P). Then it is readily veri- 
‘hed that © is a ring. We shall call it the complete direct sum of the rings Ep. 
Let ©, be the subset of functions f(P) such that f(P) = 0 for all but a finite 
number of the points P. Then ©, is a subring of ©. We call it the (discrete) 
direct sum of the rings Ep. Let Eq be the subset of Gy of elements f(P) 
such that f(P) =0 for all PQ. Then 1) Co is a two-sided ideal in Gs, 
2) Go = NE, where SE, denotes the totality of finite sums of the elements 
of the ideals Eg and 3) & AE Gr = Í, Conversely these conditions are 


sufficient that a ring be isomorphic to a direct sum of rings isomorphic to the 
ideals Co. | 

If X is a subring of the complete direct sum © we define the component 
Wp of X at P to be the totality of elements f(P) of Er for fin À. It is clear 
that Wp is a subring of Ep and the correspondence f—f(P) is a homo- 
morphism between Y and Wp. The kernel of this homomorphism is the two- 
sided ideal Bp of elements g such that g(P) =0. Hence IBr> == 0. Moreover, 
Np = À — Br. | 

We suppose, conversely, that S is a set of two-sided ideals P = $% such 
that IB —0. Let Ap —A— B and form the complete direct sum © —(S, Wp). 
Then each a in À determines an element & in © such that ä(P) is the coset 
a+ 8. The set X of the & is a subring of © and the correspondence a — å 
is a homomorphism. It is clear that component Mp = Wp and that a(P) = 0 
if and only if ae. Thus d= 0 if and only if ae IG and since HY — 0 
we see that the correspondence 4 — & is, in fact, an isomorphism between Y 
and X. Using these remarks we may formulate Theorem 25 and its converse 
as follows: 


THEOREM 28. A necessary and sufficient condition that a ring À be semi- 
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simple is that À be isomor phic ı toa subring M of a complete dir eti sum (8, Mp) 
where the components Xp of À are primitive. 


This theorem serves as a substitute in the general theory for the 
Wedderburn-Artin Theorem 27. A number of special cases of the theorem 
are well-known. We cite, for example, Stone’s theorem on the representability 
of a Boolean ring as a subring of a direct sum of the fields Ye. of residues 
mod 2 and Montgomery and McCoy’s generalization of this theorem to commu- 
tative rings in which every element @ satisfies the equations pa == 0, a =a 
for a fixed prime p. These results follow from Theorem 28 and the easily 
proved fact that any primitive commutative ring is a field. 


13. Primitive rings that contain minimal ideals. If is an arbitrary 
ring it is well-known that any minimal Dent ideal $ in M either has the form 
eM where e is an idempotent element or ®— 0.18 If X is a minimal right 
ideal and « is arbitrary a% is either 0 or a minimal right ideal. It follows 
that the join 33 of all the minimal right ideals is a two-sided ideal.1° 

If X is an irreducible ring of endomorphisms in the commutative group 
M and Bis a two-sided ideal 0 in À we have seen that 2B — M for every 
xs£ 0 in M. $ is primitive also. If B, and Bə are two-sided ideals 0 then 
the equation 28; = Mt implies that 88.0. We state this as 


Lemma 4. If B, Bz are two-sided ideals ~ 0 in the primitive ring A, 
BB, 0. 


This, of course, implies that B, A 8.54 0. 

Suppose now that À is a primitive ring that contains minimal right ideals. 
Since X is semi-simple any minimal right ideal % of M has the form eM, 
e == e540. Let % be the two-sided ideal 2% for all minimal right ideals À. 
We assert that % is a minimal two-sided ideal. For let %ı be a two-sided ideal 
such that Jı < F. There exists a minimal right ideal X £ Jı. Since 3 A Bi 
is a right ideal and 3 is minimal it follows that $ À %1—0. Hence also 
XS = 0. Since Y is not nilpotent WY 0. Evidently Wy is a two-sided 
ideal and since (WY), = 0, Wa — 0 by the lemma. The minimality of & 
has therefore been established. It follows from Lemma 4 that % is contained 
in every two-sided ideal B >< 0 of W. We wish to show next that % is a simple 


ring. Let Yı < % now denote a two-sided ideal of 3. Then SG SS. < F 


and S38 is a two-sided ideal of À. Hence 33:5 — 0 and since % is primitive 
a4 — 0. 


18 See, for example, Jacobson [1], p. 64. 
19 This ideal has been called the anti-radieal by Baer. See Baer [1], p. 544. 
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THEOREM 29. Let U be a primitive ring that contains minimal right 
ideals and let à = 33 the join of all the minimal right ideals of X. Then 5 
1s a two-sided ideal that is contained in every two-sided ideal 0 of X and § 
18 a simple ring. 

If B is a two-sided ideal 0 of YW, B contains every minimal right ideal . 
S of À. It is easy to see by the above He that J is minimal in ®. 
Hence 3 satisfies the same conditions as X. | 

Again let X be an irreducible ring of endomorphisms in a commutative 
group M and let À be the division ring of endomorphisms in Jt commutative 
with the elements of X. We call a linear transformation A in a vector space 
M over D finite valued if the image space MA is finite dimensional. We have 
shown elsewhere that if X contains finite valued linear transformations Ze 0 
then À contains minimal right ideals.” Conversely suppose that M contains a 
minimal right ideal X. Then X= 2, 2 — 620. We wish to show that 
Me is one dimensional. For, if not, there exist two D-independent elements 
z, y of Yt such that zë == z, yë == y. By the density of X there exists a b in A 
such that cb — 0, ybs40. Then E= ëb satisfies zö= 0, y2s40 and Ge%. 
Hence if Sz denotes the annihilator of z, Ye A $540. Since X is minimal 
X= A X, But this contradicts the fact that Ze and 28 0. 

We have shown also that if X contains finite valued transformations 0 
the totality % of these transformations is a two-sided ideal contained in every 
two-sided ideal 560 of W.” Thus $= BY for all minimal right ideals 3 


_ This completes the proof of the following 


t 


THEOREM 30. Let X40 be an irreducible ring of endomorphisms in 
M and let D be the division ring of endomorphisms commutative with the 
elements of A. Then À contains minimal right ideals if and only if it contains 
finite valued linear transformations 0 of Wt over D. If the condition is 
satisfied the minimal two-sided ideal 3 coincides with the totality of finite 
valued transformations in À. 


We recall that a homomorphism a— à between an abstract ring À and a 
ring of endomorphisms J in a commutative group Wt is called a representation 
of X. The representation is irreducible if À is irreducible. Two representations 
are equivalent if the groups in which the endomorphisms act are M-isomorphic. 
We have seen that the fundamental fact about a primitive ring is that it 
possesses a (1 — 1) irreducible representation. 


°° Jacobson [2], p. 232. + Jacobson [2], p. 230. 
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Suppose now that À is a primitive ring that contains a minimal right 
ideal X and let a—äü be any (1— 1) irreducible representation of X. Let X 
be the won ring of endomorphisms and M the group in which they 
act. The image $ of 38 is s60. Hence there exists an x in M such that 
aS 540. Because of the irreducibility of Mt, 13 == Mt. It can be verified 
directly that the correspondence u —> zu, u in $, is an W-isomorphism between 
ss 4nd M. Thus the representation in M is equivalent to the representation 
by the right multiplications in 3. This proves 


THEOREM 31. If Wis a primitive ring that contains minimal. right 
ideals, any two (1—1) irreducible representations of A are equivalent. 


Now let X, and À, be dense rings of linear transformations in Dt: over 
D. and Ma over D, respectively. Suppose that the X; are isomorphic‘ under 
a correspondence d; —> &, and that the Ñ; contain minimal right ideals. Then 
if X is the abstract primitive ring isomorphic to the À, we have two irre- 
ducible representations & — &,; a—>ü, of M. Since these representations are 
equivalent we have a (1—1) correspondence S: £ — t = 2,8 between 
Mt, and Mt, such that ' 


(2-H Y1) S = 28 H yE, (281) S = (218) a2. 


The latter equation maybe written in the form d,; = 84,8. Now it is easy 
to see that D; is the complete set of endomorphisms in Yt; commutative with 
M,.2? Hence the correspondence a, > Sta S = a, for a, in D, is an iso- 
morphism between ©, and D. This shows that the two vector spaces are 
isomorphic. -If we identify these spaces, setting I; == Me, D; — D, then S 
becomes a semi-linear transformation in M over D. ` 


THEOREM 32. Two dense rings of linear tr ansfor mations that contain 
minimal right ideals can not be isomorphic unless the spaces in which they 
act are isomorphic. If X, and X; are two dense rings in M over D and the W: 
contain minimal right ideals and are isomorphic under a correspondence 
Gi, > dz then there exists a (L— 1) semi-linear transformation S in M over D 
such that äs = 814,8 for all a. 


This result shows that for primitive rings that ‘contain Be right 
ideals we have precisely the same uniqueness of representation as a dense ring 
of linear transformations as we have in the classical case of simple rings et 
satisfy the descending chain condition. 


22 Jacobson [2], p. 233. 
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14. Atomic semi-simple rings. Let X be any ring that contains mini- 
mal right ideals and let % be the j join 23 of all the minimal right ideals 3 of XN. 
The right multiplications w—> ua in $ form an irreducible ring and therefore 
a semi-simple ring. It follows that if R.is the radical of X then SR — 0. 
Hence FR — 0. 

We shall call a ring X atomic if A = Y. If M is atomic X is semi-simple 
if and only if W contains no nilpotent ideals. Let M be of this type and let 3 
be a minimal right ideal in W. Then we have the following 


Lemma 5. I f Urs atomic and semi-simple and 8 is a minimal right 
ideal in A then AS Z 3 and WY is a simple ring. 


If $ is any er en ideal of A either BZS or X A = 0 = SB. 
Now if SAS) = 0, 3° = 0 contrary to the semi-simplicity. Hence NJ = K. 
If $ is any oun ideal of W properly contained in AS, BD. Hence 
SB = 0, (AX)B — 0 and Y? = 0. Hence B—0. Thus WS is a minimal 
two-sided ideal of A. It follows readily that WY is a uns ring. 

Let {Wa} be the set of distinct two-sided ideals AS, J minimal. Bach 
Na is simple. Hence if «4,8, WUs— 0. It follows that Wa A 2 As = 0. 


By the lemma A = 3%. Hence we have proved 


-THEOREM 33. IfA is atomic and semi-simple a is isomorphic to a direct 
sum of simple rings. 


Each component AY is a join of minimal right ideals a% of X. It is easy 
to see that these ideals are also minimal in WS. Hence by Theorem 29 each 
AS is isomorphic to a dense ring of finite-valued linear transformations. 


THE JoHNS HOPKINS UNIVERSITY. 
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ON EVEN-DIMENSIONAL SKEW-METRIC SPACES AND THEIR 
GROUPS OF TRANSFORMATIONS.* 


By Hwa-CHune Les. 


In a previous paper?! we have studied the differential geometry of an 
even-dimensional space Len with a non-singular skew-symmetric fundamental 
tensor Gap (a, B, y, p o, T= 1,: + -,2n). We shall here discuss certain 
properties of the following transformation groups in such a space. 

In the group G of analytic point-transformations of L there is a sub- 
group G, of conformal transformations each leaving the fundamental tensor 
invariant save for a non-vanishing factor. Referring Len to an arbitrary 
chosen coordinate system a conformal point transformation z— y satisfies, 
by definition, the equation 


di 
(1) paap() = apo (y) L G (Y0). 


If the factor y is restricted to be constant, we have the smaller subgroup @, of 
special conformal transformations. If we require y == 1, we obtain the further 
subgroup Gs of automorphisms. Thus 


G C GBC AC G. 


1. Let us first dispose of the case of an Zz. In this case (1) reduces 
to the single equation 


dy? dy? ay 
Wdie(@) = di2(y) GE dat dE  — ee | | 


Since every L is fat? we may refer it to a coordinate system in which each 
component of the fundamental tensor is constant,® thus a(g) = (y) = 
const. (54 0), so that 

| (yt, y? 
(2) Y (ys y°) | 





Hence 
THEOREM 1. For an In, the group G, of automorphisms is isomorphic 


* Received July 24, 1944, 

*H. C. Lee, “A kind of even-dimensional differential geometry and its application 
to exterior ealeulus,” American Journal of Mathematics, vol. 65 (1943), p. 483. 

2 Loc. cit., p. 434. 

3 Loc. cit., p. 434. 
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to the unimodular group, and the special conformal group Gz is isomorphic 
to the group of transformations of constant functional determinants. The 
conformal group Gi is identical with the group G of all transformations, the 
factor y being entirely unrestricted. | 


We shall supose 2n >2. If we differentiate (1) with respect to x”, 
permute «, 8, y cyclically and add, we find 


4 


a ô Ô dy? Oy? ð 
(3) WK apy (x) a = agy(z) + a Oya (x) + = Gap(T) = Koor(Y) One i L 


where Kagy denotes the curvature tensor.* Transvecting (3) by the inverse 
aPY of the fundamental tensor, the result is reducible, in consequence of (1), 
to G f orm 


0 log y a = 
(4) | | Ka(z) ED (An — 2) Aare = Kp(y) dx . P 
7 
where Ka denotes the curvature vector. If we differentiate (4) with respect 
to zê, interchange a, 8 and subtract, we get å 
= dy? Oy? = 
(5) . bap (2) = bpo(y) u 5 


where bag denotes the first conformal curvature tensor. (5) is a necessary 
and sufficient condition for (4) to be integrable when eee as a differential 
equation in y. 








If Lan is conformally flat,” the first conformal curvature tensor vanishes? T 
so that (5) is satisfied identically. Thus (4) is integrable in y. In fact in ` 
this case a multiplier œ exists (determined save for a constant factor) such 
that pas is the fundamental tensor of the corresponding flat space, and Ka 
(being a gradient) is expressed in terms of this by °? 

- 6 lo T 
Ku(2) = (2n — 2) HELO), 
whence (4) yields | 
$(2) | 
6 = const. 
Hence i 

THEOREM 2. In a conformally flat space Len (2n > 2) with fundamental 

* Loc. cit., p. 433. ? Loc. 'eit., p. 436. 

® Loc. cit., p. 434. 8 Loc. cit., p. 436. 


® Loc. cit., p. 435. ° Loc. cit., p. 436. 
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tensor Gap, the factor y of a conformal point-transformation z—y is de- 
termined save for a mulliplicative constant: 


pla) 
y= CO Sty)? 


where p is the mulliplier (determined to within a constant factor) which 
makes paap the fundamental tensor of the corresponding flat space. 





In this conformally flat case, aag is expressible in terms of d and of a 
quantity a, (determined save for an additive gradient) in the form? 


p(2)dep(t) = Ka ag(z) — st Ga (2). 
We can then reduce (1) to | 
3 
Er F Cag(z) — | ao(y) 35 l- Fer] a Caa (T) — ap (Y) A -= 0, 


& 
*, whence l l 
4 Caa(t) — ap (9) a. Z m ann 


The gradient on the right may be es on account of the additive gradient 
in @g Hence . 


THEOREM 3. The conformal group G, of a conformally flat space Len 
(2n > 2) consists of those point-transformations under which a, behaves like 
a covariant pseudovector (vector except for a multiplicative constant) : 


aye 
Caa(€) —ap(y) a, 


where a, is the quantity (determined to within an additive gradient) in terms 
of which the fundamental tensor of the corresponding flat space is expressed | 
in the form | 


0 ô | 
fra ap(T)— z-z da(Z). 
Tf Loy itself is flat, then (x) — (y) = const. so that (6) implies 


y == const. Conversely # = const. implies also ¢ = const. and so Len is flat. 
Thus l ; 


THEOREM 4. For a flat space Le, (2n > 2) the special conformal group 


19 Loc. cit., p. 436. 
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G is identical with the conformal group Gy. Conversely, if for a conformally 
flat space Lan (2n > 2) G is identical with G, the space itself is flat. 


Before identifying the group G, of automorphisms of a flat Len we first 
introduce the generalized Poisson parentheses. 


2. Consider in a general Lan two functions of position and form the 
expression 


OF, oF 
| gustas 
(7) (Pa Fa) = 0% I. 
Evidently we have 
(Fi, Fa) = — (Fa Fi), y 


and it is also easy to verify the identity 


(F,, (Fa, F3)) -+ (Fe, (Fa F:)) + (Fa (Fi, Fo) ) = Koh 7 OP, OF’ 


02° z 027 
where X“#Y denotes the contravariant associate of the curvature bi 


baby dave §a% 
Bo 
aa? ce Gar dar" 











Kabr — aapa" K por = a 


The above identity reduces to the Jacobi relation 
A) (Fo F1)) + (Fos (Fi, F2)) = 0 


when L ıs flat, referred to any coordinate system whatever. 

For a flat Don, there exist coordinate systems in which the components 
of the fundamental tensor are constants. Such coordinate systems may be 
called preferred. In particular a preferred coordinate system will be called 
canonical when 


O I 0O —I 
== AB em 
(8) dap ( I ae ad + sh 


where Z and O denote the unit and zero matrices of order n respectively. 


In a flat Lon referred to a canonical coordinate system, (7), on account 


of (8), may be written in the form 


„y $ | 2P, OP, _ om, OP, 
(9) (Fi, F2) te drt ÿ: 


where p; = ati (41, :,n). This is the well known Poisson par -enthesis, 
To consider the group G; of Pa of .a flat Lon put y=1-in 
(1) and write it in the equivalent form 


1 Loc. cit., p. 434. 


E E E E mt ci au eu ne 
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dy? dy? 
ger == ob 
(10) ed 
The right-hand side, in er coordinates, is no other than the Poisson 
parenthesis (y°,y°). Thus (10) in these coordinates decomposes into 


(11) (y’, yi) = Ù, (gi; y?) = 6,3, (ga; qi) = 0, (t, j = I> 5) 


where gi =y"*, which are precisely Poissons conditions for a canonical 
transformation * or in particular for a homogeneous contact transformation. 
Hence 


THEOREM 5. The group G of automorphisms of a flat Len is isomorphic 
to the group of canonical transformations in An variables. 


We remark that (10) is equivalent to 


dy? dy? 
aap(2) = Apa(y) she Fr 


(which is just (1) with y == 1) whose right-hand side is, by (8), of the form 
Š E qi _ Aga by’ ! 


I a 


mi (0x ðr ĝe Ax? 

which is Lagrange’s parenthesis. Thus the above equation in a canonical 
coordinate system represents Lagrange’s condition for a canonical transforma- 
tion. Similarly, (10) is also equivalent to each. of the following two . 

dat 0x dx rÊ 
az) = a" (y) jy? y ? apa (Y) = Gap (T) By? by? ? 

which in a canonical coordinate system represent the Poisson and Lagrange 
conditions respectively for the inverse transformation to be a canonical 


transformation. 


3. The special conformal group G. of any Lə» has a very remarkable 
property in the following connection. Consider a system of curves in Lo 
defined by a system of pra differential equations of the form 


ICH t) 


(12) Hama) — 0. 


12 See, for example, E. Goursat, Leçons sur l'intégration des équations aux dérivées 
partielles du premier ordre, 2nd ed. (1921), p. 387. 

13 See, for example, L. P. Eisenhart, Continuous groups of transformations (1933), 
p. 250. 
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where ¢ is a parameter and H is a given function of t and of the 2’s. We call 
such a system of curves a Hamiltonian congruence, and the function H the 
Hamiltonian of the congruence. These denominations are justified when Lon 
is flat and is referred to a canonical coordinate system, for in this case (12) 
may be written on account of (8) in the form 


dut _ ôE dpi _ ôH 
di Op,’ = dt. T 





(G= en) 


which are the well known Hamilton’s canonical equations in Analytical 
Mechanics. By a point-transformation in Lon, a Hamiltonian congruence of 
curves is transformed into a system of curves which is in general no longer 
a Hamiltonian congruence. We call a point transformation a Hamiltonian 
transformation if it transforms every Hamiltonian congruence into a Hamil- Ñ 
tonian congruence. The Hamiltonian transformations in Len evidently form 
a group, which we shall now show to be, no-other than the special conformal 
group Gz. In other words 


THEOREM 6. The special conformal group G: of any space Lo, consists 
of the Hamiltonian transformations of the space. 
To prove this theorem consider a Hamiltonian transformation x — y 


which, by definition, transforms (12) for an arbitrary H into an equation 
of the same form 


a! 
(13) za ar (y Au) t) _ 0. | 
Since 
dye _ yP das dy? va (a 2) nt t) 
dt ed ~~ 
by (12), (13) may be written 
; OH 0H 
aaß ae 
(14) ne) Gee (2) Bo 


' To obtain the conditions of integrability of (14) for H we first find by 
differentiation 


a Bs — aß gab er 
EN f f aon) ale) | FE, + copy) SE ante) dr | Oe 


Subtracting from this equation the equation aber from it by interchanging 
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o and r, and in the result putting the coefficients of OH /ér* and #H/dxvix8 
(which latter is symmetric in 8, y) equal to zero (since H is arbitrary), we 
obtain the required conditions 


(15) 





soz À alu) BE a8 (2) a} Sant) E te) | =o, 
(16) aep(y) pi À as (a) Gr + aerfa) E | 
| \ = Grp (Y) im | a (2) 5 = + a (a) $ i a == (), 


To rs these conditions we first transvect (16) by 7 u=l, 
2n), finding that (16) is equivalent to 


(17) wrg {ar (x) 8y% + ar (a) — wyg {ab (x) + a (2) 84} = 0 


where for the moment we put 


= ar 
(18) tap apo(y) E oe 
Contracting (17) for y and u we find 
WU PT) = WSF (y = — Wapa (x) /2n) 
which may be written . 
(19) Wap = Paap (T). 


Since this ee (17), it is equivalent to (16). Replacing wag in (19) by 


its definition (18), (19) assumes the form 
a4 
(20) | tap (2) = apo (y) EN. 


Because of (20) we may write (15) thus 


A ja} — ae | ot — o0 
TAMTA ETA LETA § 
which implies 

(21) y = const. 


We see from (20) and (21) that the Hamiltonian transformation z—y in 
question is a special conformal transformation. 

Consider, conversely, a special conformal transformation æ— y. It satis- 
fies (20) and (21) by definition. Since the latter are equivalent to (15) 
and (16), they are, therefore, the conditions of integrability of (14) for H. 
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Hence (14) furnishes an H corresponding to an arbitrarily given H. By 

means of (14), (12) is transformed into (13), whence the special conformal 

transformation 2— y is a Hamiltonian transformation. Theorem 6 is proved. 
In consequence of (20) we may write (14) in the form 





oH, oH 

dx Y dat 
whence i 
(22). (yt) = H(z, t) + x(2), 


The additive term x(t), which is an arbitrary function of t, may be omitted, 
since a Hamiltonian may be increased by any function of ¢ without affecting 
the corresponding Hamiltonian congruence. Hence 


THEOREM 7. When a Hamiltonian congruence.is transformed by a special 
conformal transformation of factor y, the Hamiltonian of the congruence is 
simply multiplied by this factor y. 


ACADEMIA SINICA. 








A ua TE ES sA iN ITION OF FIELD.* 


By Aurrep L, Foster and B. A. BERNSTEIN. 


1. Introduction. In another paper [1]* it was shown how the general 
theory of (commutative) rings (with unit) may be developed in terms of 
operations symmetrically related to each other, as opposed to the traditional 
asymmetrical +, X treatment. It was shown that this symmetrical approach 
discloses a duality theorem for rings which, in particular, subsumes the & 
familiar duality theorem of Boolean Algebra. In this dual-symmetric approach 
to rings initiated in [1] the following dual pairs; +, +; X,A; as well as- 
the (self-dual) ring complement, *, were shown to play a central role, where 

a-+-b = ordinary ring addition. 

a + b = a+ b—1, 

aX b = ordinary ring multiplication (also written ab). 
a À ns a + b — ab, called “ring A-multiplication.” 


It is sufficient He to recall a-considerably curtailed version of the ring- 
_ duality theorem given in [1]. Let a,b- - - denote variable ii elements. 


Rıre-Duarıry THEOREM. Jf P(a,b,---3 +, +; X,4; *; 0, 1) wa 
true ring proposition,. so also is the dual proposition, ALP, band by 
replacıng 

Toy 
Tan 
X by A 
A by X 
0 by 1 
1 by 0 
* by * (i.e., unchanged). 


* Received May 8, 1944. Presented to the American Mathematical Society, March, 
1944. | 

14 Symmetrie approach to commutative rings, ‘with duality theorem; Boolean 
duality as special case,” by A. L. Foster and B. A. Bernstein, Duke Mathematical 
Journal, vol, 11 (1944), pp. 603-816. l 
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The present paper, the second to deal with the development of the theory 
of rings from the dual-symmetric approach, may be read with only the above 
mentioned knowledge of [1]. We here give a symmetric definition of the 
concept of (commutative) field entirely in terms of its dual multiplications 
X and A. For a field (or for any species of ring) so characterized, the ring- 
duality theorem obviously assumes the extremely simple form: 


GPO SA NGO, iP (a dr EX, 0). 


Two sets (I and II) of postulates for the concept field are given, and 


moreover in each set the postulates occur in dual pairs; and therefore an 


independent direct proof of the duality theorem (only, of course, for fields) 
follows by inspection from (either set of) these postulates. In set I the 
definition of + (in terms of the primitive notions F, X, A, 0,1) is given in 4, 
and it is shown that with this + the system (F, +, X) is (strongly) equiva- 
lent to the usual definition of field. For the most part only such theorems are 
proved as bear directly on this question of equivalence, though a few (of many) 
theorems belonging to this dual-symmetric theory have been included for their 
‘own intrinsic beauty of form. The set II is taken up in 6. | 
The independence of the postulates has not been fully established, though 
each set, with the possible exception of the “— 1 postulate” (i.e., D of set I, 
= P7 of set II) is believed independent when appropriate restrictive clauses 
are introduced. Jn this connection it will be seen that the —1 postulate is 
self-dual, and hence the postulates (of either set) which remain after its 
deletion, (in the event of its non-independency), still occur in dual pairs. 


2. The postulates, Set I. As primitive notions in the dual-symmetric 
definition of field to be given we take, then, an undefined class F and two 
undefined binary operations, X and A; and for convenience of formulation 
we also take 0 and 1 as undefined elements of F. Our primitive system is then 


(i, X;8,.1,0). 


Furthermore numerous cumbersome special cases in the proofs are avoided if 
we assume, as we henceforth shall, that we are defining fields of at least three 
elements. | 


Notation. Fẹ denotes the class F after deleting the element 0; similarly 
P, denotes F after deleting the element 1. Frequently a X b is abbreviated 
to ab. The inverse of an element a with respect to the group X (postulated 
below) is denoted by a', and the inverse of a with respect to the group A is 
denoted by a°. Also a'° denotes (a')°, and similarly for @°',a°'°, etc. Small 


i 
| \ 
Ó M 


H 
à 
5 
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Roman letters a, b, etc. denote elements of F. Finally for a, b, c belonging to 
the group X (respectively to the group A), we write (ab)c —a(bc) = abc, 
(respectively aA (b Ac) = (a A b) Ac =a Ab Ac). 

The postulates of set I are: 


A. 0 and 1 are elements of F and F contains an element 54 0, Æ 1. 


| B (i). (Fe, X) is an Abelian group with unit element 1. 
(Field) Gi). 0a = a0 — 0, 
Group 
- Postulates |B’ (G). (F A) is an Abelian group with unit element 0. 


(ii). 1Aa=aA1 =l. 


(Field) 


It is easily verified that with A, X, 0,1 interpreted as stated (for rings) 
in I, each of the postulates is a true piopomion of the concept . field 
(F,+,x,0,1) as ordinarily defined. 


Concerning the use of the = sign. In the postulates, and in the theorems 
to follow, the == sign, except where otherwise explicitly stated, is used in a 
formula 


(1) S(a,b, ++) =T (a,b, >) 

always in the sense: the two sides take on the same value for all values of the 
arguments a,b,‘ * * belonging to the domain of the formula, i.e., for all 
values of a,b,‘ + for which both sides are defined. Frequently this con- 


vention is augmented by an explicit statement, in square | | brackets, of 
the domain of the formula. The domain of one formula, (1), (or simply of 

a function S{a,b,: - ‘)) is included (C) in that of another formula (respec- 
tively function) if for all values of the arguments for which the first is defined 
the second is also. With this use of = certain elementary precautions are 
necessary in the derivation of theorems. We mention several frequently used 
obvious facts about class inclusion as applied to domains; in each case it is 
merely a question of establishing that the domain of a formula i is not increased 
by the indicated transformations. 


31. If S(a,b,- - :) —T(a,b,: - -) is a theorem (or postulate), and 
if U is a function, then each of: S'—T'; S°=T°; UXS=UxXT; 
UAS—UAT is also a theorem. z l 


ab = a A (a'Ab°)'° [a 0,1; bA1; a'Ab° A 
Linking C. aAb—a(ab')" [a= 0,541; 0540; a°b' 1] 
Postulates D. (aa°'a'°)° = (BABS AB’)! la 0,54 1; b 0,1]. 
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32. If S(::,b,.:-)—T( ::,b,: - +) is a theorem so are S( ++, 
be) = T(- +, d', ++) and SE eeb o A S Tob, 


33. If the expression U" (respectively U°°) occurs in a theorem, and 
if the domain of the formula which results from the replacement of U" by U 
(respectively of U°° by U) is included in the domain of the theorem, then 
the resulting formula is a theorem. The same holds with respect to the 
replacement of the expression U X U' by 1 (respectively of U A U° by 0). 
These = theorems will be employed without further mention. 


Concerning Duality. As already observed the postulates are seen to occur 
in dual pairs: A and D each being self-dual; B, B’; C, C’, where the dual of 
any postulate is obtained by replacing 

x by A 
r A cc X 
(2) 0 ce 1 
1 © o 
This of course implies that the inverses, ',° of X and A must be replaced 


t oO 


by 


o cc i 


(2.1) 


in obtaining the dual. In view of this the duality theorem (for fields) follows 
immediately from these postulates. Furthermore in proving any theorem we 
_ can dualize the proof and thereby obtain a proof for the dual theorem. It is 
therefore only necessary to prove one of a dual pair T, 7” of theorems,—the 
other may then simply be written down by means of the exchanges (2) and 
(2.1). 


3. General theorems. For convenient reference we give three immediate - 


consequences of A, B, B’. 
T1. (= Turorem 1). 01, and F contains at least three elements. 


TR. OAa=aA0—a 
la =al =a 


0a — a0 = 0 
1Aa—aAl—îi. 
T3. l'—1 
0° = 0 
a" =q 
a°° =a 
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a = b° za = b 

a z£ 0 — a exists and 0 
axla “ “ Zl 

a 40,51 a',a°,a°',a'°, A0, Al 


(ab)' == @'d' 
(a Ab)? =a? A b° A 
aa =] 
aha? =( 


| @b=O0ssa—0 or b—0 
a Ab = ] ssa = 1 or 6—1. 


T4. aaa” == p = constant £0 [a 0,1]. 
Proof. For b 540,541 | 
DADS Abl 
by T3. Suppose that (Case 1): an element b 54 0, =Æ 1 exists such that 
BAP AD == 740. 
Then r=£ 0,541, whence 7'540,541 (T3). Then from D, for a0,1 


(aa°'a'°) o =r 


and the theorem is proved with m= 7'° 540. (Moreover in this case we 
have further that usé 1). (Case2): Suppose that for every b s40, 1, 
b Ab'? AS? = 0. Then from D, for a40,A1 we have aaa’ = 1, and . 
the theorem is proved with u = 1. 


f 


T4”, (= dual of T4). aAa’? Aa’ =r = constant 1, [a 0,1]. 


It is seen from T4 and T4 that the constants x and r are dual elements, 
and hence, when obtaining the dual of a field proposition involving them, 
each must be replaced by the other. It is further easily verified that these 
constants u and + turn out, in a field, to have the realizations “— 1” and 
“2(—=1-+ 1)” respectively. (See footnote to T19).. In the proof of T4 
we have further shown 


T5. (i) p= 1 zr =0 
(ii) If p1 (i.e, r50), then n° = r'. 
T6. p' == p. 


Proof. By T4 u 54 0, therefore p' exists and is given by 
p' ae (aa°'a'°)! [a 0, 1] 
== a (ay (a°) = = u 
by T’s 3,4. 
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. T7, aa—1—-a—1 or a =. 
Conversely, a — 1 or a=p: —aa—1. 
Proof. From T4, since X is a group, a°'a'° Al unless a = p. Hence 
a £a unless a = p, i. e., aa £1 unless a = p or a = 1 (T’s 4, 3,2). The 
converse: For a = 1 this follows by T2. For a = p 1, 
p= bpp? 
u= bb Oo 
for b=£0,=£1 (Ts 4,3). Therefore pu = bb°'b'°b'b '°'b° = 1 (T3). 
T7. aAa—=0—a—0 or a =r. 
Conversely, a=0 or a =r : >Q A Qa =. 
In proving T7 we have also established 


T8. If p=1, then for all a0, #1, aa £1. If p1, then 


a°'a'® = 1 only for a = p. 


T8. If r= 0, then for all a£ 0, 1, a” Aa’ z0. If r 0, then 
a'° A a°' = 0 only for a =r. | 
T9. a°'=a" [a0, All). 


Proof. aaa" = p (a' for a in T4), = aaa?” (33). 


nat =p (a° cc a ee ), Dez auar, 


The theorem follows from these two expressions for u, by T3. It is to be noted . 


that T9 is a self-dual theorem. 
We now define a“, the (field) complement of a by 
Definition El. 


a* = 1 f a= 
0 f a—1 
T10. | 
a" (==a'°') af a0,-1 
a” = 1 if a —=0 
if a= 


Proof. T9, El. 


Comparing El and T10 it is seen that the operation * is self-dual and 
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hence * is left unchanged in obtaining the dual of any field proposition 
involving this operation. 


TII. a* is a unique element of F for each a of F. 
Proof. B, B, T10. 
TR. data, 


1 


Proof. OF T0; 1*F coe )* == ] + for a5=0,~1, NT 
: (Ts 10,3). | 


T3 a =b*oa=—b 

| a* == boa = b*, 

Proof. T’s 11,12. 

T14. a°—=a* [a540,541]. 

Proof. a®'==@'°"=—=a'® (Ts 10,3). 
TIZ. a'=ar [a0, 1). 

T15. a=a* [as£0, 51]. 
Proof. u =—ga'° (Ts 10,3). 
T15. a ==a'*® [a0,#1]). 

T16. a’=a" [a541]. 


Prof. Q°* OŸ = 1; 0*' == 1' 1 (Ts 3,10); for a 54 0, s£ 1, 
°F =g °, = a (Ts 10, 14, 8). 


T16. a'*—a*° [a0]. 


From Theorems 14-16’ and T’s 4, 4’ one easily culls the following 
theorem, symmetric in the three unary operations.', °, * which we call the 


T1Y Unary Operations Theorem2 Let «(= 0), 02,03 denote (on any 
desired order) the three unary operations ', °, * and lei a,b be 540,11. 
Then 

(i) a%540,- 1 


(ii) a= b a =b" 


"In [1] it is shown that in the case of a general ring, R, Theorem 17 holds in 11, 
the double-unity subset of R, i.e., the subset of those elements of R which are unity 
elements both with respect to the group X and with respect to its dual, A. 
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(ili) a? =a 
(iv) (910203 — (2 
(v) 010201 pase ass 
(vi) QI — (08 
(vii) arana = p 
(viii) a% Aa? A a% =r. 


By comparison with the definition Ei, (v) above shows that for a 4 0,54 1 


any one of the three unary operations °, ', * is definable in terms of the other. 


two, and moreover in each instance by equations of the same form, namely of 
the form given in El. 


T18. t= p" 
men r”, 

Proof. The second formula follows from the first by T12. Consider 
then the first, r = p*. If 7 = 0 then »—1, and the theorem is immediate, 
(T’s 5, 10). Forr—£0 (i.e. u=£ 1, by T5), p° =7r' (D, T’s 4, 4). There- 
fore t = T° == p°'° = p* (Ts 6, 3, 10). 





T19. ppt, 

Proof. T’s 18, 6’. 

T193 7* == 7* = p 

T20. ab—aAa°b* [a1]. 

Proof. Putting a°b'— q'°, b'—a°'g"° in C’, we get 
(1) a@A ag! =a? : [a 0,41; ag” 0; g° Al]. 
Using Ts 3, 10, (1) establishes | | | 


3 u= 1 (i.e,r=0) only for fields of characteristic 2. For fields of characteristic 
x< 2 the center (element), w, plays a more symmetrical role than either a or 7, where 
Definition. 


1 for a field of characteristie 2. 
W = | Role = (aatar) = (a À a'e A aen) 1 
for a field of characteristic < 2. (Compare with postulate D). 


One then easily has the 
THEOREM. For fields of characteristic #2 w° == p, w = 7, w* = w, 
The center of a field of characteristic p is readily computed to be given by 


= 4(= (1+1) if p=0 f 
® 3 = (p—1)/2 (ie, 1l+1+...+1) if p9. 


Nr a 
(p — 1)/2 terms 
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(2) a Aa’qg* =aq (for a 0,51; q 0,51). 


The domain of (2), however, unlike that of (1), also permits a == 0, g = 0, 
or g = 1. For each of these cases (2) is immediately true by T’s 3, 2 and El, 
which establishes T20. 


T20. a Ab—a(a" A b*) [a #0]. 
T21. (aAb)*—g*b*, 
Proof. By T20 and C we have respectively 
ab =a Aab — [a 541]. 
ab =a A (a Ab°)"° [assé 0,541; bÆ 1; svt 
Since ab is defined for all a, b of F, we then have, by T3, 
a°b* = (a Ab°)"° [a >20, >21; a Ab 0] 
= (e° ab) [ « = oe 
- Putting a'° = q and using T10 this becomes 
(G) gbr—(gab)* (for gl; 41; GAB). 


The domain of (1), however, permits all values of q and b. For each of the 

cases g = 0, g = 1, or b =‘1, (1) is directly verified by T’s >, 10. And for 

the case g A b= 0 (1) is also true, since - 

>(gAb)*—=1 (El). 

—> q = b°,— ‘à Bere po >" 
== 1, —> g“b* —=1 (Ts 3,10). 


FB? 


Lab 0021: b01) | 


This proves T21. 
T21”. (ab)*=a*Ab*, 
T22. (ab) = (a Ab)" [a560,541; 0540,541;a' Ab 0]. 
Proof. By T’s 21, 12 
(a°b°)* == a" À b°* [a3 1, b 1]. 


The theorem then follows at once from Ts 10, 2, 3. Theorem 22, it is observed, 
is another self-dual theorem. 


T23. (a°b°)° =ala'”b)” [as 0,41; a°b° £1]. 
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Proof. For b= 0 (and a 40,41) the theorem follows from T’s 2, 3. 
Therefore, comparing the domains of T’s 23 and 22, we have only to prove that 


(1) ald t = (a AB')! for (a5& 0,541; bé 0,41; 00° £1). 


Under these restrictions, however, C’ gives 

(2) (a Ab)! = a" (a ou") on, 

which yields (1) and hence T23, by use of T3. | 
T23. (Ab) —aA(a"Ab) [asé 0,1; a Ab' 0]. 


4. Definition of +. Of several available definitions for field addition, 
+, we have chosen one which is commutative by inspection. Considerably 
more compact (but unsymmetric) formulas for + are derived as theorems. 
The “singularities” of different such formulas for addition will in general 
be different. 


Definition ER. 


&a+b—aAbAa°b® [a 34 1, b Æ 1]. 
a+l=1+a—aAa" le 0,51]. 
i+-i=r 

ee ee eee ee 


We note (see 1) that the dual of the definition E2 furnishes a definition of 
at b. 


Definition ER. 


a + b = ab(a' A b') [a £ 0, b =~ 0]. 
a+Q0—0+a—aa [a 0, 1]. 
0 + 0 = u 


Giras ee oe |e 


It is quite immaterial whether we elect to show that (F, +, X), with the 
+ from E2, or that (F, +, A), with + from E?”, is equivalent to the usual 
definition of field, since either follows from the other by the duality theorem 
(i. e., from the dual-pair nature of our postulates). We shall prove the former. 


Theorems 24 to 27 are immediate consequences of E2, B, B’. 


T24. a+ db is a unique element of F for each a,b of F. 





A DUAL-SYMMETRIC DEFINITION OF FIELD. 339 
T25. a+- b =b +a. 
T26. a +b=1, al, bi: > ab? = 1, 
Omas; ab = 1, ai, bÆ 1: -a -4+ b =l. 
T27. a+b—0, a1, b=&£1 : —a° Ab° = a°b°. 
Conversely, a° Ab°—a°b°, al, O41: a+b =Q. 
T28. a +b=aAa°b [as 0,51]. 
Proof. For b = 1 the theorem is true by E2, T2. For as4 0,1 
(1) . | ahah = a Ab A D°a'°* = g À b A b°a°, 
by Ts 20, 10, 2. The right of (1) is a +b for a 0, ~1, b=£<1, which 
proves the theorem. 
wu T9. a+b=a(nab)* [a0]. 
Proof. Casel, a —1. Here, by T2, we must show that 
(1) 1 +b = (ub)*. 


For b = 0 or for b = 1, (1) follows from T’s 2, 10, 18, E2. For b 40,541 
write p = 5'b'°'b"'? (by T’s 4, 3), whence, using T10, (1) becomes 


1+ b = (b*bp"°)* 
or, by T’s 21’, 12, 10, 
(2) 1+-b=bAb'°. 


But (2) is true by E2, which proves case 1. There remains only to prove the 
theorem for a4 0,51. Putting p = aa'°a°' and using T’s 28, 10, 3 we 
have to show that 

(3) aAa"b=—a(a"ab)*. 


If a'°a°'b — 1 each side of (3) reduces to 0 (by T’s 3, 10,2). If aa” b=£1 
we may use C’ on the left of (3) and hence have to show that 


(4) a(a°a D) = a(a'°a°'b)*. : 


But (4) follows at once. from T10, since the left side may be written 
a(a°'a'°b)'*'. This proves T29. 


T30. a*(ba*')* = b*(ab")*  [asé1,5 1]. 
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Proof. From C’ and the commutativity of A we have 
alab) b(ba) ~— [a4 0,541; 540,41; ab 1] 
í e., bla [ = = Ze 
ie, (1) b'(a°'b)*— a'(b°'a)* for [ = - ee ile 


The domain of (1) also permits a°b' = 1 (= b°a' = 1), in which case (1) 
is true (each side reducing to 0) by T’s 3, 10, 2. Hence we have proved the 
formula (1) for its domain; that is, putting b'—+r*, a' = s*, we have proved 


(2) (sr!) = g#(rs*")* for (760,41; 840,741). 


The domain of (2) also permits r —0 as well as s—0. In each of these 
cases, however, (2) is at once true by T’s 10, 2, 3, (each side reducing to s*, K 
respectively to r*). Hence (2) is proved for its domain, which completes T30. $ 


T31. (a+b) +c—a+ (b+c). 


Proof. If any of the elements a,b,c, = 0 the theorem is true by BR. 
Hence we assume a, b, c, 40. Case 1: a+b>£0,b+c>£0. We may here | 
use T29 for all +’s, and have | 


(a +b) + c= b (ub'a)* {ub' (ub'a) *'c}* 
a + (b + c) = b (pb'c)*{pb' (pbe) a)". 
Hence we must establish that 
(1) b(ub'a)*{ub'(ub'a)*'e}* = b (pb'c)* {pb' (ubic) *a}*. 


Put b'a =r, b'c =s. Now r=s4£1, s1 since r—1—a+b—0 (Ts 
29, 10, 3), and similarly s = 1 — b + c = 0, contrary to hypothesis. There- 
fore (1) is proved since, using T3, it is equivalent to 


PA (sr*') * ome s* (rs*')* 


which is true by T30. This proves case 1. Case2: a+b—0, b + c0. 
(This is of course equivalent to the case: a+ 6040, b+c=0). Now 
a + b = 0 — pab' = 1 (Ts 29, 10). Therefore we must show that 


0-+c—b(nb'e)*{ab'(nb'c)*a}* if pab' = 1, té 


i.e. (by T’s 6, 3, 2, E2) that A 
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(2) c — b(pb'c) * (ub'c) **. 


Putting b'c = h, noticing that ph = 0,541 (by T’s 29, 3, since b + c0), 
and using T’s 3, 10, 17, (2) reduces to 


h' = (ph) ° (ph). 
This however is evident, since by T4 
p = ph(uh)'"° (uh)°". 


This proves case 2. Case 3: a+b—0,b+c—0. Here, using T’s 29, 10, 
we must prove that 
pa'b = uc'h (= 1) : > c =a. 


This is immediate by T3, and completes the proof of T31. 
T32. 0+a(—a+0) =a.’ 
Proof. ER, T’s 2, 3. 
T33. a+ z= c has a solution. 


Proof. For a= 0, x ==c is a solution (T32). For a0, 
z == au(ca')* 


is a solution, by T’s 29, 3, 6, 12. 
T34. a(b + c) = ab + ac. 


Proof. If a,b or c== 0 the theorem follows from T2 and T32. Assume, 
then, a0, b>&0, c40, which further implies ab 0, ac 0 (T3). 
Then by T29, 


(1). a(b + c) — ab (yd c)* 
and ' 
(2) ab + ac— ab{n(ab)'ac}*, = ab (pb'c)*. 


‘The theorem follows by comparing (1) and (2). 
From B and T’s 2, 24, 25, 31, 32, 33, 34 one then has 


T35. With + defined by E2, (F, +, X) is a field with 1 as its unit 
und 0 as its zero element. 


5. Equivalence. Theorem 35 together with the observation immediately 
following the postulates establishes the equivalence, in the sense of inter- 
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definability, of the classical (F, +, X; 0, 1) and the dual-symmetric 
(F, A, X; 0,1) characterization of the concept field via the connecting 
definitions 
(F, +, X 53 0,1) 1 (7,4, X; 0,1) 
F < defined by — F 


. 
a 
s 

mue ar 


0 <— = — 0 
1 <- a — 1 
a X b<— s ax b 
a + b— ab e Le <—aaAb 
a+b— * >aAbAa°b® (for a541,) 1) 
a+-1,=1-+a> ne — a Aa'° ( © a540,~1) 
Lira % SRAKAR” ( © h0, 1) 
1+0,—0+1— e —> i. 


But more than this is true,—the two characterizations are strongly * equiva- - 


lent, that is, also the (above) definitions used in each system (to establish 
the equivalence) are provable as theorems of the other system. Only two such 
theorems come into question here, namely 


Teeorem Eq 1. a+ b—-ab—aAb, 
a theorem of our dual-symmetric characterization (F, A, X), and 


THEOREM HQ 2. 
a+b=aAbAa’b’ 
ati=1l+a=—adAa'’® 


1+1—hAR°AR° 
ER + 


(for a5£1,6-1) 
( “ aÆ0, #1) 
(“R#0,—#]1) 


a theorem of the classical (F, +, X) characterization of field. The latter is 
immediately verified upon substituting a -+ b— ab, a/a—1 and 1/a for 


a Ab, a° and a’ respectively. We prove Theorem Eq 1, or, what is clearly . 


the same, the formula 


a) a+ b= (a Ab) + ab. 


Proof. For each of the cases a = 0, a = 1, b = 0, b = 1, (1) is true 
by E2, T2. Assume, then, a0,541; b0,541. Case 1: a Ab -Æ0, 
In this case, by T28, 


t The explicit recognition of the important distinetion between mere “ interdefined ” 
and “ strong ” equivalence of postulates (and related observations on equivalence) is due 
to A. Tarski in a paper not yet published. 
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(2) (a Ab) + ab —aAbA(aAb)'°ab 
(3) a+b=aAbAua°b”. 
Hence, simplifying by T3, we must prove that 
(aAb) ab = a°b° 
or, using C’, that 
(4) {a'(a°b'}°}°ab = a°b°. . 
Now a'(a°b')° s41, since by T3 
a'(a°b')° = 1 — a°b' = a°, > b = 1, 
contrary to hypothesis. Therefore we may use T23, and (4) becomes 
a°b'{(a°'b) °a'°}°ab = 4°D0° 
i.e, by T3, 
(5) | a{(a°'b)°a"°}° = b°. 
Again (a°'b)°a'° =Æ 1, since 
(a == 1 > a°'b = a" =a (by Ts 9, 3), b = 1, 
contrary to hypothesis. So we may again apply T23, and (5) becomes 
(6) aa’ (a°a°'b)° = 6°, 
which is obviously true, by T3. This proves case 1. Case 2: a Ab —0, 
(equivalent to b==a°). Using E? and T32 we must here show that 
(7) aa’ = a A a° Aaa’. 


But (7) is obvious by T3. This completes Theorem Eq 1, and establishes the 
strong-equivalence of the ordinary (F, +, X) and the dual-symmetric 
(F, A, X) characterizations of the concept field. 


6. Set II of postulates. The primitive notions of set II are (F; A, X),- 


where A, X ås before, correspond (in realization) to the two dual field multi- 
plications. The field complement, *, as a definition, is here involved in the 
formulation of certain of the postulates, and this requires that the dual of a 
proposition 

P(1,0; X,A,°, 3") 
be defined as 
\ P(0,1; n igs F 
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where, it is to be noted, the inväriance of * (unlike set I) is here a part of 
the definition of di P. The postulates of set II are then seen to occur in dual 
pairs, (with N and P7 self-dual), and hence, as in I, it is only necessary to 
prove one of a pair of dual theorems. References are given in full with the 
exception of those to N, P1, P1’, which are omitted. The postulates are: 


N. F contains at least three elements. 

Pl. abis a unique element of F whenever a,b are in F. 

Pl’. aAbisa unique element of F whenever a,b are in F. 

P2. a(bc) = (ab)e. 

PZ. aA(bAc)=(aAb)Ac., 

P3. ab = ba. 

P3. aAb==bAa. | 

P4. There is an element 1 in F such that al = a for every a in F. 
P4. There is an element 0 in F such that a AO =a for every a in F. 
P5. For each a = 0 in F there is an a' in F such that aa’ = 1. 
PS’. For each a41 in F there is an a° in F such that a A a° =Q. 


Definition D]. 
a == @°'° [a 540, 541}. 


P6. ab==aha°b* [a 1]. 

P6. aAb—a(a'Ab*) [a sé 0]. 

Pr. (a°a'a*)° —(b'Ab’ab) — [a 40,541; 00, 1]. 
TO. (THrorem 0). O51. 


Proof. (1) a0 = 0, since: if a541, then 
ad—aAa0*—aAa1—aAa =0, 


by P6, D1, P4, Pd’: and if a—1, then 01—0, by P4, P3. If 0—1, we 
have the contradiction: for a=£0, a = ai = a0 = 0, by N. P4, hypothesis, 
and (1). 


TI. (F,X) without 0 is an Abelian group with 1 as its umit element. 
5 
Proof. TO, P’s 1, 2, 3, 4, 5. 


T1. (F,A) without 1 is an Abelian group with 0 as its unit element. 





“ 
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T2. 0a = a0 = 0. 

Proof. P3 and (1) of TO. | 

T2. 1Aa—aAi—1. 

T3. a** =a. 

Proof. If a5£0,541, then a** = 0°? ug?" u °° — a, by DI, 
Ts 17,1, 1. If a= 0, then 0** = 1* == 0, by Ds 1, 1. If a— i, then 
1%* me OF — 1, by D’s 1, 1. 

T4. (ab)* =a* A b*, 

Proof. If a5@0;1, then a’b*=a" A ab; by P6, T1’; hence 

bë = a°'(a° Aab) = a°' (a° " A ab) = a®'{a°" A (ab) **} — a° A (ad)* 

by T’s 1, 1, 3, P6’; hence, (ab)* —a°'° A b* =a* A b*, by T1, Di. If 
a = 1, then (1b)* = b* = 0 A b* = 1* A b*, by Ts 1, 1’, Di. If a=0, 
then (0b)* = 0* = 1 = 1 À b* = 0* A b*, by T2, Di, T2’, Di. 

T4. (aA b)” = a"b". 

T5. aa] [a£ 0,51]. 


Proof. 1 = aa —aAa"a*, by TI, P6; hence, a°a'* —14a = 1, - 
by Ts 1”, 2’. 


T5, a'Aa*—0, la 0,541]. 
T6. a*—a° [a =£ 0, £1]. 


Proof. Ts 5,1. 


T7. až =a" =a"? [a 54 0, £1]. 
Proof. a°'° ==a* —=@"* = 0°", by D1, Ts 1, 6. 


T8. al(a'b*)* = b(b'a*)*  [a&0, b0]. 
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Proof. 
a(a'b*)* = a(a'* A b**) — a(a'* A b) gi a(b A a) 
= a{b(b' Aa'**)} = af{b(b' Aa')} = b{a(b' Aa')} 
= b{a(a' Ab')} = b{a(a' A b'**)} = b(aAb'*) 
= b(a** Ab) = b(a*b')* — b(b'a*)*, 
by Ts 4, 3, 1’, P6’, T's 3, 1, 1’, 8, P6’, Ts 3, 4, 1. 
T8”. aA (a° A b*)* = bA (b° Aa*)* [a Æ 1, b 1]. 
T9. a°a'a* — a constant [a 0,1]. 
Proof. Pr, Ts 1, 1’. 
T9’. aAa’ Aa* =a constant [as 0,1], - 
T10. If as&0, 51 then: a° 40,41; LI, LI a 0,2 1. 
Proof. Ts 1’, 1’, 1, I’, 8, Di. 





"Definition D2. p—a°a'a* [a 0,1). 
Definition DY. r—a'Aa° A a” [a 0,61]. 
Til. a0. 
Proof. D2, T’s 10, 1. 
T11. r=£1. 
T12. . (i) p—aaa* aaa’; r= a' A a° Aa* =a Aa Aa” | 


[a 0,21]. 
(i) w =p; Tr. 
(ii) po 7 [kl (7 #0)]. 
(iv) Fer 7% = p. 
(v) pp =l; rAr=0. 
(vi) pa=a*a® [as&1]; rAa—a*Aa [a0]. 
(vii) pa' = a'*a°* [a s£ 0, 1]; TAa’ = a°* A qa'* 
[a 540, £1]. 


Proof. Only the first parts require proof, since the second parts are their 
duals. (i): by D2 (a° for a) and T6”. (ii): byi, T’s1, 7%. (iiid: by P6, oe 
D2, DX’. (iv): by D1, ii, T1, ii. (v) by ü, TI. (vi): byi, Tl. (mi): 
by vi, T6’. 


T13. a(pa')*—= (na)* [a0]. 
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Proof. 
a(pa')* MER: a(a'*a°*) * z a(a'** A a+) — a(a' A ie) 
= GA G°* = a*t A a°" a= (a*a°)* = (ua)*, 


by T12 (vii), T’s 4, 3, P6’, T’s 3, 4, 12 (vi). 
T13. aA(rAa°)*=(rAa)* [a1]. 
T14. afpa (pb)*}* = b{ub'(ua)*}* = [a 40,00]. 


Proof. (na) {(wa)'(ub)*}* = (ub) { (ub)! (wa) *}*, by Ts 8, 11. 

Hence 
pa{u'a' (ub) *}* — pb {u'd! (na) *}*, 

by TI : hanes the theorem, by Ts i 1122A; 

T14. aA {rAa°A (rAb)*}*—bA{rAb°A (rAa)*}* [a 1,011. 

Definition D3. j a + b = a(pa'b)* [a 0]. 

0+a—a. 
T15. ati=—i1-+ta. 
Proof. If a=£0, then 
a +1—a(pa'l)* = a(ua')* = (pa)*— 1(na'a)* =1 + a, 
by D3, T’s 1,13, 1, D3. If a — 0, then 
et esee 

by D3, T’s 1, 2, D1, D3. 

T16. a+ b is a unique element of F for all a,b of F. 

Proof. D8, T1. | 

T17. a+0—0+a—a. 

Proof. If a0, then 

a + 0 = a(pa'0)* — a0* = al =a = 0 + G, 


by D3, T2, D1, T1, D3. If a= 0, then 0+ 0= 0, by D3. 
T18. a(b + c) = ab + ac. 
Proof. If a0, 540, then 
ab + ac = ab{n(ab)'ac}* = ab(pb'c)* = a{b(ub'c)*} =a (b + c), 
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by D3, Ts 1, 1, Ds. If a = 0, bÆ 0, then 

O(b + c) = 0 = 0 + 0 = 0b + 0e, 
by T2, D3, T2. If as£0, b — 0, then 

a(0 + c) = ac = 0 + ac == a0 + ac, 


by D’s 3, 3, T2. If a= 0, b = 0, then 


0(0 + 0) = 0 = 0 + 0 = 00 + 00, ' 
‘by T2, D3, Te. 


T19. a+ b =b +a. 
| Proof. If asÆ0, then 
a+b=al+aab=al+ab) =a(a'b +1) —aab + al =b +a, 
by Ts 1, 18, 15, 18, 1. If a — 0, the theorem ete. by TI”. 
T20. a+(1+b)=b+(1+a). 
Proof. If a540, b0, then 


a+ (14b) =a + 1(ul'd)* = a + (pb)* — afpa (ub)*)* 
— b{pb' (pa) *}* = b{ub'1 (t'a) *}*¥ =b + (1 +0), 


by D3, T1, D3, T’s 14, 1, D8. If as40, b= 0, then 
a+ (14+0)=a+1=1+a—=0+ (1+0), 
by Ts 17, 15,1%. If a—0,b=£0, then 
0+ (146) =14+b—b+1=5b4 (1+0), 
by Ps 17, 15, 17. Ifa—0,b—0, then 
0+ (1+0) = 0 + (140). 
T21. a+ (b+c) =c+ (6+ 2). 
Proof.. If 6540, then | 


a+ (b+ ce) = bab' + (b + bb'e) = b{ab' + (14 b'c)} 
—b{b'c+ (1 + ab')} =bb'c + (b + bab') =c + (b + a), 


by Ts 1, 18, 20, 18,1. If 6—0, then 
a+ (0+c)=a+c—c+a—c+ (0+0), 
by Ts 17, 19, 17. 
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T22. a+ (b +c) = (a+b) +c. 
Proof. Ts 21, 19. | 
T23. For each a there is an & such that a + & = 0. 
Proof. If as40, then &— pa. For, 


a + pa = afpa (ua) }* = a (up) * = al* = a0 = 0, 
by D3, T’s 1, 12(v), D1, T2. If a==0, then @=0, by T17. 
| From Ts 16, 17, 18, 19, 22, 23, N, Ps 1, 2, 3, 4, 5 we have 


T24. With + defined by D3, (F, +, X) is a field with 1 as its unit, 
and 0 as its zero element. 


With the help of P6 and T’s 3, 4, 7, Postulate C of set I can readily be 
derived, and the equivalence of sets I and II established. 
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A MATHEMATICAL THEORY OF DILATANCY.* 


By M. REINER. 


in, 





Dilatancy is “that property of a material by which it increases in volume 
when it is stirred ” or, more specifically, when it is sheared. Thus “in walk- 
ing over wet sands the gloss disappears and the sand appears to dry out 
wherever the foot is placed.” This is due to the increase in volume of the 
. bulk of the sand, i.e., the increase of the volume of the voids into which 
the water is drawn. Dilatancy was first scientifically described by Reynolds 
in 1885, who coined the term. In the following a mathematical theory of 
dilatancy is expounded from the phenomenological point of view, i.e., no 
account will be taken of the internal structure of the material to which the 
phenomenon of dilatancy may be due. It will be shown that on purely mathe- 
matical grounds dilatancy should be present in a generalized Newtonian liquid. 


1. A Newtoman liquid is a material which is perfectly elastic under a 
hydrostatic pressure (or tension) and perfectly viscous in distortion. By the 
latter is meant ‘that all strainwork in distortion is entirely dissipated. This 
distinguishes the Newtonian liquid from that of Maxwell which has (relaxing) 
elasticity of shape. In a “simple” Newtonian liquid “the resistance which 
arises from the lack of slipperiness of the parts of the liquid, other things 
being equal, is proportional to the velocity with which the parts of the liquid 
are separated from one another” (Newton, Principia, Lib. i, Sect. ix). In 
the “ generalized” Newtonian liquid we drop the linearity and substitute for 
it any functional relationship between the deviators of stress and velocity- 
straint The generalized Newtonian liquid is accordingly one case of “non- 
linear” rheological bodies, the other important one being the non-linear or 
generalized Hookean, as we may say, elastic solid. The theory of the latter 
was treated by Hamel and brought to a conclusion by Murnaghan. It is bound 
up with the theory of finite strain. We define the strain tensor by ess = du/dr 
— 4{ (du/dr)* + (dv/dy)* + (dw/dz)?} etc. (i.e., the usual Cauchy definition, 
where u, v, w? are the components of the displacement vector) which, for 
small relative displacements, become du/dx etc.; and we define.the strain of 





* Received August 6, 1944. 


* By “ velocity-strain ” we understand the space derivative of the velocity-vector, 
in contradistinction to the ordinary or displacement-strain. | 
* We shall use in the present paper Murnaghan’s notation. 
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the velocity vector (ù; v, w) by ees == 0u/0a: etc., the higher terms being absent 
because the displacements udt etc. in this case are infinitesimal; then evi- 
dently ss is generally not equal to ss. This is expressed by Murnaghan in 
the words “the space derivative of the virtual displacement vector . . . is,only 


_ in the infinitesimal theory (equal to) . .. the variation of the strain tensor.” 


Hencky has shown how this difficulty can be overcome in the case of fixed 
principal axes of strain by a different definition of the strain, which for 
infinitesimal strain approximates the Cauchy strain. However, fortunately, we 
need not enter into these difficulties here. The relative displacements upon 
which the stresses in a viscous liquid (apart from the hydrostatic pressure) 


depend are always infinitesimal by definition and the theory is thereby con- | 


siderably simplified. 


2. The problem stated. In order to take account cf the fundamentally 
different properties of a Newtonian. liquid with respect t« isotropic and devia- 
toric stress and strain components, we resolve the tensors uf stress 7*,", strain 
es” and velocity-strain es” as follows: 


(1) Teer = T #Ôs" + Ts, 
( 2) | et == eds” + es. 
(3) | Es" == Cds" + es". 


This resolution is defined by 


- (4) Las re ce am ext = 0, 


while the scalars 8T*, 8e and 8e are the first invariant of the tensors 7*,’, 
es” and es”, respectively, or 


(5) TRUSTE, ete, eg? = Be. 


As the Newtonian liquid possesses elasticity of volume, but not elasticity of 
form, T* contains a part (— p, where p is called the hydrostatic pressure) 
which is a function of e 


(6) p= F (e) 


while e's” does not enter into the expression of T*;” in terms of strain. The 
hydrostatic pressure is not identical with the isotropic component of the stress 
tensor, but, as its name implies, only such part of it as remains for es" == 0. 
(6) can also be written in the form | 


(6°) p == — 3xe 


A 
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where x is the elastic bulk modulus and is itself a function of e. We, therefore, 
write | | 


(7) Ter = (T — p) 8s" + T's = (T + 3Ke) ds” + T, 
or 
(8) Fr us BKE" 2 Ls ze Ts" + Ter 


but we shall not deal in the present paper with (6). This is common to both 


solids and liquids and has received complete treatment by Murnaghan and 
Birch. Accordingly we write Tr for Ts" —- 3xed,7 and consider in the 
following Ts" only.2 The rheological equation (compare Hersey) of the 
Newtonian liquid in its most general form can now be written as follows: 


(9) Ist = R (e, Es") 
or, in view of (6), | 
(10) Ts = f (p, es"). 


The elaboration of (10) can be carried out in two stages. In the first stage 
we write ' 
(11) T = f (es"), 


which means that the constants appearing in this equation will generally be 
functions of the hydrostatic pressure or of the density of the material. The 
dependence of the coefficient of viscosity upon the hydrostatic pressure is well 


known. However, just as in the classical hydrodynamies of viscous liquids the 


coefficient of viscosity is treated as a constant and its dependence upon p 
relegated to a secondary consideration, in the same way we shall in the present 
paper limit ourselves to (11). Our problem is to develop the function f in 
accordance with certain postulates to which we are led by physical observations. 


3. The Murnaghan method. We first follow the way taken by Hamel 
and Murnaghan in:accordance with which the rheological equation is derived 
from the two thermodynamical laws. For isothermal processes both are 
combined in the Gibbs-Helmholtz equation 


ðw = po® + pow 
Sy = 0 


where w is the strainwork per unit volume, ® is the intrinsic* free energy- 
density and ÿ is the bound energy-density. The second part of (12) expresses 


(12) 


The tensor T r is the viscous resistance of the liquid in its most general sense. 


* I. e., after deduction of the kinetic energy produced. This is effected in viscometry ` 


by means of the so-called kinetic energy correction. 


™, er. 
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the condition that while in the case of thermodynamic equilibrium % vanishes, 
in other cases it can only increase (compare Weissenberg). Generally, in a 
rheological process of every real material both functions ® and # will be 
involved, but two ideal materials can be conceived. For the first y vanishes 
identically. This is the elastic solid, which has been dealt with by Murnaghan. 
For the second ® vanishes in distortion or, more generally, in the absence of p. 
This is the viscous liquid with which we are dealing in. the present paper. 
In the latter case we can introduce into (12) è == 0, when we get dw == pôy 
and therefore 

(12°) dw = 0. 


There is no complete analogy between ® and y. While the former can be 
expressed as a function of mechanical variables with time not appearing 
explicitly, or ĝ®/ðt = 0, this is generally not the case with regard to y. 
Nevertheless, as Rayleigh has shown, there exists a function y= y(#) in the 
case of a simple Newtonian liquid, such that the hydrodynamic stress tensor 
can be expressed as a derivative of x in analogy to the elastic stress tensor. 
In particular he found for such liquids _ 


(13) x = pl /2 = w/?. 


He called the function x the “dissipation function.” When such a function 
exists, a theory of generalized Newtonian liquids in analogy to Murnaghan’s 
theory of elastic solids is possible. In the present section we shall postulate 
the existence of a dissipation function and see where this leads us, while in the 


"next section we shall drop this postulate and proceed by a more general method. 


We therefore write in analogy to Murnaghan, but keeping in mind the 
simplification introduced by the fact that in our case the relative displacements 
are infinitesimal, 

(14) Ter == 0y/0e.". 


The dissipation function is, in analogy to ®, a function 
(15) x= x (In I» Is) 


of the invariants of the tensor es”, while the temperature does not appear 
explicitly because rheological processes are assumed to be isothermal. 
From (14) we find in analogy to Murnaghan 


(16) Ts? == 8,70y/0L, + (8I, — es”) (0x/0To) + Ss’Iaöx/Ols. 
where the tensor čs” is defined by 
(17) . Ces Ts sr. 
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In order to apply (11) to the generalized Newtonian liquid, we calculate the 
strain-power per unit volume, which we denote by w. This is equal to the 
trace of the inner product of the stress- and the velocity-strain tensor, or 
(18) w ge T peab. 
Making use of the relations 

gea Zu ea” u Le 
(19) ee = L? — Al: 

8% a? == da — 3 


we find from (18) and (16) 


We now carry out the resolution of both tensors Tr and es” in accordance 
with (1) and (3). This carries with it a resolution of the strain-power in 


accordance with the following equation, : 

(21) T p ea? == (T8p* + T’g*) (ed + Caf) = BT e + T’gte/sP 
into a volumetric component 

(22) wy = 3Te 

and a deviatoric component 

(23) wy’ = T’ peab. 


Considering the stress first, we find from (16) by means of 
(24) da == 8, Cat = Ih, Eal = Lo, 


(25) T == T',2/3 = 0y/0T: + 81:0x/012 + 12/3 + (Oy/0Is) 
and therefore | 


(26) T’; = ds" / 3 i (10/015 





Iofy/91) — es" Ox/Ol, + ErIsox/öls. 


Then we introduce the resölution of the strain. This affects the strain- 
invariants J,, I, and F, They are replaced by 


er — 41, 
(27)? P Be is er 86° 
l'a I; — Le + Ze? 


From the-transformation equation 


(28) 0x/01T, = x/l a aIr 
we get 


5 Note that /’, is net the same as Murnaghan’s 7’, 





a 
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ôx/0I, — 40x/0e — 2e0y/Al’. 
(29) Ox/ 8e = 04/07 2 — 04/0 
Ox/dlz = x/l’ 


A(T’, — 30?) 0y/8l's 


and our equations (25) and (26) become 


T = 40y/0e 
(81) Tr = —8,7[ (L2 + Be?) /3 - By/ Al's] — esr [x32 — exl] 
+ és [ (I3 + Te + 6°) x/l], 


while. wy and w’ are from (22) and (23) 
(32) wy = eôy/de 
(83) ai! = L ða + 8x Ole 


Murnaghan’s next step is to consider ¢ as a function #(e.") of the strain 
components through the invariants and to expand it into a power series, 
neglecting terms of orders of magnitude greater than an agreed upon order. 
Elastic strains of even very deformable materials are small in comparison 
with the velocity-strains of viscous liquids which find their limit in turbulence 
only. A power-series development will therefore not carry us far. We should, 
however, naturally expect the lowest approximation of the generalized 
Newtonian liquid to yield the expressions for the simple Newtonian liquid. 
If we put 


(34) x = ae + be? + cl’, +... 
we find 
(35) T = 4/3 + 2be/8 +: :.; Tf == ces +. | 


w = ae + be + MU; + 


For the case of rest this would give T — a/8, i.e., a hydrostatic stress, 
the consideration of which we have excluded. We therefore put a == 0 which 
gives y = w/2 in accordance with Rayleigh’s expression for the dissipation 
function (compare (13)). This, evidently, has a wider range than the 
classical viscous liquid, because for the latter, in order to get Stokes’ expres- 
sion for the stress, we have, in addition, to put b == 0 which gives T = 0 and 
T's? = 2n(€s” — eô) with 7, the coefficient of viscosity, —— ¢/2. 


4. Application of a tensor analysis method.® The results of the pre- 
vious chapter are valid only in the restricted case when there exists a dissipation 
function. In the present chapter we drop this restriction and proceed by pure 


° This treatment was suggested to me by Prof. Giulio Racah of the Hebrew Uni- 
versity, Jerusalem, . 
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tensor analysis of (11). Starting from this equation we note that on the left 
side there stands a mixed tensor of rank two. Then what we may call with 
Eddington the principle of generalized dimensions requires that all terms on 
the right side shall also be mixed tensors of rank two. The right side can 
therefore consist only of sums of mixed. tensors of rank two multiplied by 
' scalars and of inner products of such tensors which again are reduced to 
tensors of rank two. The general term of a development of the function f 
will therefore be of the form egreg"e,f- - - 6 - f(T), where f (1) is a function 
of the three invariants; and we can therefore write ' 


(36) Ts = o(Z) 8s" + fa (L) es” + fa (1) cares? + fo (I) earepe + ag 


This would mean an infinite number of such terms. However, in view of the 
Cayley-Hamilton equation of matrix theory, the following relation holds good, 


(37) Ca Opel == ds" Ts — es" Lo + ex esl, 
and therefore 


(38) Ca” ep te pes = al C L3 — n'es lo + eg” eptes®l, 


= "Lil, +- es" (La — I,I,) + Og" est (1,7 — Ip) 


and similarly in respect of higher terms. ‘This enables us to write 


(39) Ter = F*,(1) 85" + Fy(1) es" + Fa(I) earet 
and also | 
vo Ta = PP) + Pa (D)e + PelP)eaes 


where F*,, F, and F, are functions different from those of (39). 
Resolving the stress, we get 


T = F*,(P) — 23/3- Pall) =F (LP) 


(41) Pt = F(T) 647 + F(E) (ee + 2T2/8 - 83°) 


where we have made use of the relation 


(42) EB E ab = —- Al, 

in accordance with (22) and (23) we find 

(43) wy = 8eF,(I’), | 

(44) W == — F (L) +37, P,(P), 


where we have made use of the relation 
(45) Ep E Pe’ a! == 31s. 
If we compare (41) with (30) and (31), making use of the relation 


St ren ee 


we; 
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(46) Ca Cs? bla -— Os" Lp + esl 

which is analogous to (3%), we see that a dissipation function exists if Fo, 

F, and F, can be expressed as the derivatives of a single function as follows: 
F(T) = 0y/al’, | 

(47) BLL = — 0x /0l"2 a 
FL’) = x/l. 


Elimination of x from (47) gives 


OF, /0l’. -+ OF, /ol’, s 0 
(48) OF, /01"3 +- 0F3/01"; = 0 
ÔF,/01": == OR ,/Ol'; — 0. 

5. Expression of strain through stress. Itis obvious that we can pro- 


ceed quite analogously by starting from the reverse of (11), expressing es” as 
a function of T7. We get instead of (41), (43) and (44) the following: 


E == F(T) | 

e = F(T’) T's" + F(T (TT + 2T'2/8 + 8s"), 
wy = 3T F(T”) 

w — — TF (T) + 8TF (T) 


(49) 


(50). 


where the meaning of 7’, 7’, and 7”, is obvious. If we introduce e’,” from 
the second of (49) into the expression for Ts" (second of (41) ), taking into 
eccount the stress analogies to (37) and (38), we find 


(51) Tg = [73/3 Po + 273/3 8 Pa + (277,/8)’F 2; 
A OF, Fer (Ts — TT, + 27°) Jr 
-+ [J P + 402/38 > FFF + 29 FF (8T? — Ti) 
+ FR (T,— TT, + RTS) Tr + (FF, + FF, 
1 477,/3: FP + FAPT — Tay PT t. 


Considering that the ds", Ter, TT”, stand for the zero, first and second 
powers in the stress components, this requires that the first and third expres- 


‘sions within brackets [ ] must vanish and the second must be equal to unity. 


Introducing furthermore 


T, = T’, + 3T? 


(52) T3 — TY, + TT’. + T3 


we find the three equations - 
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T’ oF oF, + [2792/3 Fa + SFT] FoF + lF = 0 
(53) Fu, + [FT — 27",/3 > fy | Fok, =1 
FoF, + [F + 77/3: FF = 0 


from which the F,, F, and IF, can be expressed through the stress invariants. 
There are obviously analogous equations by which the Fa, #, and T’.F, can 
be expressed through the strain invariants. 


6. Physical interpretation. he physical interpretation of our theory 
will consist in assigning physical meanings to the three functions Mo, Fi, Fa 
-and Fo, Fa, Fa. For this purpose we consider certain special cases of stress 
end strain which constitute simple viscometric tests. 


(i) The fundamental viscometric test, 1 e., the one which from Newton 
enwards served to define the coefficient of viscosity, is based upon a laminar 
plane deformation of the type 











0 Coy 0 
(54) Es” — gT = Cay () 0 
i 0 0 0 
for which 
(55) e = 0; ` I, = lo — 07 ; I, = l; = 0 
and 
1 0 0 
(56) PA a ey 1 O- E 0 z 
000 É 
This gives in accordance with (41) ; 
010 slo 0 | 
(57) T == Fo; T's? = Fies | 1 0 0 z BP? 24/8 | se : 
| 0 0 0 | o 0 
while (43) and (44) give 
(58) . w = NA z= RE eyfa 


Dissipation of energy, therefore, comes in this case from F, only. In the 
case of the simple Newtonian liquid the dissipated power in simple shear is 
= 4ye72,.7 We follow Einstein in defining the coefficient of viscosity by 
equating the strain-power in our case with the strain-power of the similar . 
flow of a simple Newtonian liquid. We accordingly get Lo 


7 One should note that our e,, is one half of what is usually denoted by e,, z 
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(59) F:(0, l'a, 0) = 2y. 
(ü) The simple cubical dilatation 
(60) me ei eli=0 
gives l l 
(61) Ts” = Fès” ; w= wy = BeFy. 


In primitive cases rheological coefficients are defined from stress-strain rela- 
tions. This method can be applied if the ratio of stress to strain is a scalar 
and could therefore not be applied in case (1). However, in our present case 
we get ` ". 

(62) T° /és = F,(e,0,0)/e= m, 


where yy may be called the coefficient of volume-viscosity. The. theoretical 

existence of such a second coefficient of viscosity was pointed out by Reiner. 

Recently Tisza has confirmed its actual existence from experiment. 
Analogously, if we start from the simple isotropic stress Ter = T'*8,", 





we arrive at a coefficient of volume-flurdiiy defined by 
(63) dv = Fo(T, 0,0)/T. 
(iii) The stress-analogy to (1) is the simple shearing stress in vacuo 
0 Try 0 
(64) et = TT = Ti 0 0 
0 0 0 
so that in accordance with (8) 
Tr == i “rt = BKEOg” | G L y 0 
(65) T = — ke; T == TS ay 0 0 
G 0 0 
and 
(66) el T,;—=0 


Expressing the strain through the stress we find from (49) 








e—F |: 1 0! [1 0 0 
(67) f= F,T*y || 1 0 0|+F,T*#7/8 |0 1 | 
lo o o 00 —2 


We now arrange our experiment so that we keep T*z, constant and start 
cur observations after a steady state has been reached. We should then, in 
accordance with (67), observe, besides a continuous shearing of the liquid the 
rate of which is 4,7*.,, also a continuous expansion (or contraction) the rate 
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of which is #, and a continuous lengthening (or shortening) in the direction 
normal to the plane of shear (in our case the z-direction) the rate of which 


is FTE, The second and the third phenomenon are against experience. PE 
There may be a cubical dilatation when T*,, is applied—but this raises an La 
elastic resistance which ultimately stops it and when the steady state is 


reached the rate of dilatation will have become zero. And there cannot be any 
extension at all in the z-direction, because, the liquid being devoid of rigidity, 
there would be nothing to stop iti and it would go on indefinitely—which has 
never been observed. Therefore we must have 


:Fo(0, 1%; 0) == () 


(88) F2(0, Ta, 0) = 0 


which reduces (67) to 


010 Pa 
(69) et = Fl” | 1 0 0 | l SA 
| 000 | i 
From (69) we, arrive at the coefficient of fluidity & 
(70) P = Reay/ Lay = Fi (0, Ts, 0) . 
To express the stress through the strain we use (53) from which we find 
(71) F.(0, 12,0) =0;  F,(0,I’s,0) =1/9,(0, T's, 0) 
so that 
0 1 0 u 
(72) TH = (3xe + Fo) 857 + Lay . 1 0 0 F | 
| 0 0 0 | 
. This brings us back to our starting point (64) and therefore | 
(73) | 8ke + Fo = 0 
or 
(74) et = de = — Fo (0, F2, 0) /x. 
While, therefore, in the simple Newtonian liquid a simple shearing stress | 
produces a simple shearing strain continuously increasing at a constant rate— | 
and nothing else; in the generalized Newtonian liquid: it will, in addition, | 
produce a cubical dilatation the magnitude of which depends upon a rheological 
coefficient | 
(75) | 8 = F,(0, l’»0)/l x 


which we may call the “ coefficient of dilatancy ” 8 (not to be confused with 
Kronecker’s s”), so that | 
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(76) eat == — (8/x) «L's. 


Conversely, if the liquid is contained between rigid walls as in most 
viscometers, so that the dilatation is prevented, a pressure is exerted upon the 
walls which is, in accordance with (57), 


(77) i T = Pa = öl’. 


7. Conclusions. For the purpose of our present investigations we may 
assume that F, vanishes identically and that F, and F, are independent of /’,.® 
This results in a special case of the generalized Newtonian liquid which we 
may call the Reynolds Liquid. The: rheological equation of the Reynolds 
liquid is accordingly | 
(i) = (Bxe + we + La) ds" + Byes" 
where 7*,” is the total stress—elastic and viscous—3e the cubical dilatation, 
e the isotropic component and gs” the deviator of the velocity-strain and 
K, 7, nv and 6 are four rheological coefficients, viz. the bulk modulus, the ordi- 
nary (Newtonian) coefficient of viscosity, the coefficient of volume viscosity 


and the coefficient of dilatancy, respectively. ‘These are, to a first approxima- 
tion, rheological constants with temperature and density as parameters. The 


total strain-power is 

(ii) w == (3ke + yv + SKa) 8e — Anl’2. 

- The’contributions from free and bound energy can be separated by means of 
. the condition that for the latter w= 0. We accordingly get 


pd = 9xee + 38T’ ze, 
| pip = Bye? — Anl’ 
If both coefficients of viscosity are constants, or if the coefficient of volume — 


viscosity is a function of e only and the Newtonian coefficient of viscosity a 
function of J’, only, there exists a dissipation function 


(iv) x = (8/2) + ev — l’: = ph/2. 


Dilatancy as defined here does not contribute to the dissipation of energy. 
It emerges from (i) in two forms, viz.: 


(iii)? 


(i) A deviator of velocity strain for which e and e vanish produces an 
isotropic pressure == $7,. 


7’, and F, appear in what Trouton called “viscous traction.” This will be dealt 
with in a separate communication, 
® I’, is always negative. 


E 
| 
* 
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(ii) A deviator of stress for which T* vanishes produces a cubical dila- 
tion which ultimately (i. e., when e = 0) = — (ö/k) ° lo. 


It is the latter phenomenon which Reynolds described as “ dilatancy.” 
I take occasion to thank Professor Racah for the interest which he took 
in the preparation of the paper. 


THE STANDARDS INSTITUTION OF PALESTINE, 
TEL Aviv. 
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ALGEBRAISATION OF PLANE ABSOLUTE GEOMETRY * 


By Y. WHY Tsonen. 


Introduction. We give in this paper a simple method, based on the 
axioms given by K. Reidemeister and F. Bachmann,* of deriving the alge- 
hraisation of plane absolute geometry up to the existence of a quadratie form. 
On studying the paper AG just mentioned: and the well-known paper of 
J. Hjelmslev, “ Neue Begründung der ebenen Geometrie”? we thought it 
might be possible on the one hand to generalize Hjelmslev’s halfrotations to 
those with an improper point as center and on the other hand to find out some 
metric properties of the generalized halfrotations. Indeed we have only to 
formulate Hjelmslev’s halfrotations in a slightly different manner to obtain 
the generalization. A very useful lemma for us concerning the metric proper- 
ties of the halfrotations may be stated as follows: “If a halfrotation H ẹ 
which belongs to the rotation d° transforms a line l into a line V, then the . 
halfrotation Ha- which belongs to the inverse-rotation d* will transform 
any line orthogonal to Y into a line orthogonal to 1.” This lemma can easily 
be proved. 

To prove Desargues’ and Pascal’s theorems we shall not use Hessenberg’s 
method of “involutions of equal angles ” * by which Hjelmslev proved Pascal’s 
theorem containing only proper elements. Nor do we need the artificial con- 
cept of “cinematic space” (AG $ 4) of Reidemeister and Bachmann. We 
shall first prove a special case of Desargues’ theorem: the Desargues’ con- 
figuration with any proper point P as perspective center and its polar p as 
perspective axis. The same theorem about the configurations with any proper 
point Q = O as center but always with the polar o of the same proper point 
O as axis will be reduced to-the special case just mentioned by using our 
lemma. Finally the most general Desargues’ configuration which contains the 
line o and eventually improper points and lines will be transformed by half- 


~ * Received November 22, 1944. 

ı F, Bachmann, “ Eine Begründung der absoluten Geometrie i in der Ebene,” Mathema- 
tische Annalen, vol. 113, pp. 424-451. This paper will be referred to as AG. 

F. Bachmann and K. Reidemeister, “ Die metrische Form in der absoluten und der 
elliptischen Geometrie,” Mathematische Annalen, vol. 113, pp. 748-765. 

° Mathematische Annaler, vol. 64, pp. 449-474. We shall refer to this paper as NG. 

* must be non-involutoric. The center of § may be proper or improper. 

+ G. Hessenberg, Grundlagen der Geometrie (1930), p. 79. 
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rotations with the center O° into those configurations which, save for o, 
contain only proper elements. Thus all Desargues’ configurations containing 
the fixed line o exist. Hence, according to a well-known theorem, Desargues’ 
theorem is generally true in the projective plane. 

We prove the special case of Desargues’ theorem mentioned above by show- 
ing the existence of perspective collineations® with P as center and p as axis. 
We obtain these collineations as the product transformations of halfrotations 
and their inverses with the center P.7 ‚From the fact that halfrotations with 
the same proper point as center are commutative® we incidentally obtain 
Pascal’s theorem (which is equivalent to the commutativity of perspective 
collineations with the same point as center). 

We prove the existence of a polarity in our geometry with the help of 
our lemma. The involution of the right angles at a proper point can be 
induced by the product transformation of a halfrotation and an inverse half- 
rotation.’ As the latter are linear transformations the involution is projective 
and, consequently, the polarity is a linear correlation. Thus we obtain a 
quadratic form which is left invariant by the motions in the plane. : 

Our whole development is based on the axioms given in AG $1 and 
their immediate consequences in AG 82. We shall also use the results in 
AG, $3 concerning improper points. We consider, before we start, that the 
improper points have been introduced into the plane. So if we say “points” 
we mean proper or improper points. But we shall have nothing to do with. 
the improper lines, before we have introduced them. Although we follow the 
same principle as in AG and NG to introduce the improper lines, our method 
of representing the totality of points on an improper line is quite different; 
and our proof of the existence of a polarity depends partially upon the 
possibility of such representations. 

We sketch in the last section a foundation of hyperbolic geometry by 
adding to the-axioms of plane absolute geometry a new axiom, which guar- 
antees the existence of boundary points. This new axiom does not involve any 
notions not previously used. Properties of boundary points are studied and 
improper lines introduced in a more explicit way. 


s NG, p. 471. 

° See for reference Veblen and Young, Projective Geometry I (1916), p. 72. The 
existence of such collineations with two homologous arbitrarily given points is equiva- 
lent to the existence of all Desargues’ configurations with center P and axis p. 

"We come to this product transformation by considering the Cayley’ formula 
S= (1 + R)/(1—R) which connects an orthogonal matrix À with a skew matrix 8. 
A half-rotation can be represented as 4(1 + R) and the product of two skew matrices 
is a diagonal matrix, which represents a perspective collineation. 

8 AG, Theorem 63; NG, p. 466. 
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‘The question as to what extent and under what conditions the semi- 
euclidean and semi-noneuclidean geometries exist is not studied in this paper. 


Notations. Capital Latin letters denote points, small Latin and Greek 
letters denote lines as well as reflexions. A point, which is’ common to two 
different lines a and b will also be denoted by (a,b) and a line, which is deter- 
mined by two different points A,B of which at least one is proper will be 
denoted by < 4, B >. If a1b,then (a,b) is a proper point. 


I. Halfrotations. 


Definition 1. A motion in the plane, which can be represented by 
aaa with aLa, a’ La is called a sliding-reflexion. A sliding-reflexion with 
a =a is simply a reflexion. 


THEOREM 1. Let a motion M be a sliding-reflexion represented by 
aaa. Then the mid-point of a proper point P and its image M(P) 
aiways lies on a. 


Proof. If P is on a, the theorem is trivial. Let P be not on a, and let 
& be the line passing through P and orthogonal to a. Then we have a : a’ 
—aàa"& with aLa, a La. By the motion Mt the point P will be transformed 
into its image M(P) =a-a-d(P) =—a-a-@(P) =a: d (P) for P lies on 
a and a(P) =P. We see immediately that (a, a’) is the mid-point of P and 
M(P). 


THEOREM 2. If a slhiding-reflexion can be represented both by a-a:a’ 
and by b- B-B with ala, dLa; B1b, B 1b then the two lines a and b 
are not distinct and a'd =B: R. : 


Proof. We have, in the previous theorem, given the line a a geometrical 
meaning as the locus of midpoints. Hence a —b and a'a = 88". 


Definition 2. The line a is called the axis of the sliding-reflexion 


a'a'«. 
THEOREM 3. The product of any three. reflexions is a sliding-reflexion. 


Proof. If the three lines pass through a point then their product is a 
reflexion. Otherwise we may choose three lines a’, b’ and ¢’ so that a’: b> e 
—4:b:c and (a,b’) is a proper point. Let b be the perpendicular to c 
which passes through (a’,0’) and’ àä-b—a-b. Then we have ä:b- cd 
=å: (b - d) =p; (d -p) where we denote by d the line which passes through 
(b,c’) and is orthogonal to à; pæ à, and 9’ is the line orthogonal to d at 
(b,c’). Hence a-b-c is the sliding-reflexion d'p- p. | 
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Definition 3. Halfrotations. Let d be a rotation in the plane with 
d?=4 1. The center of 5 may be proper or improper. For each line x in the 
plane we form the product 2:5 which can be represented as a sliding- 
reflexion y’ yy, with y Ly, 7 Ly. The axis y is uniquely determined by s 
and à. The line transformation æ— y is called the halfrotation Hy. In case 
b= a:b we use also the symbol Hy.» instead of Hy. 


THEOREM 4. If wa’, then Hy (x) Hs (2’). 


Proof. In case zd=yn„ and Zd=y'77 with tr we 
would have 2! = (s: dD) (87-2) = (yas) 7% y) =q 7 7 with 
the »’s all orthogonal to y. Hence x Ly, g Ly and v: d—y-y-7 would imply 
d= 2 yyy =y 17 with 7” Ly, which means b = 1. As we have always 
dÆ 1 in Hy, so Hs (2) Hp (7). 


THEOREM 5. Let P be any proper point and let P* be the mid-point 
of P and (P), D1. Then the lines passing through P will be transformed 
(1,1) to the lines through P* by the halfrotation Hy. 


Proof. Let d—=a:b. We can assume that the line a passes through P. 
We denote by n the.line that passes 
through P and is perpendicular to b, 
n=Æa. Then P* = (n,b) and P* is 
a proper point. a £ 

Now let p be any line on P. We 
form p-d by putting p:a =r: n and 
we have p- d= (m'n): b=r'(n-b) y% 
== m p* -a with p* lr and p* passing P TL P 
through P* and p* Lx’ at P*. Hence Hy(p) = p*. 

Conversely let p* be any line on P*. =’ denotes the line L to p* at P* 
and a denotes the line which passes through P and is orthogonal to p*. Then 
we get p* m" mn" b. Let p—a-n-a; then p is the line which is 
transformed by Hs to p*. | 


COROLLARY. Ha induces a point transformation among the proper 
points. If the pencil of lines at the proper point P is transformed into the 
pencil of lines at the proper point P*, then we define Hs (P) = P*. 


THEOREM 6. Hs transforms every proper point into a’ proper point 
and every line into a line. If X = Y, then Hy (X) A Ay (Y), and if Ty 
then Hs (x) s= Hy (y). The fact that the proper point X lies on the line x 
implies that Hs (X) lies on Hy(z). 


A 
A 


+ 
=) 
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THEOREM 7. (Lemma on the metric properties of halfrotations.) Let 
Hy (p) =q. Then the halfrotation H 5-1 transforms every line orthogonal to 
g into a line orthogonal to p and if a perpendicular to p is the image of a line 
in the halfrotation H»-1, then the latter is a perpendicular to q. 


Proof. Suppose that p and q both pass through the center of d; then 
t= pq, =q: p. According to the definition of Hy1 any line pe Lq 
will be transformed into the line which passes throu gh (q,p) and is orthogonal 
to p. 

We now consider the case where p and g do not pass through the center 
of d. Let p be any perpendicular to q and let (q, p) — Q. We can assume that 
ò =a: b with b on Q, and bq. Let c be 
the line Lb at Q; then cfa, as d 1. 
The assumption H ẹ (p) = q implies the ex- 
istence of a perpendicular p’ to q so that 
p-b=p-a-b=q-p'-p. Sineg’p=b:c, 
we have p:a:b=@q' p'-p—p’:c:b. Hence 
pape or pp’ =a-c. Therefore the 
lines p and ø” both pass through the proper . 
or improper pen (a,c). p: =p bca" a £ 
= ge a—q'p"p. We denote (q,p’) by l 
Q’ and the line, which pars un) Q” and is orthogonal to p, by a; then 
we have q p p=xr: p p with p’ law at Q’. Hence p- dt =r: pp with 
p Lr, Hga (p) =r. 

Finally let + L p and suppose that there exists a line x with H ga (g) =. 
We take a proper point X on æ and let Hs-1(4) == Y. Then Y lies on r. 
The perpendicular to g which passes through X must be transformed by H 51 
into the perpendicular to p, which passes through Y. The latter is 7. Hence 
æ Lg. 

Definition 4. A halfrotation H, is called ordinary, if the center of d 
is a proper point. This point will be called the center of Hs. 





THEOREM 8. The line transformation im the plane, defined by an ordi- ` 
nary halfrotation with the center O, can be stated as follows: ° 


1° If g passes through O, g: gı =D, then Hs (g) = gu 
2° If g does not pass through O, then let q Lg where q passes through 


O, q: qa =b. The line gı which passes through (g,9) and is orthogonal to qı 
as the image of q in Hy. 


? This was used in AG as the definition of halfrotations. The proof of this is 
immediate. 
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From this it follows immediately, that any line orthogonal to a line a on 
O will be transformed to a line L b, if Hs(a) =b. 


THEOREM 9. An ordinary halfrotation Hs transforms a proper point 
into a proper point, but the image of an improper point in Hs may be 
ımproper or proper. The point transformation Hs of all the points in the 
plane is a (1,1) transformation. Hence an ordinary Hy always possesses an 
inverse point transformation Hy”. If Hs (x) =a then the totality of 
points on x will be transformed into the totality of points on x’. In case there 
exists for a given line y a line y, which has the line y as its image in Hy, 
we shall write Hy, (y) =y. Then the totality of points on y will be 
transformed by Hy into the totality of points on y. 


Proof. The fact that all the lines which pass through the same improper 
point X are transformed by an ordinary Hs into the lines all of which pass 
through a proper or an improper point Y is proved in AG, Theorem 58. 
From this it follows that an ordinary halfrotation defines a transformation of 
proper and improper points Ha (X) = Y.*° We shall prove that this point 
transformation is (1,1) in the plane. With regard to the incidence relations 
between points (proper and improper) and lines an ordinary halfrotation is 
a collineation. Two distinct points P and Q must have distinct images. For 
proof we take a proper point R Æ P, R £Q, not on < P,Q >, and the lines 
< R,P > =p, < R, Q > =q. Let P= (p,p), Q = (¢,9’). Then the lines 
p’ and q’ do not pass through R. Hy (p) +H (q). Hy(p’) does not pass 
through Hs (R). In case H (P) =H (Q), all the images Hs (p), Hs (q); 
HI 5(g) and Hs (p’) must pass through the same point Hy,({R), which is 
impossible. : 

Now let P be any point of the plane. As Hs always transforms proper 
points into proper points, so we can arbitrarily choose two proper points P, 
and P, in the plane which are images of proper points P*, and P*, respec- 
tively, and which do not lie on the same line passing through P. We may 
_ assume P = (pi, pe) with pı on P, and p: on Ps. According to Theorem 5 

there exist lines p*, and p*. with H5(p":) = Pr, Hy (p*2) = pe. Hence the 
point P* = (p*,, p*.) is transformed by Hy into P. 
Thus the point transformation Hs is proved to be (1,1). 


Definition 5. An improper point is called the pole of a line J, if that 
point is determined by the pencil of perpendiculars.to 1. 


THEOREM 10. Let P be any improper point, which ts not the pole of a 








10 See Corollary to Theorem 5. 
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line which passes through the proper point O. Then there exists an ordinary 
H 5 with the center O which transforms P into a proper point. 


Proof. Let < 0, P >= p, P= (p,p'). We denote the line 1 p’ and 
passing through O by n. Then H,,(P) = (rn). 


THEOREM 11. Lei Hs and H y be two ordinary halfrotations with the 
same center O. Then Hy” H, (P)=Hy Hy? (P) for any point P. 
Proof. See AG, Theorem 63 and NG, p. 466. 


As an application to the theorems concerning ordinary halfrotations, we 
prove the following theorem of which we shall make use later on. 


THEOREM 12. Let a, b,c be three lines all passing through the same 
proper point O and let the lines a and b be not orthogonal to c. Then there 
exists a line l which cuts a and b in two distinct proper points and 1 1c. 


Proofs. Let B be any proper point on b, Bs< 0. We denote the line 
through B and Lc by n and we denote (n,c) by C. Whether (a,n) = A is 


_proper or improper, A is certainly not the pole of any line passing through O. 


Hence there exists an. ordinary halfrotation Hy which transforms the point 
A into a proper point and the line n into a line V. By applying the halfrotation 
Hy to U’ we get the line / as required. 


If we denote Hy (A) by A’, Hy (B) by D’, and Hs (C) by C’, then we 
have the relation H...(A) = C = Hy.-(B’). This fact will also be used 
later in Theorem 38. 


II. Improper Lines; the O-lines, 


Definition 6. The totality of the points in the plane, which satisfy the 
following condition will be denoted by <a;U > where U denotes a point 
lying on a. A point X belongs to <a; U > if, and only if, for any two dis- 
tinct lines x and y passing through X, the rotation s'y can be represented 
as the product transformation of the reflexion a and a sliding-reflexion whose 
axis u passes through U. In symbols the condition may be stated as follows: 
for cy, X = (x,y), tc y =a up g with plu, w Lu and u passing 
through U. 

The point U is contained in <a; U > by putting » = y’, and the pole 
of a is also contained in <a; U > as-is easily verified by setting in the 
formula u = à. 
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Turorem 13. Let U be a proper point on a. Then <a;U > is the 
line orthogonal to a at the point U. 


e 

Proof. Let n be the line L a at U. If X is a point on n and X = (2, y), 
then s'y =n- p, where x denotes a line on X. 
u is`the line which passes through U and is orthogo- 
nal to w and pLu at U. Then we have n 
=n aap =a: (na) =a u uw. Hence X 
belongs to <a; U >. 

Conversely lt v: y =a: u'u“ with u passing 
through U and pLu, w Lu. We can assume that p 
passes through U. Then a (ua) =a (n'a) W=n'w. Hence (x,y) 
lies on n. - 





THeEorem 14. If U is an improper point, then all the points on 
<a;U > are improper. 


Proof. We prove that if a proper point P is contained in <a;U>, 
then <a; U > is the line passing through P orthogonal to a at U. Hence U 
is proper. 


Let p be the line which passes through P and is orthogonal to a. Then 
we may put P= (p, y). Since P lies on <a; U >, we have p-y=a-u-p-y’, 
with won U and „Lu, w Lu. From ap y=u'a'w we see at once that 
u passes through (a, p). Hence U = (a, p). 


THEOREM 15. Let there be a configuration of six lines x, y, a, d, u and p 
with the properties: 1°. The four lines x, a, d and p are concurrent at a proper 
point O with z- d==a;p. 2°. The line y id and (d, y) is distinct from O. 
5°. The line u passes through (d, y) and is orthogonal to p. Any halfrotation 
or inverse-halfrotation with O as center will transform such a configuration 
into a configuration with the same properties; by this we mean that, on 
denoting the images of the sis lines by 2’, y b, d’, z and x, respectively, we 
have: 1°. The four lines x’, b, d and à are concurrent at O with a: d —=b*\. 
2a y Ld’ and (d, y) AO. 3°.2.X and À passes through (d, y). For the 
inverse-halfrotation it must be assumed that the image y of y really exists. 


Proof. This follows immediately from Theorems 8 and 9. That the 


- 11 By this we mean that <a; U > is the totality of points lying on the line | a 
at U. 


A 
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images of z, a, „ and d in an inverse half- 
rotation really exist, follows from the fact 
that a halfrotation with the proper point O 
as center induces a (1,1) line-transformation 
in the pencil of lines at O. If y exists, then 
(d’,y’) and, hence, z exist. Finally it may 
be mentioned that in the configuration the 
line «.cannot be orthogonal to a, for otherwise 
u would coincide with d. 





COROLLARY. Lei w denote the line Lu at (d,y) and let X be the line 
1z at (d’,y’). The two configurations of six lines may be interpreted as 
B¥ysaupp and -y —=b2 À N. Our theorem states, that vy 
=Q up a imphes L -y =b-z A N where à, y, b, z and À are the 
images of %, y, a, u and p, respectively, in a halfrotation or an inverse 
halfrotation.*? 


THEOREM 16. The ordinary halfrotation Ha.» transforms <a; U > 
into <b; Z > if Har(V) =Z. The inverse halfrotation Hay with the 
proper point (a,b) as center transforms < b; U > into <a; Z > f 
He. (U) =Z. 


This follows immediately from the corollary to the above theorem and 
from the remark that, with He.»(a) == b, the pole of a is transformed. into 
the pole of b by Has. 


THEOREM 17. Let U be a proper or an improper point determined by 
two different lines a and Land let O be any proper point, distinct from U, on a. 
Let b be the line passing through O and orthogonal to I. Then the halfrotation 
Ha.» transforms < a; U > into the line L, if U is not the pole of any line on O. 


Proof. The assumption that U is not the pole of b, means that a and b 
are not orthogonal. Hence Hae.» exists. Since (Ff 
Ha.(U) = (b,1)=L, we have <a; U >> 
<b;L> by Haes By Theorem 13 <b; L> 
is exactly the line J. 





Remark. In case U is proper, this theorem 
follows from Theorem 8. X 


THEOREM 18. Consider an ordinary halfrotation Hs with the center O. 


12 The line A’ is not necessarily the image of #’. This is true only when the plane 
is singular-absolute. See V. Theorem 52. 
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Any totality of points in the plane which can be transformed by II 5 into a 
given line l can be represented by < a; U >, where a is a line passing through 
O and U is not the pole of any line on O. 


Proof. Let b be the line passing through O and Ll, a—D-b and 


U == (a,l). Then H, (U) = (6,1). Since d°s41 a is not orthogonal to b 
end U is not the pole of b. 


Definition 7. The polar p of a proper point P is defined as the totality 
of the poles of the lines which pass through P. 


THEOREM 19. Let a and a’ be any two mutually orthogonal lines at the 
proper point P and let U be the pole of a’. 
Then the polar p of P is <a; U >. 


Proof. p contains the pole U of a’ as 
well as the pole of a since p is the polar : 
of P. | 





Let now æ be any line which passes through P, 23a, aa’ and éiz 
at P, & La, & SE. Let u be the line which passes through (x, g£) and is 
L to g. Then&f=(E 2) (z E) =a d up with plu at (z, £). 
Since a’ Lu, we have (é, #) = the pole of x which is contained in < a; U >. 

Conversely, let (&,&) be any point contained in <a; U >. We may 
assume that é passes through P. Then é-& =—a'u: p-p with u La. Hence 
é E =ar up” Lu. From this it follows that £ and & are the perpen- 
diculars of the line connecting P and (W, u). Hence (£, €) lies on p. 


THEOREM 20. <a ; U > is the polar of a proper point if, and only if, 
U is the pole of a line. 


Proof. If U is the pole of a line, this line must be orthogonal to a. 
Our theorem follows immediately from Theorem 19. 

We are now ready to extend our plane by introducing the so-called 
“improper O-lines,” where O is a proper point arbitrarily chosen in.the plane. 


Definition 8. What we have up to the present called “lines” will be in 
future called “proper lines.” Let O be a proper point in the plane, then an 
improper O-line is any <a; U >, where a is a proper line which passes 
through O and U is an improper point on a. Proper and improper O-lines 
will be also called O-lines. The proper and improper points together with the 
O-lines form the O-plane. 


N. 


er 


ALGEBRAISATION OF PLANE ABSOLUTE GEOMETRY. 373 


Lying on an improper O-line there is no proper point. Hence if we know 
that a line J passes through a proper point, then this line / is certainly proper. 
We may then occasionally omit the adjective “ proper.” 

If a and b are two distinct lines passing through O, and U (on a) and Z 
(on b) are both contained in the polar o of O, then <a;U'> as well as 
<b; Z > represent the polar o. 


Definition 9. Two O-lines are said to be distinct if the totality of the 
points lying on the one is not the same as the totality of the points lying on 
the other. 


An improper O-line is always distinct from a proper line, for on an 
‘improper line there is no proper point. 


THEOREM 21. Two improper O-hnes <a; U > and <b;Z > are not 
distinct if, and only if, 1) a=b, U =Z, 2) In <a; U > and <b;Z > 
the points U and Z are contained in o. 


Proof. If one of the two points U and Z, say U, is not contained in a, 
then <a; U > is distinct from o, and <a; U > b, Z’ =o. Hence the 
two O-lines are distinct. If both U and Z are'not contained in o, then we 
have the cases 1, a =b; 2, a>£b. In case ab, U42 the two O-lines 
<a; U `> and <a;Z > are distinct because the only point common to a 
and <a; U > is U, as is immediately seen from the formula 2° y =a- u- pow. 
In case asb and <a; U >= <b; Z >, the improper O-line <a; U > 
must contain the pole of « as well as the pole of b. Hence with 8 Lb, fp’ Lb, 
B’ B we have B- 8’ —a-u- pp’ with ua and u lying on U. But the 
pole of b is also contained in o, and if a’ La at O and W is the pole of œ, 
then o = <a; W > and W=£U. We have then also 8: B =a-w-A-N 
with w on W. Hence u-p-p’ =w-dr-d’. It follows from Theorem 2 that 
u =w and U = W which is impossible. 


THEOREM 22. Aside from the polar o of O each O-line has an unique 
representation as < a; U > where a denotes a line which passes through O 
and U is a point on a but not contained in o. 


THEOREM 23. Any improper O-line distinct from o can be transformed 
by a suitably chosen halfrotation with the center O into a proper line. 


THEOREM 24. A halfrotation H or an inverse halfrotation H> with the 
center O induces a (1,1) transformation in the O-lines. Together with the 
H or H asa (1,1) point transformation in the plane, we see that H or H°* 
is a (1,1) collineation in the O-plane. 
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Proof. H or H> tramsforms every point on o into a point on o; hence 
H or H™ leaves the polar o fixed. Every point U not on o has in H or H` 
an unique image Z not on o. The line-transformation induced in the pencil 
of lines at O is (1,1). From H(a) =b or H-1(a) =b (with a,b on Q) 
and H(U) =Z or H*(U) =Z we have immediately < a; U >> <b;Z> 
by H or H>. 


THEOREM 25. In the O-plane the points and the O-lines satisfy the 
incidence-relations: 1) two distinct O-lines have one and only one point in 
common; 2) there is one and only one O-line which passes through two 
distinct points. 


Proof. With a product of halfrotations with O as center we can always 
transform two points not on o or two O-lines>£ o, respectively, into two 
proper points and two proper lines. Our theorem follows from the fact, that 
the halfrotations and their inverses are collineations in the O-plane. The 
cases where one of the given points is on o or the polar o is one of the given 
O-lines, require a special discussion which can be furnished without any 
difficulty. 


Remark. For every proper point P there is an extended P-plane obtained 
by introducing the improper P-lines. We do not know so far whether for any 
two distinct proper points O and P the extended P-plane is the same as the 
extended O-plane. We shall prove this fact as in AG by applying Desargues’ 
theorem. 


THEOREM 26. Let P and O be two distinct proper points. Then the 
polar p of P is always an improper O-line. 


Proof. We have OP; let a= < 0; P >, n be the line La at P. ` 


Then we have p = < a; N >, where N denotes the pole of n. 


III. Theorems of Desargues and Pascal. 


THEOREM 27. Let P be any proper point in the plane whose polar is p. 
All the Desargues configurations with the point P as perspective center and 
the polar p as perspectwe axis are true in the extended P-plane. 


Proof. We shall prove, in the extended P-plane, the existence of all the 
perspective collineations with P as center, p as axis. 


Let a be any proper line on P. A and A’ are two points arbitrarily given 


A 


of 


A, 
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on a with the condition that A s4 P' and A’=£P do not both lie on p. We 
shall construct the perspective collineation which leaves P and p fixed and 
transforms A into A’. As is well known, such a cpllineation, if it exists, will 
be uniquely determined by A and A’. 

Let b La at P and let B be a proper point on b, P54 B. Then the lines 
d= < B, A > and d = < B, A’ > are both proper and not orthogonal to b 
nor toa. Let n 1 d and n through P, w 1 d’ and n also through P. Then n 
and w are both distinct from a and b and are not orthogonal to them. Hence 
we can form the ordinary halfrotations Ha.n' Ho.n and their inverses Ha, n 
and Hy». The product transformation K = Hen: Hom*: How: Han 
is a collineation in the P-plane, which leaves P and p fixed. Since K (a) =a, 
K transforms every line on P into itself. But Hon: Ha w'(A) = B, 
Hon How (B) =A’; hence K(A)— A4’. Then K is the required 
collineation. | | 

From this theorem follows a special form of Desargues’ configuration, 
which besides P, p and the points on p consists only of proper points and 
proper lines. These special cases may be stated as follows: 


THEOREM 28. Let P be any proper point in the plane, and let r, s, t be 
three different proper lines passing through P. Let R, and Ra, Sı and 82, 
P, and T, be proper points lying on r, s and t, respectively, and all distinct 
from P. If now | | 

<R,& >in  <R:,8:>17T;: 
PSE N e T < sz Tr > Lp; 
< Ta, i > Lo, 


where p, t, o are three proper lines passing through P, then < Ta, Re > Lo. 


We notice that in. the above statement no mention is made of the improper 
P-lines. Therefore this theorem can be regarded as a theorem in the original : 
plane. . - 
We now take a proper point O in the plane and extend the latter to the 
O-plane. We proceed to prove the validity of the general Desargues’ theorem 
in the O-plane, i. e., Desargues’ configurations which consist of points and 
O-lines. 


THEOREM 29. Let P’ be any proper point and r, S and Ÿ be any three 
distinct lines passing through P’. Let R’, and R’,, 8’, and S'2, T’, and T: 
be proper points lying on 1”, s’ and Y, respectively, and all distinct from P”. 
If now | 

< Rosa >17 L RaDa Lr 
< NET Ta > 1 p> < S's, To > Lp 
< T's, Re’, Pod o’, 


376 | Y. WHY TSCHEN. 


where o’, pf, T are three proper lines which pass through the proper point 0, 
then < T'i Ra > E 0’. 


Proof. If P’== 0, then this theorem 
follows from the previous one by putting 
Ps 0. 

We may assume P’=0. We denote 
< OP’ > by a and the line La at O by n. 
We take a proper point P40 on n and 
denote d by < P,P’ > and the line Ld 
at P by b. Certainly a =£ b and (a:b)? 
>=1. We form the halfrotation He.» 
which may be ordinary or not. 

We shall prove that Ha.» transforms the configuration stated in this 
theorem into a configuration which is described in Theorem 28. 

According to Theorem 5 the halfrotation Ho.» transforms P’>P, 
dr, ss, Ft and R> R, Ra Ra, 81> Si, Sos Sa, Tı>T,, 
T’,—T, where r, s and ¢ are three lines passing through P and R, and Ra 
Sı and 82, Tı and T, are six proper points distinct from P and lying on r, $, 
and t, respectively. 

We now consider instead of Hae.» the halfrotation Ar... We have 
Hy.a(P) — 0. Hence, again according to Theorem 5, Hu.a transforms the 
lines at P (1,1) into the lines at- O. Therefore there exist three lines o, p 
and r which pass through P so that H». alp) =p’, Hralo) =o’ and 
Hy.afr) =. : 

By our lemma (Theorem 7)’ we see, incidentally, that the perpendiculars 
of o, p and +’ will be transformed into the perpendiculars of o, p and + 

respectively. Hence we have: 





« 


<R,Sı > Lr, < Ro, Se > Le; 
< By ls Le Da Ta > dp; 
< Ti, By > Lo. 


According to Theorem 28 < Ta, Ra > Lo must hold. As < Te, R> is the 
image of < Ta, R'a > in Han, it follows from the lemma that < T’2, Re > Lo”. 

The above theorem can be stated as a theorem in the O-plane as follows. 
Any Desargues configuration in the O-plane, which has a proper point as 
perspective center and the polar of O as perspective axis and which consists, 
besides the three improper points on o, of proper points only, is true. 


THEOREM 30. All the Desargues configurations in the O-plane which 
contain the polar o of O, are true. 





€ 
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Proof.* First let the perspective center of the configuration be out- 
side o. As such a configuration contains only a finite number of improper 
points which do not he on o, we can transform them into proper points by a 
product of halfrotations. The original configuration will be transformed into 
a configuration described in Theorem 29. Hence the latter configuration is 
true. By the inverse process of halfrotations we see, incidentally, the truth 
of the general configuration. 

If the center of the configuration lies on o its validity is shown by an 
indirect proof. 


THEOREM 31. Desargues’ theorem is true in the O-plane. 
THEOREM 32. Pascals theorem ws true in the O-plane. 


Proof. We prove first a special case of Pascal’s theorem. As constructed 
in Theorem 27 every perspective collineation with center O and axis o is a 
product of halfrotations and inverse-halfrotations with O as center. Since the 
halfrotations with the same proper point as center are commutative it follows 
at once that the perspective collineations with the center O aré commutative. 
From this follows immediately a special case of Pascal’s theorem. 

The general case will be proved by using the translations in the O-plane. 

Having established the validity of Desargues’ theorem in the O-plane we 
can use it to prove that, for any two different proper points O and ©”, the 
totality of the points on an improper O-line is the same as the totality of the 

~ points on an improper O’-line. Hence the extension of the plane obtained by 
introducing improper lines does not depend upon the particular proper point 
O chosen as center. 

A. proper O-line is also a proper O’-line. The polar of a proper point is 
an improper O-line as well as an improper O’-line. Given any improper 
O-line s, which is not a polar, we shall prove the existence of Desargues’ con- 
figurations which contain besides s only proper lines and polars. As the 
Desargues theorem holds in the O-plane as well as in the O’-plane, it follows 
readily that s is also an improper O’-line. | 

Given an improper O-line s, which is not a polar of any proper point, 
let o denote the polar of O and let (os) =S. Let A, and Az be any two 
different points on s, each distinct from 8. We write a = < 0, 4ı >, 
do = < 0, Ae >. According to Theorem 12 there exists a proper line s’ which 
cuts a, and a, in two proper points A’, and A’, and which passes through 8. 
Let a; be another proper line on O, distinct from a, and a», and let A, be a 


13 The proof follows NG, p. 471. 
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proper point on a3, As 0 ; let <A,Aı > =r, < Az, As > = t; then r and t 
are proper lines. We connect A’, and the point (7,0) with the line 7’, A’, 
and (t,o) with #. Then we have a Desargues configuration which consists 
of 8 proper lines a,, de, ds, t, r, S, 7”, Y and the polar o and the improper 
O-line s. From this it follows that A,, 4, and $ also lie on the same improper 
O’-line. If we vary the point A, and keep A, and S fixed, we see at once that 
s is an improper O’-line. 


THEOREM 33. The extension of the plane obtained by introducing im- 
proper lines does not depend upon the particular proper point O chosen as 
center. 


We shall, in the following, use the terms “improper lines” instead of 
“improper O-lines” and “lines” instead of “ O-lines,” the “extended plane” 
instead of “ O-plane.” 


THEOREM 34. Let P be any proper point in the plane. Any line in the 
` extended plane can be represented as <a; U > with a passing through P. 


Proof. We can regard the extended plane as the P-plane. 


THEOREM 35. Any motion in the plane induces a collineation in the - 


extended plane. 


Proof. A motion % is always a (1,1) point transformation in the 
extended plane, because a:b-c==d implies Dt(a) - Mt(b) : Mc) —M(d). 
If, now, an improper line is represented by <a; U > and YW(a) =g, 
PEU) = VU", then Mt transforms <a; U > into <a’; U’ >, since relations 
of the form x’ y=a'u p: must also hold among the image lines. 


IV. Polarity. Quadratic Form. 


Definition 10. If there exists a rectangle in the plane, the geometry is 
called singular absolute, otherwise ordinary absolute.“ 


THEOREM 36. All the proper points in a singular absolute geometry 
have the same polar—the absolute polar. 


Proof. By assumption there exists a rectangle formed, say, by the four 
proper lines y, y’, § and & with the y, y 18,8. Then if y” is a third proper 
line y” 1 8, the product y-y-y” is a reflexion (AG, Theorem 20). Hence, 
according to Theorem 21 in AG, y” is also orthogonal to & as x and y are. 





14 According to the definition given by Reidemeister and Bachmann. 


Le 
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Thus the two proper lines y and y’ have the same pencil of perpendiculars, 
which we denote by R. Since the same holds true for § and yY, we may denote 
the pencil of their common perpendiculars by $32. Thus we have an orthogonal 
net in the plane. Through every proper point there are two mutually orthogo- 
nal lines, the one belonging to $, the other to Ha. All the proper lines in $- 
have the same pole P, and all the proper lines in P- have the same pole Pa. 

Thus the polar of any proper point passes through P, and P,. Since 
P,=£ Pz, this polar is uniquely determined by P, and P. Hence all the 
proper points have the same polar." 


THEOREM 37. In an ordinary absolute geometry different proper points 
have always different polars. 


THEOREM 38. To every improper point U, which is not the pole of a 
proper line, there exists uniquely an improper line w—called the polar of the 
improper point U*®—with the property, that any proper line, which passes 
through U, has its pole lying on w. 


Proof. We take a proper line a which passes through U, and on this 


line take a proper point O. We can form the improper line < a; U > which ' 


is not the polar of any proper point (Theorem 22). 


Let u, 4 a be any proper line passing through U and B; Lur, ßı on Q. 
Since U is not the pole of a proper line (a- 8)? s41 and Hz... exists. This 
halfrotation Hg,.a will transform the pole of u, into a point, say Z,. Let 
8’, be another perpendicular of w, 6154 n and let Hp, o(6'1) = 2; then 
we have evidently Z, = (21,0) since Hg..e(ßı) =a. According to our lemma 
the halfrotation H«.g,, will transform the pole of z, into the pole of 6’. But 
the pole of 8’, is a point on u, and so the pole of z, is a point belonging to 
<a;U>. 

If we take another proper line us which passes through U and t = a, 
U, = u, and let B, be the perpendicular of u, through O, then the halfrotation 
Hg, a will transform the pole of us into a point, say, Z2. And if 8’, is another 
perpendicular of u, B’es& Be and Ha,.c(P’2) = 22 then evidently we have 
Za == (22,0). And as proved above for z,, the proper line 2, has its pole 
lying on <a;U>. 

According to Theorem 12 there exist two proper points P, and P, with 
P, not on ßı and P, not on 82, so that Hg, «(P1) = P = Hp,.a(P). We may 
assume that 8’, passes through P, and that 8’, through P.. Then 2, as well 


18 Another simple proof of this theorem, cs does not make use, of the extended 
plane, is given in the Appendix. 
34 Up to the present we have only defined the polar of a proper point (Definition 7). 
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as 2, must pass through the same proper point P. If 25422, then < a; U >, 
which contains the poles of z, and 2,, would be the polar of the proper point P. 
This is impossible. Hence 2, = 2, and (2,4) = Zi = Za = (2,4). 
It follows that whatever the proper line u, may be, provided u; passes 
through U, the halfrotation H Bı.a(Pi L wB: on O) always transforms the pole 
of u; into the same point, which we denote by Z. Or in symbols we have 


Bi (Bica) == zAX with Al, XV lo, on Z. 
Bi Bea um NOX. 


In words: the pole (B;, ß’;) of w lies on < a; Z >. If we put o = <a; Z > 
then w is the line required. 

If there were two distinct lines w, « with the same property, then all the 
proper lines, which pass through U would have the same point (w, «’) as pole. 
Then U would be the pole of any proper line orthogonal to the u: This 
contradicts our assumption. 


THEOREM 39. To every improper line w, which is not the polar of a 
proper point, there exists uniquely an improper point Z—called the pole of 
the improper line w—with the property, that the proper lines, which pass 
through Z, and only these, have their poles lying on w. 


Proof. We denote w by <a; U >, where U is an improper point, which 
is not the pole of any proper line. Starting from U we construct, as in 
Theorem 38, the point Z = (2;, a), so that the pole of z; lies on <a; U > = 6, 
Since the pole of a is certainly contained in <a; U >, we have at least two 
different proper lines a and z; which pass through Z and have their poles 
lying on w. | | 

Z must be improper for otherwise w would be the.polar of a proper point, 
Hence either Z is the pole of a proper line or Z is not the pole of any proper 
line. In the latter case we apply Theorem 38 to the improper point Z, from 
which it follows, that all the poles of the proper lines passing through Z must 
lie on the same line. Hence this line must be w. Therefore Z can be defined 
as the pole of w. 

In case Z is the pole of a proper line J, then the poles of a and z; must 
be the same point (w,/). Hence all the proper lines on Z have this point as 
their pole. 

Any proper line m which does not pass through Z, can not have its pole 
lying on w, for m must intersect some proper lines on 4 in proper points. 

By applying the above two theorems in the singular absolute and ordi- 
nary absolute geometries we shall prove the existence of an involution and a 
polarity. 


Den un 
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THEOREM 40. Let the geometry be singular absolute. The polar of an 
improper point, which is not the pole of a proper line, is the absolute polar m. 
The pole of an improper line o, which is not the absolute polar, is the same as 
the pole of proper lines which pass through (or). Hence follows the esist- 
ence of an involution, a (1,1) point transformation on m induced by the right 
angles at any proper point. If in this involution A and A’ are a pair of corre- 

‘sponding points, then À =< A’ and the lines passing through A have A’ as pole 
und those passing through A’ have A as pole. 


Proof. For the proof it is sufficient to remark, that any two different 
proper lines p and p’ may have the same pole or different poles according as 
the point (p, p’) is itself a pole or not. In the latter case the polar of (p, p’) 
must be the absolute polar. 


THEOREM 41. Let the geometry be ordinary absolute. To every point 
(proper or improper!) there exists a line called its polar and to every line 
(proper or improper!) there exists a point called its pole. Different points 
have different polars, different lines have different poles. If P has p as polar, 
then p has P as pole. 


Proof. For the proof it is sufficient to remark, that different proper 
lines have always different poles. 


THEOREM 42. The polarity in an ordinary absolute geometry is a 
correlation and a reciprocity. 


This theorem is equivalent to 


THEOREM 43. If a point P hes on a line l, then the polar p of P passes 
through L, the pole of l. 


In order to prove this theorem, we need the following generalization of 
our lemma: 


THEOREM 44. Let Hs be an ordinary halfrotation. If Hy (P) =F’, 
then Hy-ı transforms the polar x’ of P’ into the polar m of P. Conversely 


if Hs transforms a line w into a line a’, then Hg transforms the pole P’ of ` 


x into the pole P of r. 


Proof. From Hy (P) = P, it follows that every proper line p passing 
through P will be transformed into a proper line p’, which passes through P”. 
Hence, according to our lemma, Hp- transforms the pole of p’ into the pole 
of p. Since Hy-ı is a collineation on the extended plane, and Hy-ı trans- 
forms more than one point on =’ into points on =, so Hy-ı (7) =. 


L 
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Conversely if Hy (r) =’, then Ha (P’) =P. For otherwise from , 
H+ (P) =P” it would follow that Hs(r”) =x. Hence »”—= and + 
P E P . s | 

Proof of Theorem 43. Let P be a point on J, and let ! be a proper line. 
The polar r of P is defined as the line containing all the poles of proper lines 
‘passing through P. Since / is such a proper line, we see at once that the pole 
I, of T must be contained in x; in other words m passes through L. 

Let now 1 be an improper line. Then there always exists an ordinary 
halfrotation Hs which transforms Z into a proper line V. H (1) =Y, 
Hs, (P) =P’. P lies‘on V. According to the part of the theorem just proved, 
the polar x’ of P” must pass through the pole L” of V, since 7 is proper. From 
Theorem 44 we have Ha (r) =a and Hyı(2’)—=L. Hence = passes 
through L, because H 5-1 is a collineation in the extended plane. 


N 


THEOREM 45. Any motion in the plane leaves the involution on the 
absolute polar or the polarity in the ordinary absolute geometry invariant. 


Proof. Any motion is a collineation in the extended plane. Furthermore 
any motion leaves the. orthogonality-relations invariant. This proves the 
theorem. 

We now proceed to show that the polarity is not only a correlation, it is 
also a projective correlation. From this follows immediately the existence of 
a quadratic form. 


# 
N 


A eollineation or a correlation K is certainly projective, if it transforms 
a certain one-dimensional form F, into the same or another one-dimensional 
form F,, in such a way that the mapping induced by K in the elements of F, 
and F, is projective, that is to say, if the mapping leaves the cross-ratios ! 
unchanged. We shall use this remark to prove the existence of a quadratic 
form as follows: 


1°. Any reflexion in the plane is a projective transformation in the 
extended plane. 


Proof. A reflexion leaves every point on its axis fixed ;.it is furthermore 
a collineation in the plane. Hence it is a projective transformation of period 2. 
From this it follows, also, that the codrdinate field of our geometry is not of 
characteristic 2. 


2°. Any rotation in the plane is a projective transformation. 


3°.. Any ordinary halfrotation is a projective transformation. 
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Proof. Suppose that the ordinary halfrotation H, has the proper point 
O as center. The polar o of O will be transformed into itself by Hs and à. 
We introduce homogeneous coördinates [2,:22: 23] in the plane, with the line 
0 as Ts = 0. If a proper point Pfé:#:1] is transformed into the proper 
point P'[£:#7:1] by d and into the proper point PIE: 7: :1] by Hs then P 
is the mid-point of P and P’ and << 0,P > L < P,P’ >. Hence the reflexion 
which has the proper line <P,O> as axis transforms P into P’ and the 
points P and the point of intersection P, of < P,P'> with o are fixed. 
Therefore PP’; PP, form a harmonic point set. As P, lies on o, it must 
have the eoördinate [£— #:7— 1:01]. Hence it follows that the coördinate 
of Pis (+8): 3(y +7): 1]. 

We represent the rotation ô in the affine coördinates (x:,%) with o as 
the line of infinity) by a linear transformation 


s (2) = (8) 


where (A) denotes a square matrix. From this equation we get the equations 
of transformation H} so far as the proper points (a, %2) are concerned: 


@ (2) acc) + (41 (%) 


where (FẸ) is the unit matrix. The equation (2) represents a linear trans- 
formation & in the extended affine plane. So far as the proper points are 
concerned, the transformation T and H 5 are the same. Hence & Hy" leaves 
every proper point fixed. But if every proper point is a fixed point, then 
all the points in the extended plane are unchanged by the transformation 
TH 57. Hence Hs =X, and H pġ is represented as a linear transformation (2). 


THEOREM 46. The involution of right angles at a proper point is a 
projective transformation. 


Proof. The involution of right ae at a proper point P is induced by 
the product of halfrotations Hen: Ho.w* as described in Theorem 27. Since 
halfrotations are linear transformations the involution is projective. 


THEOREM 47. In the singular absolute geometry there exists a quadratic 
form z? + kz? which will be left invariant by those motions in the plane 


which are products of reflexions. (—k) is not equal to a square in the 
coordinate field. 


THEOREM 48. The polarity in the ordinary absolute geometry is a linear 
reciprocity. Hence there exists a quadratic form 2° + kat: + kag? with 
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ko: ky £0 which is left invariant by those motions™ in the plane, which are 
products of reflexions. 


Definition 11. A singular absolute geometry is called euclidean, if there 
exist no improper points other than those on the absolute polar. When such 
points exist we call the geometry semi-euclidean. 


Definition 12. An ordinary absolute geometry is said to be of elliptic | 


type, if there is no point which lies on its polar. The geometry is called 
elliptic, if every improper point is the pole of. a proper line; otherwise it is 
termed semi-elliptic. 


Definition 13. An ordinary absolute geometry is said to be of hyper- 
bolic type, if there exists at least one point which lies on its polar. Such 
points are called boundary points. The geometry is called hyperbolic, if, save 
for boundary points, every improper point is the pole of a proper line; 
otherwise the geometry is called semi-hyperbolic. 

The elliptic geometry has been studied by E. Podehl and K. Reidemeister 
in: “Eine Begründung der elliptischen Geometrie,” Hamburger Abhand- 
lungen, vol. 10 (1934). It is easy to see that our method of algebraization 
can be. applied there equally well. There is no need to introduce improper 
lines and things are simpler. l 


V. Hyperbolic Geometry. 


Hyperbolic geometry will be obtained by directly introducing to the 
axioms given in AG, $1 some new axioms, which specify the nature of 
improper points. We assume that improper points have been introduced into 
the absolute geometry, according to AG, 83. We shall have nothing to do 
with the improper lines before we define them, which can be done much more 
explicitly in this special case. The results developed above concerning the 
polarity will not be used. 

We first state some theorems which can be proved easily by using the 
axioms of absolute geometry. 


THEOREM 49. A rotation with a proper point O as center leaves no 
point different from O fixed. 


THEOREM 50. A sliding-reflexion with the line 1 as axis will transform 
a point P, which does not lie on l, into itself if and only if P is the pole of L 


17 We do not know whether every motion is a linear collineation, and in the non- 
euclidean case, whether every linear collineation, which leaves the quadratic form 
invariant, is a motion. 
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Proof. Let the sliding-reflexion be 1:a-o’. If «== g, the theorem is 
true. Let ad, (,l)=-A,<A,P>=p,ßLp at A. Then l'a cd 
=p: B-a’. From the assumption l:a: (P) =P follows p°:B:#(P)—P 
so that B(P)—=«(P); hence & Lp, which is impossible unless P is the 
pole of 1. | 


THEOREM 51. Let « and a! be two different perpendiculars of a line l. 
The rotation a: « transforms a point P not lying on l into itself of and only 
if P is the pole of L. 


Proof. From a: (P) =P follows p:a: (P) =P if p connects (a, 1) 
with P. But p'a- is a sliding-reflexion with the axis passing through 
(o’,1). By applying Theorem 50 we obtain the theorem immediately. 


Aziom A.O. There is no rectangle in the plane. 


THEOREM 52. An ordinary halfrotation Hy with O as center, will not 
transform two mutual orthogonal lines a,b which both do not pass through O, 
into mutually orthogonal lines. 


Proof. Let c be the line through O and 
_La, and let d be the line through O and Lb. 
Hy(e) = ec, Hald) = d, Hala) = v, 
H (b) = 0’. Then a’ passes through (c, a) 
and b’ passes through (b, d). 

According to our lemma H 5-1 will trans- 
form any line 1b’ into a line Lb. If a 10’, 
then Hg (a) =a’ Lb. But D == c: c, and 
a” passes through (c’,a’) and Le. Hence a, b, 
c and a” form a rectangle, which contradicts 
our axiom À. OQ. 





Aziom B,. There are on a line at most two improper points, which are 
not the poles of (proper) lines. 


Definition 14. Improper points, which are not the poles of lines in the 
plane, are called, if they exist, boundary points. 


THEOREM 53. If on a line l there is a boundary point R there exist 
exactly two boundary points on |. ; 


Proof. Let a Ll. Then a(R) AR since R is not the pole of œ. But 
if À is not a pole, «(/2) is not a pole either. Hence a(R) is a boundary point. 
According to Axiom Bi, & and (E) are the two boundary points on J. The 
improper points on / distinct from À and «(R) are poles. 
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Axiom B There exists at least one boundary point in the plane. 


Remark. If we take all the lines which pass through a boundary point ° 


R, then we get on each line. besides R one other boundary point. All these 
boundary points are distinct. We shall show later, that these are exactly all 
the boundary points which exist in the plane. 


THEOREM 54. If R is a boundary point lying on the line r, aLr, 
a Lr, then -g (R) =R. 


THEOREM 55. If aand r are two lines, which pass through a boundary 
point R, then a rotation, which can be represented by ar aa with a Lr, 
a |r will leave the point R fixed. 


THEOREM 56. Let s:y{=—a' r a: with a,r passing through a boun- 
dary point R; a, @ Lr, æ Lr where r is also a line on R, then y Lr. 


Proof. From a proper point Y on y we take the perpendicular y’ of r”. 
Then z-7/(R) = R (Theorem 54). Hence yy == (Y'z)(a ra.) 
leaves R fixed, and we have y = y’ (Theorem 49). 


THEOREM 57. Given a boundary poini R and a line a passing through 
R. Any rotation in the plane which leaves R fixed can be represented as 
ar:a x with r passing through R and alr, dir. 


Proof. Let d(R) = R, then a-5(#) = R. But a-d is a sliding- 
reflexion, hence its axis must pass through R (Theorem 50). 


THEOREM 58. Any point, which ts contained in <a; R > is either the 
boundary point itself or the pole of a line passing through R. 


Proof. Let the point P in <a; R> be (x,y) with z: y =a'r' a" a, 
air, o’ lr, ron R. We can assume «= «. To prove that there exists a 


line »” passing through Æ with s L1’, y L7, amounts to showing that P is the 
pole of 7’. 


1°. P can not be a proper point, for xy would then not leave R fixed. | 


2°. P can not be the pole of a line not passing through R according to 
Theorem 51. 


.3°. If P is a boundary point distinet from R, then we get a contra- 
diction by the following argument: We take a proper point O on a and let « 
be Lr and pass through O. Let d denote the line connecting O and (a, r). 
We get x and y by the conditions: æ'd—a:a,yldat (&,r). The ordinary 


-N 
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halfrotation H,.. transforms P into R and hence < x; P > into <a;R>. 
Let d’ be another perpendicular of y, d’>£d, then (d, d’) belongs to < x; P > 
and is transformed into a point of <a; R>. But Hs. a(d) —a. Hence 
according to Theorem 56 Hz...(d’) is a line Lr. This is impossible, by 
Theorem 52, since He a(y) =r, a Lr, d Ly, d1y. 


4°, The only possibility remaining for P is that P is the pole of a line 
passing through k. 


THEOREM 59. All the rotations whose centers are either the boundary 
point R or the pole of any line passing through R form a group: the group 
of all rotations in the plane which leave R fixed. 


In proving Theorem 58, 3°, we have used the fact that an ordinary 
halfrotation can never transform a boundary point into another boundary 
point. Now it is also easy to prove that an ordinary halfrotation never 
transforms a boundary point into a pole. If Hs, transforms a boundary point 
R into the pole of a line J, then H 5-1 will transform ¿into a line V, which 
must have R as the pole, according to our lemma. This is impossible. Hence 
by an ordinary halfrotation a boundary point is always transformed into a 
proper point. From this follows 


THEOREM 60. Given a boundary point R and a line s not passing through 
R then there exists a perpendicular of s which passes through R. 


Proof. We take a proper point O on s and let r ==:< O, R >. We assume 
r not L tos. Hr. transforms R into a proper point P. The perpendicular 
to s at P certainly passes through Æ. 


THEOREM 61. Any two distinct boundary points are connected by a line. 


Proof. Let R, and R, be two distinct boundary points, R, = (a,b). 
Then we can write Rz = (p,q) with p La, q Lb (Theorem 60). Let Z be the 
line connecting (a, p) and (b,g), ¢ LI and ¢ passing through R.. Then the 
line r with r == p: t'g connects R and À; as is easily seen from the relation 


acrb= (ap) t (qb) = (H)t (td) = 
with 4, &, all LI 


Definition 15. Improper lines in the hyperbolic geometry. There are 
two kinds of improper lines, 1) Polar of a proper point, 2) Tangent at a 
boundary point #.—This consists of Æ and all the poles of the lines which 
pass through AR. 
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THEOREM 62. Two distinct lines (proper or improper) have one and 
only one point in common. Two distinct points lie on one and only one line 
(proper or improper). 


Proof. This theorem may be proved by discussing the different cases 
with regard to the kinds of lines and points which are given. By applying 
Theorems 61 and 62 and the relations of orthogonality among proper lines 
the proof follows without any difficulty. 

The proofs of Desargues’ and Pascal’s theorems in the hyperbolic geometry 
follow the same principle as in III. 

The pole-polar relation has been fixed by the definition of improper lines. 


Appendix. 


We give a simple proof of the theorem: In case there exists a rectangle 
in the plane, then for any two different (proper) lines a and b with a common 
perpendicular, the pencil of lines orthogonal to a is the same as the pencil of 
lines orthogonal to b. 


Proof. Let the rectangle be formed by the four lines y, y’, 8, and 3’. 
Then according to the proof in Theorem 36 we know, that there exists an 
orthogonal net in the plane consisting of two pencils of lines 8, and $z. 

Now let a and b have a common perpendicular c. We may suppose that 
a and b are not contained in.P®, nor in P. Let y, of the pencil Hz, and 8, of 
the pencil H, both pass through (a, c), yı Ldı. We take a proper point P on à, 
PA (a,c). Let c’ Le and c pass through P, and let 8 be the line of PB. 
which passes through (c’,c). Let y. be contained in ®,, and on P; and let 
ys be contained in $2. and pass through (c’,c). Finally, let a’ be the line 
Le at P. 

We have 


c'a = yi ` di aso == 81+ y; 


hence 
a = 6 y1° V2" > 
Ca V+ Cmm yy y2 CC 
== yı' Ya’ Ya do Yo 62 
with yo 18. Therefore ale. Thus the 


` four lines a, a’, c, c’ form a rectangle. From 
bic follows b L. 
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ON LEBESGUE SUMMABILITY AND ITS GENERALIZATION TO 
INTEGRALS.* 


By Otto SzAsz. 


oO 
1. Introduction. À series % a, is called Lebesgue summable (shortly 
1 i 22 


L-summable) to the value s, if the sine series 
x + 

(1.1) D na, sin nt == F (i) 
L 


y ds convergent in some interval — r < t < r, and if 
(1. 2) F(t) —s as É—0; 


we then write: LSa, = s. Let 


npr oa 
(1. 3) yn" = ( A ) > and „= > Yn-v Oy 5 
1 


the series Sa, is summable (Cr) for some r > —1, to the sum s, if 
ee 4) Sm Syn? AS A DR; 


we then write (C,r)3a, =s. Note that if r is not a negative integer, then 


r aw acs — 

(1.5) Yn T(r +1) as n — ©. 

Hardy and Littlewood [2, Theorem 2]! proved that (O,—«) summability 
for some œ > 0 implies L-summability. For «—0 the statement no longer 
holds. In fact Hardy and Littlewood proved [1b, §2], that to any positive 
function $(r), tending steadily to infinity with n, it is possible to find a con- 
vergent series San, for which u = O{n"&(n)}, while | 

sinnt 


lim sup 2 dn a. 





We replace (C,—«) ‘summability by a more general assumption in the 
following theorem: 


* Received October 23, 1944. Presented to the American Mathematical Society, 
October 28, 1944. 
* Numbers in brackets refer to the bibliography at the end of the paper. 
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THEOREM A. If 3a, is summable (C, 1— a) for some positive a <1, 
and if 


(1. 6) En == 2 | Sy | = O (nt) as n> W, 
then the series is L-summable. 


The proof is contained in 2 and 3. In the later sections we give several 
generalizations of L-summability to integrals. 


2. An auxiliary theorem. The following formulae are well known: 





CO fa , > + s cus co 
(2. 1) (1 — z) = 1 -4 > rue ern ah ws D, ya", 
1 ‘ 0 
# 
(2. 2) > y = Yat, Yn? = ya tt oe yn’, 
8 
n n 
( 2. 3) Sy? == > Vii 8 pre, An = > Yul? Sy. 
+ 1 
We first prove the following lemma: 
LEMMA 1. or a < 2 the series ' 
2 „sinnt oO , Sin(n + r)i 
a-2 zen Bea on hen, u 
(2. 4) 2 Yn-v nt È yn (n zu v)t Ty (t) 
is absolutely convergent, and 
(2. 5) T, — Tya” => Tyet, (v == 1; À, 3, aos f 


Furthermore for «=1 
(2. 6) IMG) <wtie 150, Èn. 


Proof. If æ is an integer <1, then clearly the series (2.4) is finite; 
if æ is not an integer, then from (1.5) 


ae „ae: | 
Yn (n + y)t = O(n**) ; 
hence the series (2.4) is absolutely convergent for a < 2. Furthermore, 


employing (2.2) we find 


2 XY € CO nf 

S SIn né sin né 

Tyt — Digs = E p ya? D yatt IE; 
1 N y nt 


this proves (2.5). To prove (2.6), note that from (2.1) 


Ÿ Ya a == g” (1 ne T) 1-a ; 
0 


À 


un 
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hence 
D ya? cos(n + v)t = Rewt(1— eit}ta, 
On putting 1— a = 28 = 0, we obtain 
etl — ett) 26 me ett(vrf) (— 23 sin (2/2) ) 78 a git +B) eier (2 sin(t/2) )#, 
and 


Oe et (1 — et?) 7B — (2 sin(¢/2) )7F a (v + B)t— Br}. 


Hence 
TE) = $+ f (2 sin (£/2}) £ cos{ (v + B})x— Bx}dz ; 


if a==1, 8 = 0, Ty(t) = sin vt/vt, and 
Ty CE) <1/vt for > 0, a—1, v=1. 


Iia<1, 8 > 0, an integration by parts yields 
Tye(t) = t (2 sin (¢/2) )*-* ent + Ai Be} 
v+B. 
— (28/t) J (2 sin (aya) = Bl EB Prd cos (2/2) de; 


hence 


[TAG < = + 


t 





nr ps f (2 sin (2/2) )* cos(x/2) dx 
T = en (Sante) Zu 
TET T © 


This proves (2.6), and establishes our lemma. 


Remark. A. F. Andersen defines differences of fractional order of a 
sequence {ev} by the formula 


oO 
A’ ey = 2 Yn Evan ; 
n=0 
hence 


Tye(t) are SO 


We have from (2.1), for r= a — 2, 
5 1 — 
wel)? ( n ) 


3. Proof of Theorem A. Using (2.3) 


00 5 CO i n CO 00 2 
(3.1) Sn a, sin nt = $, nt sin nt D, yn ?sv = D Sv * Syn vin nt; 
1 = pol 


n=l pal n=y 
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the interchange of summation is legitimate, as the double series is absolutely EE 
convergent for æ < 1. In fact from (1.5) 


ns sin nt = On (n —v + 1) | s |}, 
and 


oo co 
zn (n—v+t I) <r Dkr? = Ov"); 
REP 1 
7 : 
it remains to prove the convergence of Yv* | sv*|. Now, employing (1.6) 
1 


n ` n-i n 
D> | srt | = non + X o(1/v(v + 1)) = 0 (ne + £v) = 0(1); 
1 1 1 
thus all series in (3.1) are absolutely convergent, and 
. O0 
F(t) = Dd sv*TL (4). 
1 
We now choose a positive number x, and put n = [at], 


S sT = (X + Tate — Un (t) + Va(é), say. 
1 1 : 


n+l 


From (2.6) 
ILL a Sixt | se |, 


| nil 


and from (1.6) 
Ÿ y | sx-* | = — (on/(n +1)) + Sov(1/(v + 1)) <Dovlt/r(s -F 1)) 


n+l 


S We Oooo 7 Uei 


= 0 (Ñ re) = O (n) = pra O (1); 
hence | 
ri) = wO (1). 


Furthermore, in view of (2.5), 
n-1 i n-1 
Un = Sn * Tn? + > a fa == Tvt) == ST nt + DS Class, 
1 1 


We may assume without loss of generality, that 
Sn = o(n"**) ; 
4 
then, employing (2.6) { | 
Un (t) = o (nte) + o ($ were) = pto (1) + pto (1). 
1 
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Summarizing, we get 


tH (t) = w*O(1) + uto(i) as t—>0; 
hence 
| lim sup tt | P(#)| S pt0 (1); 
T>0 
« being positive, „ arbitrarily large, and O(1) independent of u, we get finally 
tE (t) >0 as t— 0, | 
which proves our theorem. Note that the theorem becomes false for a = 0. 
To illustrate the scope of the theorem, we construct a series summable 
(C,1—«) and satisfying (1.6) but not summable (C, 8) for any 8 < 1 — «a. 


Put snt = k-AQk0-@) for n = 2%, k = 1, and s,°*— 0 otherwise. Then for 
O% Sn < Ykrı ` | 


n k 
Spi O m >> Sy T = >> yp hQy(i-a) =i o (252-0) — 9 (nie) i 
2 x : 


hence (C,1-—a)3a, = 0. Moreover condition :(1.6) is evidently satisfied; 
as Sy = 0 for all n; in fact on = o0(n**), which means strong summability 
(C,1— a). oe 
On the other hand, from (2.3) and (2.1) for 0 <B<a<1 
En? = > ar u > 54%; 
1 
hence, for n = 2%, | l 
N PSr > rar) 0, 
so that our series is not summable (0, B). 
4, Generalization of L-summability to integrals. Employing Stieltjes 


integrals the following generalization suggests itself: 


Suppose that the integral 


(4.1) p{t) = f at sin utdA(u) exists for 0 <t <r, 
0 

and that Ä | 

(4.2) tip(t) >s as t>0; 


oo 
we then say that the integral f dA (u) is summable to s by the method &. 
0 
If in particular A(u) is a step function with the jump a, at the point 
u=n(1,2,3,° : *), then ¢(¢) = na, sin nt; and our method reduces to 
1 ; 


the L-method. 
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If the jumps an occur at the points u = À», where An T œ, then 
oo 
(4, 8) f(t) = DS Anta, sin Ant. 
j 


We give now a generalization of L-summability to integrals without the 
use of Stieltjes integrals. By means of the identity 


cos (7 a 4)¢— cos(n + 4)¢ = 2 sin nt sin(¢/2) 


(1.1) becomes 


7 CO 
Oe = 


ge ee Lpg: 
2 sin t/2 2 N {cos (n— 3)8 — cos(m + 4)t}; 


but | 
> nti 
cos(n — 3)t— cos(n + 4)t =t f sin utdu, 
: n-k 


so that (1.2) is equivalent to 


o0 nik 
(4. 4) Dina, f sin uidu — s. 
i n-3 
We define 


(4.5) a(u) =0 for OSu <4, alu) =unta, for n—i=u<n+i; 
then (4.4) becomes 


Où 
(4. 6) g(t) = i uta(w)sin utdu — s. 
0 
Thus the following definition also includes L-summability: 
00 
The integral f a(u)du is g-summable to s, if era (u)sin utdu exists 
0 o 


in some interval 0 < t < r, and if (4.6) holds. 
In case of (4.5) we have the formal equation 


s 200 co nth oo 
f a(u)du = >) na, f udu = Ÿ an. 
0 1 n-A 1 


5. Another generalization of L-summability to integrals. L-summa- 
bility, as defined in 1, is a series to function transform. We now show that 
it can be written as the sequence to function transform | 


2 sin nt 
(5. 1) > Snå nk 


ł 





More precisely: if (1.2) holds, then the series (5.1) converges to the value 
tF (t), and conversely if (5.1) converges then {Sn ta, sin nt converges to 
the same value. 


EEI E y EE eae 
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To prove the first part, we employ a result due to B. Kuttner [3, $4], 
stating that (1.2) implies »=o(n). Now 


Be Pia, 8 a ni sin vt 
(5. 2) D vay sin vt = nts, sin nt + svA ; 
t 1 y 





which yields the first part of our statement, 
For the converse we shall use the lemma: 


LEMMA 2. If 
(5.3) Balt) = a, sin nt + ba sin(n + 1)é— 0 
for every t belonging to a set € of positive measure, then m —> 0 and ba — 0. 


This lemma granted, the convergence of the series (5.1) implies 
sin nd 
ni 
from (5.2). | 
The lemma is an analogue to a well known theorem of Cantor and 
Lebesgue. For its proof put 


pn? == Oy? ae ba? 


SnÄ 





—> 0; hence by the lemma ns, 0, and our statement follows 


where we may assume that pn > 0. Clearly 


| ‘Bu? (t) < Rpn’; 
hence, in view of (5.3) 


en Ba? (t) < 2 | Ba(t)| 0 for tee. 


Using a theorem of Egoroff, it follows that on a point set €E C € of positive 
measure | € | >0 
pn Bn? (t) came 0 uniformly in es 
a fortiori 
(5.4) pn” J. Bn2(t)dt —> 0. 
&’ 
Now 
2Brn? = an? (1 — cos 2nt) + bn? [1 — cos 2 (n + 1)t] + 2anbn [cos t— cos(2n +1)1]: 
hence | 
2 f. B, (t) dt == (an? + bn?) | € | + 2anbn f, cos tdi + Rn, say, 


and 4 


Spam? f Bead > f, (1 — (cos t)) dt — pr? | Ra |. 


— | 
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But pn". consists of three terms, each term being a Fourier coefficient of 
the characteristic function corresponding to €, multiplied by factors < r; 


+ 


hence pr ° Pn — 0 so that the sequence pn >|. Ban’ (t) dt is bounded away from 


zero. Combined with (5. 4) this yields pn — 0, and our lemma is proved. 
We may now write 


+1 
F(t) = N gp MA —t Ss, f° u” (sin ut — ut cos ut) du ; 
let | | 
A(u)=sn forn Ssu <n, . (n = 1,2,3, + °), 
then PENSE 
CO u 
(5. 5). F(t) = f A(uju* (sin ut — ut cos ut)du. ` 
+ 1 


We are thus led to the following generalization of L-summability: 
If the integral (5.5) exists in some interval —r<t<r, and if 
tF (t) >sast—0, then s is the generalized limit of Alu). 
The comparison of our integral transforms with Cesäro integral means 
will be discussed in another paper. 
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ON A CONGRUENCE PROPERTY OF THE DIVISOR FUNCTION“ 
By L. G. SATHE. 


1. Introduction and notations. Let k be a given integer, r a fixed 
residue class (mod k) and d(n) the number of divisors of n. Let N(k,r, x) 
denote the number of n = x for which d(n) =r(modk). We are concerned 
in this paper with the asymptotic behavior of N(k,r,z) as to. 8.8. 
Pillai [1] has proved that N (k, 0,2) ~ Bz when k is a prime.! We here treat 
the problem for all values of k andr. The main result is: 


THEOREM. If 2! is the highest power of 2 that divides k, then there is a 
constant B = B(k,r) > 0 such that 


N(k,1,%) ~ Ba if 2"|r and N(k,r,2) =o0(2).tf 2*fr 


The lemmas are given in 2 and the main theorem is proved in 3. In 
4 we investigate under what conditions B(k,r) is equal to B(k’,7’) and 
evaluate the constant B in special cases. | 


p is a prime, f(n) denotes the number of different prime factors of 
n, h(n) = Il {p/(p +1)}, k(1) =1; u denotes a number such that if p°|u 
pin 


then either (i) 60 or (ü)2<0<%k—12 Thus every prime divisor of u 
occurs at least in the second power and at most in the (k— 1)-th power. 
q always denotes a square free integer. , j | 


4 


2. Lemmas. 


Lemma 1. Let d be a given square free number and let M(z,d,r) 
— M(x,d,r,e) be the number of square free integers g<x for which 
f(q) =r (mode) and (q, d) =1. Then to every given positive number à 
there corresponds a Á == A(8,¢) independent of d and r such that 


(1) | M (2, dr) — Ah(d)z | < RO if a ZA 
where A = 1/et (2). 


* Received July 1, 1944. The author wishes to thank Professor F. W. Levi and 
Dr. 5. 5. Pillai. . 

ı Journal of the Indian Mathematical Society vol. 6, N. S. (1942). The proof 
contains a mistake which has been pointed out and rectified by the present author, 
Journal of the Indian Mathematical Society vol. 7, N. S. (1943). 

2 pêlln denotes that pê is the highest power of the prime p that divides n. 


397 


ft 


398 L. G. SATHR. 


Proof. Let p be a given prime and let M,(z,r) = M, (x, r,e) denote the 
number of g = x for which f(g) ==r (mod e). Then, obviously, 


(2)  Ma,p,r) + M(a/p,p,r—1) = Mi (2,71). 
In [2] and [3] it is proved that l 
(8) M,(z,r) ~ Aw for every fixed r. | 
Fe 


From (2) and (3) it follows that to every fixed r and arbitrarily small 
positive number 8 there corresponds a number A’ == A (8, e). independent of 
p and r such that 


| M (z, p, r) — As + M(x/p,p,r—1)| < foe if eS 4. 
Hence, | 


| M(2, p, r) — Az + Az/p— M (2/p’, p, r—2)| 
< | M(x, p,r) — Ar + M(x/p,p,r—1)| 
= | M (s/p, p r— 1) — Az/p T M(x/p°,p,r—2)| 
"<< dda + 4ôr/p if s/p ZA. 


~~ 


a 


Repeating this process we get finally, if y == [log 2/2 log p] 
(4) | M(a,p,r) — Ar + Aw/p +: +++ (—1)"*Aa/p” 
+ (— 1) M (s/p, p, r-—v—1)| < 302 (1 F 1/p 5 : + 1/p’) 
< fia X 1/20 — êe if s/p > N, that is if s > A”, x 


8-0 


From (4) we get 
| M(x, p,r) — Az Dr | < be + Aw(1/p + 1/p +} Vz 


Sès + An/pr(1 44 +) + Vz 


< ôe +2 AVe+ Veit cS a”, 
Hence, Zr | 
(5) | M(x, pr) — Ah(p)zx | < 82r if z = A = A(8,e). 


j 
Suppose, now, that (1) is true for d == d; = |] pi, Pu Ps,‘ > * , p; being dif- 
i=1 


+1 | 
ferent primes. We shall show that (1) is true for dra = UL ps also. We 


have evidently, | m gn x 


LEE E A, 
— M (£/Pjss dj, F meman 1) ~+- M(x/Pjx?, dj, r— 2) woe by ae 


& 


m 


Pal 
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Moreover ; l 
(15) r2¢s= 12 (mod k) if and only if a=b (mod e’). 
Proof. Trivial. 


LEMMA 5. Let k be odd, r fixed and #0; (r, k) =t. Let n = miqu= 7x 
in the sense of (10). Suppose f(g)=X (mode). Then nCN(k.r,z) 


tf and only if i 


(16) (wu) = r2eN (mod k}. 


Proof. It is easily seen that d(n) ==d(qu) (mod k) whether m is prime 
to qu or not. Hence, since (g, u) = 1, 


d(n) ==d(q)d(u) (mod k). 
It follows that nC N (k,r,x) if and only if 


(17). d(q)d(u) =r (mod k). 
Let f(g) = A (mog e) ; then 
(18) d(g) = 20 == 2 (mod k). 


If now nC N(k, 1,2), then it follows from (17) that d(w) = 12¢ (mod k). 
Hence from (15), d(w) =78\ (mod k). Conversely, if d(w) = 12°’ 
(mod k), then it follows from (18) and (15) that ag aw) sas Ar; 
(maa k), since č — X += 0 (mod e’). 


Remark. If d(u) ==72* (mod k) and u is fixed then integers.n = m*qu 
belong to N(k,r,x) (for different values of m and q) if and only if 


(19) f(g) ae — & (mod e’) and (q, u) =I. 


Lemma 6. If kis odd and n = m*qu Sz then nC ae 0,2) if» and 
only if, d(u) = o{mod k). 


Proof. This follows immediately from (17) which is true.even if r == 0. 


3. Proof of the main theorem. 
THEOREM 1. If k is odd, 1Sr=k—1, then N (k, r, £) ~ Ba, 


Proof. If n = mgu = x where d(u) #£72% (mod k) then by Lemma 5 
n does not belong to N (k,r,x). Denote by w’ an integer of the set u such that 


(20) d(u’) == 72 (mod k), ` 


where we may regard 1S aS g by virtue of Lemma 4. From (19) we 
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see that the contribution to N (k, r,s) by a fixed w is equal to the number 
of integers 


(21) m*qu’ =x where f(q)==¢ — a (mode’) and (qw) =1. 
This, in the notation of Lemma 1, is equal to 
(22) > M(e/mW, ĮI p, € — a, e) = 

mgu p 


ju’ ma? iw aw < m'Sa/u' 
Eu Sy + Se, say. 
So = O (L84) — O (11t) since k = 3. Suppose that the fixed number v’ 
is not greater than 2/4, Then from Lemma 1, since h( Il p) —h(u) and 
plu’ 
a/m*u’ > x“®, there exists, for every positive number 8, a A = A(8,e’) inde- 
pendent of vw’ such that 


| — Sch (w’) fe°E (2) aku’ | < 82° S l/m" if s Z AS, 
mri 


mn hat Sw 
Hence, since h(u’) = 1, 
| Sy — ah (u’) E(k) /e’E lyw | < 8£(b) 27M e/a’ + w/e (2) I: mk 
nd gp BE 
if s = 4° 
< S(O Ju’) at (be) + Sxé(k)/u if = A, 
A, being independent of w. Here, 
Sı = ch (w) E(k) Je’E (2) u' + O(8 26) /u’) x) for every arbitrarily small è 
where the constant in O is independent of 8 and w’. From this and from (22) 
the contribution to (21) by every fixed w = 2°/* is equal to | 
(23) — ah (a) (Ie) /eE (2) u’ + O (8L /u’) +. O (a4), 
Now the total contribution to (21) by all uw’ > 2° is O(#*/*) since the con- 


tribution by every such w is at most equal to z+ and the number of # = x 
is O(zY?) by Lemma 2. From this and from (19) we get, 


N (ke, T; T) = a6 (ke) /e'E(2) p> h(w)/w 


pS /4 


+O(8 3 W/w) 4+ O(a 3 ) 4+ 0(a%). 
weit wE | 


The series X h(u’)/u’ and 3 2f) /u’ are both convergent; for if R(x) be 
* u’ af 


the number of u = x then, 


2 1/we = Et/w =O $ {R(n) — R(in— 1)}/n = 0 D R(n) mir 


oO 
= 0 X, 1/n™/? by Lemma 2. 


n=1 


mia He er ie cael - 


ad 


ae a —— ee 
md and + um 


u” 
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Hence 31/u’ converges if a > 1/2. From this the convergence of the series 
in question follows since Aw) = 1 and Qt) = d(u’) = O(u*) for every 
e>0. Finally, 

N(k, 7,0) = x€(k) /e (2) Y mC )/wW + 0 (8x) + o(x) 


~ Bg for er positive à 
(since the constant in O(ör) is independent of 8). where, 


(24) B = CE(k)/8"E(R) and C= > h(u’) /u’, 


u’ running over all the integers u satisfying (20). To show that B > 0 we 
have only to prove that C > 0; that is that the set w is not empty. Evidently 
if p is any prime, then ptisawWifk—1>2r>3. Ifr—1 or 2 we see that 
lisaw. For d(1) ==1 (mod k) and d(1) =22¢*=1 (mod k). Hence 
(20) is satisfied for w = 1. 


THEOREM 2. If k= 24h’; (2,h’) =1 
r=êtm; (2 m) =1; 0StsI—1 
then N (k, r, £) = o (2). | 


Proof. If n= m*qu = æ then, as in (17), n belongs to N (k,r,z) if and 
only if d(q)d(u) == 2¢m’ (mod 21%). Dividing this congruence by 2' we see 
that it has no solution with f(q) =? if t=1J—1. The result, therefore, 
follows from Lemma 3. 


THEOREM 3. N (REN, dtm, 2) — Ba, B>0, where k is odd and 
Lim’ =k —1. 


Proof. Let | 
(25) Rim =m” (mod k’). 
We note iri the first instance that if 
(26) mC N(2'h’, 2'm’,2) then nCN(k’,m”,e).. 
Also if nC N(Kk’,m”’,x) then d(n) =m” (modk’). Hence from (25), 


d(n) = zk" +-2%n’ (mod 24k’) where z=0,1,--- or 2?—1. Hence either 
(27) d(n) == 24m’ (mod 24k’) or d(n) ==s (mod2!k’) where 2's. 
From (26) and (27) it follows that 


N (k, m”, £) = Neu, Itm, s) + X 
where X = 0X N(2¢k’, 8,2), s running through all the residue classes 
(mod 2k") for which 2!fs. Hence X —o(x) by Theorem 2. Therefore, 
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(28) N (Ri, 24m’, 2) ~ N (k, m”, £) ~ Bau 
by Theorem 1, where B > 0. | 

THEOREM 4. N(k,0,x2) — Ba. 


_ Proof. It is sufficient to consider the case when k is odd, since it then 
follows as in (28) that 


(28°) N (2k, 0,2) ~ N(k,0,x) if k is odd. 


It follows from Lemma 6 that m n belonging to N(k,0,r) are of 
the form 
(29) | mkqu” = x a (q,u’) —1, 


7 being any square free integer, u” being a u for which d(u) =0 (mod k). 
If now Q(z,d) denotes the number of square es integers q = x for which 
(gq, d) = 1 then, from Lemma 1 


(30) Q(z, d) = M(x, d,1) +: -© -+ H(z, d, e) —=h(d)z/E(R) + O (82! ®z) 
for every 8 > 0, the constant in O(d2f®z) being independent of 6 and r. 


Also 
N(k,0,2)= È  Q(z/mtu” , IT P) 


meyer 


the summation being with respect to both m and w”. Using (30) we get as 
in Theorem 1 


N (k, r, £) ~ Ba 
where | | 
(31) B = ECEE) EA), 


where #” runs over all the integers of the set u for which d(u) = 0 (mod k). 
To prove that B > 0 we have to show that the set w” is not empty. Evidently 
get is a w” if p is any prime. | 

The proof of the main theorem now follows from Theorems 1 to 4. 


4, Miscellaneoous results. 


THEOREM 5. Let le be odd; (r, k) = t and, as in Lemma 4, let e be the 
exponent of 2 (mod k/t). Then, 


(32) N (21k, Zr, 2) — N (ke, 724, x) ; 1<B<e!. 


In particular when J] = 0 and 2 is the primitive root of k, we e get N (k, 7, 2) 
~ N (k, 1,2) if neither r nor r’ is zero. 
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Proof. Let k be odd: 1S rSk—J. We note in the first instance that 
only those w which satisfy (20) contribute to N(k,r2P,x). Also (23) still 
remains true since the dominant term of (22) is independent of « Hence we 
see that (24) is true for 712° also. Hence, (32) is true for.odd values of k 
and all values of r, since when r = 0 it reduces to an identity. 

If now k = 21, (k’,2) = 1 then we get from (28) that 
(33) N (Qk, 24’, 2) ~N (k, m”, x) 
where.m” == 24m’ (mod k’). But by the case just considered, 

N (k, m”, £) ~N (k, m RY, x) ‘where 1< y <= €. 
Also m’2 and m’27, where 1 S BS < ge; IS yS eg, run over the same classes 
of residues (mod k’) by virtue of (25). Hence, 
N (21, 24m’, x) ~N (k',m'e8, ©) here i< bse. 
Writing & for k’ and r for m’ we get (32) for ger k—1. If r=0 
then (32) reduces to (28°). Hence the theorem is nd u | 
THEOREM 6. 
(34) N (2tk, 0, gz) ~ {1-—£(k)/E(k—1)}e, of k is a prime. 
Proof. By virtue of (28°) we may suppose / = 0 without loss of generality. 


To prove the result-we must evaluate the sum of the series I h(u’”) /w’ where 


w” runs over those u for which d(u) =0 (mod k). Since k is a prime, every 
u” is of the form | 
ee 


where go,‘ © ",Gr-» run over all square free numbers and 9% runs over all 
square free numbers except unity. g.,° °°, 9x1 In every such number are 
relatively prime. Hence, 


Shue $ 
= >» Ar UT LEE We) (IL /(p +0). 


En: ko 


In every term of this multiple series ga, © - , gx are mutually prime. Hence 
fixing qa,’ © +, Qz- and summing first with respect to ge we get 


SAMUD =D I 1 +i/e(p +) 


Le 1/#)}, IE, ip (p+1)/( + p +1) MIG — 1/p°) 
= 6(2)/0(8) IL tele + 1)/ (p+ 2+ 1). 
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Hence the series summation with respect to g, reduces to 


DEGE) CUa) : “(/gs) CLEA (2? + p + 1))- 


We now fix 9,° * `, ra and sum with respect to qa and so on. Finally, 
noting that g’z-ı does not take the value 1 we get Ä 


vary je. ER) EG). ER—2) SeR—1)_ 
(35) DAUN ES ga) ED | EE) 1 f 


E) fi) | 
u aoe ae 


From (35) and (31) the theorem follows. 


Note. Let 2! be the highest power of 2 that divides kand1=S:=!1—1. 
Then, by sharpening Lemma 4 we can prove that 


N(k,1r, 2) ~ D(z/log x) (log loge) if 2’]r 


where D = D(k,r) is a constant > 0. Further if r is odd then it is easy to 
see that N(k,r, 2) = O (£), if k is even. | 


CALCUTTA UNIVERSITY, 
CALCUTTA, INDIA. 
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THE RECTILINEAR MOTION OF A GAS IL* 


By Monroe H. MARTIN. 


In the rectilinear motion of a gas we face the problem of determining the 
velocity u, the density p and the pressure p as a function of the position x 
and time # In addition to meeting any initial conditions, which may be 
imposed on the motion of the gas, these three functions must satisfy the 
underdetermined system of partial differential equations 


A) (ut  Uu)p + Pa = 0, pt + (pt) = 0. 


If the second equation in (1) is multiplied by u and added to the first, 
the system (1) is seen to be equivalent to the system 


(2) (pu): + (p+ wp)s =0, pt + (up)z — 0. 


Assuming that a solution u, p, p of this system is at hand, there exist functions 
v, z of x, £ such that the system of Pfaff | 


du =—updz + (p +- u?p)dt, de = pdx — updt, 


possesses a solution in which the variables u, p, p, 2,v are all functions of 2, t. 
Conversely, given a solution of the system of Pfaff in which u, p, p,2,% are 
functions of z,t, one has in %,p,p a solution of (2), and hence a solution 
of (1). 

The usual procedure is to make (1) a determined system by adding the 
characteristic equation p=p(p) of the gas. The question has been raised,* 
however, whether the characteristic equation, known to hold for a perfect gas 
at rest, will continue to hold for a gas in motion. In this note, instead of 
assuming a characteristic equation for the gas, we supplement (1) by a third 
partial differential equation for u, p. This partial differential equation repre- 
sents the necessary and sufficient condition that the Principle of Conservation 
of Energy hold for a gas in motion. 

According to thermodynamical principles? the internal energy e per unit 
mass of a perfect gas is given by e = p/(y— 1)p, where y denotes the ratio 
of the two specific heats of the gas. The total energy Æ of the gas in a right 


* Received September 9, 1944. 
1H. Weber, “ Die partiellen Differentialgleichungen der Mathematischen Physik,” 
Braunschweig, vol. 2 (1919), p. 553. 
? H. Weber, op. cit., p. 507. 
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circular cylindrical tube of unit cross-sectional area, with bases on the planes — 


I = Tı, T= Lp, is accordingly 


Ta 
E = f (Zu? + e)pdt, 4, < To. 
Tı 


The Principle of Conservation of Energy holds if, and only if, the rate at 
which energy is being lost from the tube equals the rate at which the two 
bases of the tube do work on the surrounding gas,’ that is 


| E —— Pity — Pal = —— fl ae 


where here and elsewhere the subscripts 1,2 on a variable indicate the values 


of this variable on the planes g == x,, £ = £, Using the above expression. : 


for E, it may be shown that this equation holds in conjunction with (1) if, 
and only if, u, p satisfy the partial differential equation | 


pe + Upa + Ypa = 0. 


If we set po, this equation becomes o+ + (ou). = 0, analogous to the 
equation of continuity in (1), and we have a determined system of partial 
differential equations 


(us a Uau)p + Pa = 0, pt + (up) 2 = 0, | ot + (uo) « = 0, 


for the unknown functions 4, p, o AS above, we see that the problem of 
finding a solution u, p, po of this system is equivalent to the problem of 
finding functions u, p, o, v, 2, w of z, t satisfying the system of Pfaff 


dy = — upde + (oY + up) dt, dz—pdx—updt, dw == ade — ucdt. 


It will be observed that odz — pdw = 0, so that the functions z,w of x,t 
are always functionally dependent, w = w (z). Now s—w’p, where w” denotes 
the derivative of w with respect to z. Thus we have p = (w’p)Y and the above 
system of Pfaff may be replaced by a system of two equations of Pfaff in six 
variables 2, $, u, p, 2, V, | 


(3) dv =— — udz + (w'p)Ydt, . dz == pdz — updi, 


containing an arbitrary function w = w (z). 

The difference 2, — 2, of z for fixed ¢ yields the mass of the gas in the 
cylindrical tube at the instant ¢ while v, — v2 yields its momentum. Fixing 
our attention on a particular gas particle, the value of z assigned to this gas 


2 Naturally this involves the kyoot that. there is no loss of energy by heat 
conduction or radiation. 
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particle remains constant throughout the motion of the gas. The trajectories 
of gas particles in the (x,t) plane are accordingly rep esented by the one 
parameter family of curves z == const. 

Since z is constant along a trajectory, the relation between p saa p along 
a trajectory follows the adiabatic law p = k’pY, with k? = wY varying from 
trajectory to trajectory unless w” = const. From thermodynamical considera- 
tions it is known ? that S = c, log k’, where S denotes the entropy and €, the 
specific heat of the gas at constant volume. Hence S — yc, log w and if we 
assume €, = constant throughout the gas, we have the following result. The 
entropy remains constant along a en and varies fr om trajectory to 
trajectory with log w 

We observe that the first equation in (3) is of class 5 and assumes normal 
form if we set p = (wp), g=— u. Accordingly (3) is en to the 
system of Pfaff- 


(4) dv = pdt + qdz, dg == — gdt + w'pdz, n = — 1/y, 


in the six variables ¢, 2, v, p, q,'x. 

Given functions p, q, v, © of z, t satisfying (4), we have p = vt, q = vz 
and therefore, from the second equation of (4), v is a solution of the partial 
differential equation | 
(5) Vez + nu ve vy: = 0, 


Conversely starting with a solution v = v(z,t) of (5), we find u, p, p 
expressed in terms of z, t by 
(6) U = — Uz, p = 1/w vr, p = Ut. 


To express u, p, p in terms of x, t, one solves 


z == (2,1) = f {— vedt + w'virde}, 


‘for z as-a function of z, £. 
If we take u, p, p as known functions of x ie t= 0 and assume p > 0 


everywhere, z = f pdz is a monotonic increasing function of x. Accord- 


ingly we may regard u, p, p as known functions of z for i=0. From (6) 
it appears that not only are the values of vt, vz prescribed for t= 0, but also 
the function w’(z) > 0 appearing in (5) is uniquely determined. The problem 
of determining the rectilinear motion of a gas subsequent to prescribed initial 
conditions on its velocity, density, and pressure is accordingly reduced to the 
solution of the Problem of Cauchy for the partial differential equation (5), 
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the function w = w’(2) having previously been determined from the initial 
conditions. 

Once w’ is determined, solutions of (5) may be obtained by the usual 
process of separation of variables. Thus v= TZ is a solution, provided 
T = T(t), Z = Z (z) are solutions of 


Z” — enw Zr = 0, Pel Akr = 0; k — const. 


In the special case where the entropy is constant throughout the gas 
(w’ = const.), Legendre’s transformation transforms (5) into a linear partial 
differential equation of second order and hyperbolic type. After reduction to 
normal form, Riemann’s method may be applied to obtain a solution for the 
Problem of Cauchy set by the initial conditions.‘ 

It may be of some interest to point out that in the general case Ampére’s 
contact transformation 


t==— P, 2 = 2, pas V pPI; p =T, q = 0, 
carries (5) into a Monge-Ampère partial differential equation 
Von Va — V°zr + = 0, À = — Ty’, 


The characteristics of this partial differential equation comprise the asymptotic 
lines on the solution surfaces.5 


UNIVERSITY OF MARYLAND, 
COLLEGE PARK, Mn. 


4 See B. Riemann, “ Über die Fortpflanzung ebener Luftwellen von endlicher Schwin- 
gungsweite,” Werke, Leipzig (1892), 2nd Edition, pp. 156-175. Further references are 
' given in the paper by the author, “ The rectilinear motion of a gas,” American Journal 
of Mathematics, vol. 65 (1943), pp. 391-407. 

5E, Goursat, Leçons sur Vintegration des équations aux dérivées partielles du 
second. ordre, vol. 1, Paris (1896), pp. 147-148. 
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ON THE ASYMPTOTIC BEHAVIOR OF THE RIEMANN 
§-FUNCTION.* | 


By E. K. HAVILAND. 


As is well known, the function, £(s), defined by 
E(s) = 38(s —1) 7 T (33) (s), 


possesses, as its only zeros, the non-trivial zeros of the Riemann £-function.? 
Furthermore, if M(r) denotes the maximum of |£(4<+is)| on the circle 
|s] =r, then _ 

(1) log M(r) —FIrlogr. 


This asymptotic relation is a well-known result of Hadamard and is more 
than sufficient for his purpose in applying his theory of entire functions to 
the Riemann &-function.? Actually, he defines M(r) to be the maximum of 
l£(s)| on the circle |s|=r, which does not affect the formula (1), but 
would affect the more delicate relations to be considered below. 

There arises the desirability of an asymptotic formula for M(r) itself, 
since the situation, as observed by Wintner, is as follows: Every individual 
zero of é has a number-theoretical significance (the explicit meaning of which | 
is unknown). On the other hand, it is clear from the Weierstrass-Hadamard 
factorization | 


(2) EG + is) =T (1—s*/p") 


that the omission or the “wrong” position (i.e, not in accordance with 
Riemann’s hypothesis) of a finite number, or even of a sufficiently “ thin ” 
infinite sequence, of zeros has no influence whatsoever on (1), while each of 
these individual zeros will make a contribution which appears in the asymp- 
totic behavior of M (r), if this behavior is not weakened to standards of the 
logarithmic scale. 

In fact, it turns out that the true law to which the classical result (1) 
is the logarithmic approximation is 

* Received April 10, 1945. f 

t Cf., e. g, A. E. Ingham, op. cit., p. 48. 

2 Ibid., pp- 56-58. | 
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(3) M(r) — (r) (Rre) rrit as r 00. 


But it is clear from (2) that:the contribution of each of'the factors to M (r) 
is r?/| p |?, so that the contribution of each of the zeros to the right-hand 
side of (3) is explicit indeed. Incidentally, the 7/4 and the other elements 
occurring in (3) may be thought of as manifestations of a Fourier. trans- 
formation of the corresponding elements in the Riemann—v. Mangoldt formula, 
In this connection, see the remarks of Wintner.® 

Actually, (8) can be improved by showing the existence of an infinite 
asymptotic series 


(4) Mr) ~ (da) Ur (Bue) rar À Cyr, 


where the C’s are numerical coefficients and (3) means merely that the 
numerical value of Ce is 1. 

For the purposes of carrying out the proof of these results, it is more 
convenient to deal, not with £(s) as above defined, but with 


A(t) = &(4 Hit), t complex, 


which is €(¢) in the notation of Riemann. For &(t), one has the formula: * 


00 
F(t) —2 f ®(u) cos Aut du, 

0 
where 

oo ‘ 
Bu) = 4D (Bnr eet — In’ret) exp [— nret], 
. n=1 

and it is known that (u) is an even function of u, positive for all real 
values of u and such that $ (u) < 0 for every u > 0.5 


Corresponding to this integral representation of E(t), it is convenient 
to re-define M(r) so as to denote 


(5) M(r) = Mi | Z(t) | = E (ir) = 2 f au) cosh 2ur du 
tls 0 
oo x 
= f &(u) edu + f ğ(u)e "du = I + II. 
0 0 
and our problem is to examine the behavior of M(r), as p3 co. 


> A. Wintner, loa cit. 5, p. 58. 
t Cf., e. g., E. C. Titchmarsh, op, cit., p. 45. 
5 Of. A. Wintner, loc. cit. 4, p. 82, and further references there given. 
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We begin by writing 
k 
(6) (u) = 43 (Pnir et — 3n?re%*) exp [— neret] 
n=1 
. ee 
+43 (204x768 — In?’we?t) exp [— ne] 
n=k+l 


= Du) + Yu), 


where 0 = wi -+ œ. In the foregoing infinite series, we replace e” by z, 
so that it becomes | | 


oO 
43, (nir r? — 3n rr") exp [— nrs], LS r<- co. 
ner 


Since Pnr > 8, n = 1, it follows that 


(1) each term is positive and hence the series, if convergent, is positive 
for all æ in the range indicated ; 


(ii) the series is term for term less than 
oo 
8x D nt (mrt)? exp [— nret]. 
n=k+1 

Under the substitution mgt = y, this last series becomes. 

X 

(7) 8(y/r)"# X n*y’ exp [— ny], r&y + o., 
n=k+i 


Since d(a*e*) /da = set (2 —zx)1< 0 for s > 2, it follows that, for fixed 
y=r and for n2, the general term of (7) is a positive monotone 
decreasing function of n, so that 


È ny? exp [n'y] < (k + 1) exp [— (E + 19%] 
| + J, gs exp [— ys*]ds, 
k=1. This last integral is less than —— 
00 , | OO | 
fv exp [— ys*]ds = 1/2y f Ba where g = ys?. 
Partial integration then shows that 
ny exp [—n?y]:< (k + 1)*y? exp [— (k + 1)%y] 
+ (29) exp [— (k + 1)?y]{(k + 1)*y? +R + 1)%y + 2} 
< 2k + 1)*y? exp [— (k + 1)y], | 
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in view of k=Z1, yZr. Consequently, 


(8) 0 <Yu) = Bu(y)) < 16 (y/r) (k + 1)*y? exp [— (k +1) *y], 
-and so 


f (u) edu = fr” f a (u (y) yt tdy 
<a + arte G ar exp [— (E + 1)*y]dy 


7 CC 
— Ar ( + 1)J ar f br/4g-tqt 
(X+1)°7 


< 4[a(k +1) T (Gr + 9/4), 


where (k + 1)*y —=#. 
With the help of the preceding inequalities, it may now readily be 


shown ê that Í P(u)e?r“du may, for fixed r, be integrated term by term. 
0 


Moreover, as we have just seen, 
(9) Wo(u)erredu < [x(k 1) #34 + 5/2) (r + HT (Gr + 1/4). 
0 


O0 
In the finite set of terms obtained from Í y (u)e””du, that one will 
$ 0 


contribute least which corresponds to the term 
— 12k’re?% exp | — krett] 


of (wu), for such a term is in absolute value less than the corresponding 
positive term in (6) and 


d(a? exp [— ax?]) /da = 2x exp [— ax°] (1 — az?) < 0, 


if a>1, z>1, as is here the case, since a == vet“, u=0 and k21. 
Then let 


Bar) = — 1287 Je exp [— k?re*“] du. 
If we make the substitution we** — y, we obtain 

By (r) = — 3H dr f "rss exp [— keyläy. 
The further substitution k?y — leads to 


6 Of., e.g., W. F. Osgood, op. cit., p. 287. 
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i oo 
By(r) = — 3 (rk?) 27 f Bras 
mie > 


i | 
= — 3 (rk? jari f Bra/sg-tdt + o(1), 
: o 
since | 


TK? 
0< (m?) -Br-3/4 J. rite tdt < (ak?) 3-1/4 : (ake?) 2782/4 (Ir + 5/4) 
j 0 


= mk?/ (4 + 5/4) = 0(1), as row. 
Hence | 


(10) Betr) =— 8/2 (ak?) 4-44 + 4) (gr + 1/4) + 0(1). 
Comparison of (10) with (9) shows that 


Sf, el erdu— (Ben), aS 78, 
+] 


Furthermore, on setting k == 1 in (8) and observing that y = mei, we 
find that 


0 < F(u) < 256r°e™ exp [— dre]. 


This, together with (6) and (5), shows that II is O(1), hence o(Bx(r)), 
for every fixed k, as r — o. 


Consequently, it is possible to obtain an expression for M(r) in terms 
of an infinite asymptotic series. In carrying out this process, we first calculate 


Ay (1) = 8k*x? A gruts exp [— g ret” | du. 
0 


The calculation, which is exactly similar to ae for Bz(r) above, shows that 
An(r) = (ak*) 2" (7 4-5/2) (r HT (Er + 1/4) +o(1), as rom. 
Hence, if k= 1, 


f “e, (u) eredu = 4A, (r) + Bi(r) 
= dire + 5/2) (r + Tr + 1/4) 
— (8/2) (r + 3) 0 (Gr + 1/4) + 0(1) 
Bela) ar AA (PS) 0 CL) 
(11) = frèr- (7? — 1/4)T(dr + 1/4) + 0(1). 
But T(z) = (%r)izt esta), where p(x) — (122) + O(a"), so that a 


straightforward calculation shows 


— 
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DP (dr + 1/4) = (2r)*(4r)ër etr (1 —1/(48r) + O(r?)) 


Substitution of this result into (11) gives 


I, = fau) e*rudy, 
= fr VE (7? — 1/4) (20r)a ar)? (2/7) te (1 — 1/(48r) + O(r*)) 
— (7/8) trär (Are) ET (rt — (4r) (1 — 1/(48r) +0(r?)) 
= (1/2) rr (Aare) ET (r74 — 79/4/48 + O (171) ), 


and the contributions of f Y, (u)e?“du, II may be merged into the O-term, 
so that the expansion el for I, serves also for M(r). (Cf. (5), (6)). 
From this it is seen that the appraisal of f, eu) eirudu could have -been 
confined to the case k = 1. i 
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SMALL PERTURBATIONS.* 


By AUREL WINTNER. 


l. Let A= A(t), where A = (aw) and ,k=1,'  ',n, be a matrix 
of n° functions Qi == a(t) defined and continuous for Ot < œ.. Then 
the system of differential equations z’ — A (t)r, where t= (z1,' ' : ,æn) 
and x’ — dz/dt, has a unique solution s = a(t), 0 Æ t < œ, assigned by an 
arbitrary initial vector (0). Suppose that A(t) becomes practically inde- 
pendent of ¢ when t is large (the meaning of such an assumption can be made 
precise by-a number of inequivalent definitions, two of which will be con- 
sidered in a moment). Then, if A, denotes the constant matrix determined 
by that asymptotic approximation to A(t), various applications assume that, 
in reasonable situations specific formulations of which could worry only a pure 
mathematician, the dissipation effected by A (£) — A, becomes negligible when 
too. | | 

Straightforward examples show that the exclusion of secular terms in 
the general solution of the approximative system y = Aoy certainly is a 
necessary restriction. This restriction, which means the exclusion of non- 
linear elementary divisors for the constant matrix Ay, will always be assumed 
in what follows. . 

Certain sufficient conditions are known since the work of Liapounoff and 
Poincaré on the case of analytic differential equations (linear or not). Their 
results were subsequently extended by Cotton, Perron and others (for refer- 
ences cf. [3], p. 180). The result of Perron, generalizing Poincaré’s theorem 
concerning the case of rational coefficients, assumes that all n? elements of 
A(t) tend to finite limits as {—' and that, if A, denotes the limit matrix, 
the n characteristic numbers of A, have n distinct real parts. Under these 
assumptions, Perron proves that, on a logarithmic scale, # = A(t)z is asymp- 
totically equivalent to y — Aoy. This does not mean asymptotic behavior 
proper, since f(t) —f2(t) is a weaker statement than log fı(t) — log f(t) 


+ 


as É—> co. 


2. In contrast, Cotton considers instances of asymptotic behavior proper 
but assumes that the Poincaré-Perron requirement A(t) — À, is replaced by 
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the requirement that the deviation of A(t) from A, is absolutely integrable, 
i. e., that 


(1) laut) — awl dt < o 


holds for all n? elements of A — (aix) and Ay = (a). On the other hand, 
due to the abandonment of the logarithmically weakened scale, only particular, 
rather than the general, solutions of A(t) can now be discussed. The details 
of the proof are given for the case n = 2 under the assumption that one of 
the characteristic numbers of A, is positive and the other is negative ([2], 
pp. 479-487). However, the proof is readily seen to remain valid, in case of 
an arbitrary n, under the assumption that the characteristic numbers of Ao 
have n distinct real parts; so that the algebraical assumption is the same as 
in Poincaré’s theorem as generalized by Perron. 

Except when m= 1, this assumption excludes every case of “stable ” 
type (1.e., every case in which all characteristic numbers of A, are purely 
imaginary), as well as the case of every real A, having at least one complex 
characteristic number. However, Cotton explains ([2], pp. 492-493) that his 
method applies, if n == 2, to the case of a conjugate pair of purely imaginary 
characteristic numbers also. Actually, it is easy to see from the formal struc- 
ture of the differential equations that, if n = 2, the case of an arbitrary con- 
jugate pair of complex characteristic numbers is reducible to the particular 
case just mentioned (cf. the Remark at the end of the proof of (*) below). 


3. If the n characteristic numbers have distinct real parts, the Poincaré- 
Perron discussion apples to n linearly independent solutions but assumes the 
logarithmic scale. It was observed after (1) that the latter assumption is 
essential, i.e., that only an m-parameter sheaf, where 1 = m < n, can in 
general] exist in the problem of asymptotic behavior proper. 


This fact can be proved by the example in which the system «= A(t)x 


is represented by 

(2) wy’ = 1: m +0 2m + 0, Tr = 0-2, +0-a,+2,/e, 

where n == 2 and (zı, t2) == 2. In (2), the characteristic numbers of A» are 
real, and both ai,(t) —> «ur and (1) are satisfied. However, while the approxi- 


mative system y’ == Áy belonging to (2) is yi’ = Yu Y7 = 0 and has 
therefore the general solution 


yi(t) = ce’, Yo(t) = Co, 


~ 
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the general solution of (2) itself is-seen to be 


t 
Tı (t) = cie’, Ta (t) = Co + Ca f (et/u°) du 


(>> 0). Consequently, there is no proper asymptotic relationship within 
the complete families of the general solutions, but only within the 1-parameter | 
sheaves c, —0. In fact, the complementary 1-parameter sheaves c — 0 are 
such that y2(t) vanishes identically but z(t), being an arbitrary constant 
multiple of the definite integral in the last formula line, tends to © as £— œ 
(if a 540). Ä | 

Incidentally, since this integral clearly is o(e?), and therefore of a lowe 
order than the components y;(¢), zı (t), not even an involvement of the latter 
components could lead to an asymptotic connection between (z,,2,) and 
(Yı, Y2), except within the 1-parameter sheaf c, = 0. 

Thus it is of particular interest that, if Poincaré’s assumption of distinct 
real parts for the characteristic numbers of A, is replaced by its precise 
opposite, namely, by the assumption of “ stable” characteristic numbers, a case 
of first interest in the applications, then (whether the purely imaginary char- 
acteristic numbers, some of which can be 0, are or are not distinct) there 
exists a proper asymptotic relation between every solution s(t) of the system 
a’ = A (t)z and a corresponding solution y(#) of the trivial system y = 407 
(even tf n >2). This is the content of (*) below. 


4. As mentioned at the very beginning, no sharp connection between 
the system a = A(t)x and its stationary approximation y — A,y can be 
expected if the elementary divisors of Ap (i.e., of the constant matrix (ox) 
for-which (1) is assumed) are allowed to be multiple. In fact, the additional 


- assumption that all characteristic numbers of A, are of stable type is then of 


no avail. This is shown by the following example, which proves that the 
corresponding assumption of (*) below cannot be omitted. 
Consider the scalar function 


(3) u(t) = exp i(t + logt); 
so that | u| —.1 for every (> 0). Thus, if w = du/dt, 
w = (i + i/t)u and -w” = (—1—2/t + const./t?)u. 


Hence, if w”, w, u are multiplied by 1, «, 8 respectively, it follows by addition 
that, if « and @ are so chosen as to satisfy the pair of conditions 
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tie et 


that is, if = — 23 and B——1, then (3) is a solution of the scalar | 


differential equation 


(4) w” — Riu + (—1-+ f)u=0, 
where f—f(t) is 1/é times a constant. If (4) is written in the form 


X == A(t)x, where z == (4,2%) and zı == U, & ==’, then the assumption (1) | 


is satisfied, since f(t) == O(1/#?), and what corresponds to y = Aoy is the 
scalar differential equation 


(5) w” — iw’ — w — 0. 


Consequently, if the case of multiple elementary divisors were admissible, 
then every solution of (4) ought to be asymptotic to an appropriate solution 
of (5). And this would imply the existence of two constants c, €z satisfying 


exp i(t + log t) ~ (cı + ct) exp it 


as t-> co. In fact, the function on the right of this asymptotic relation is 
the general solution of (5), and the function on the left is the solution (3) 
of (4). But the assertion of the last formula line is equivalent to 


exp (zlog t) ~ c + eof, t> ©, 
and is therefore false for every pair of constants c1, Ce. 


5. . In the particular case 2,’ — #,, in which the system 2’ == A (t)z of 
n — 2 linear differential equations of first order for z = (z, %2) is identical 
with one linear differential equation of second order for x:, the content of (*) 
below is classical from that deduction of the asymptotic formula of Bessel’s 
functions Jm(t) which, avoiding the representation of Jm(t) as a Fourier 


integral, is based directly on the differential equation of Jm (cf., e.g., Picard’s — 


indications in [4], pp. 417-418). However, the general case of two equations 
of first order cannot be reduced to one equation of second order. It is true 
that such a reduction is possible in a formal fashion. However, the elimina- 
tions involved assume that every coefficient function ayx(t) of !=A(t)e, 
instead of being just continuous, is differentiable (and must, therefore, be 
required to have a continuous derivative). But even if every aix(t) is restricted 
to be analytical, it is not clear that the fundamental assumption corresponding 
to (1) is satisfied for the resulting differential equation of the second order, 
when (1) is satisfied for the given pair of differential equations of the first 
crder. 
However, the following theorem will be proved for every n. 


? 
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(*) Let A(t) = (ar), where S t< © and i, k =1,: *:,n, be a matrix 
of n? continuous functions aix = dix(t) corresponding to which there exists a 
matric Ao = (dix) of n? constants ax, satisfying (1). Suppose that the general 
solution of the differential equations ÿ = A,y, where y = (Y, Yn), iS @ 
superposition of simple vibrations (i. e., that all elementary divisors belonging 
to A, are linear and that all characteristic numbers of Ay, which need not be 
distinct, have a common real part, which is 0). Then every solution x(t) of 
the system à == A(t)z, where v= (%,°°-, Gn), determines a finite almost- 
periodic sum y(t) which satisfies x(t) — y(t) — 0 as t — œ and ts a solution 
of the trivial system ÿ == Aoy. 


Aside from the circumstance that (*) takes care of all the “stable” cases 
of the applications, the interest of (*) is three-fold: The asymptotic state- 
ment of (*), in contrast to that of the Poincaré-Perron theorem, refers to the 
proper, rather than, to the logarithmically weakened seale and supplies, in 
contrast to the possibility existing in the example (2) belonging to n = 2, 
the ultimate behavior of all solutions of à’ — A (t)r, although it allows every n. 


6. The classical case of a linear differential equation of the second order 
which “nearly” is the equation w” + Au = 0 of a linear oscillator repre- 
sents a particular case of (*). In fact, (*) implies the following 


COROLLARY. If f=f(t),0OSt< ©, is a continuous function satisfying 


, oO ; 
(6) N IOL < o, 
and if À is a positive number, then every solution u(t) of the diferential i 
equation 
(7) u” + (AT + f)u== 0 


determines two constants a,b for which 

(8) u(t) — (acos At + b sin At) — 0 

holds as t— œ. (In addition, the differentiation of this limit relation is 
iegitimate, that is, 
"(8 bis) w(t) — (a cos àt + B sin At) — 0, 

where a == àb, B = — Aa.) 


' In order to see this, it is sufficient to observe that, if the scalar equation 
(7), where f=f(t), is identified with 2’ — A(f)x, and the approximation 
w” + Aw = 0 to (7) with y == Aoy, then the case n = 2 of (*) is applicable, 
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since the assumption (1) appears in the form (6) and the constant matrix A, 


becomes 
0 —a\. 
À 07? 


a matrix having the distinct, purely imaginary characteristic numbers + Ai. 
It is instructive to illustrate the content of the Corollary by applying it 
to the differential equation, 


(9) | v” + u/i + (1— m?/t?)v = 0, 


of Bessel’s function Jm(t). If u == tv, then (9) appears in the self-adjoint 
form (7), where A=1 and 4f = (1 — 4m’) /t?. Hence, f(t) — O(1/#7) as 
4—> co. Since this implies that (6) is satisfied, (8) is applicable and sup- 
plies, since À = 1 and v = u/#4, the existence of two oe a,b for which 
the asymptotic formula 


(10) v(t) = (a cos t + b sin t) /Ë + o (1/6) 
holds as t-»> 0. This agrees with the standard relation 
(10 bis)  Jm(t) = (dat)? cos (t— (m + hr) + O (1/4). 


Actually, a comparison ‘of (10) with (10 bis) clears up the methodical 
situation in two different respects: l 


: (x) ` The constants a, b, for which (10 bis) supplies the values 
a = (3m)? cos g (m +3), b= (3r)? sin ġ(m +3)m, 


are left undetermined by the result (10). This is quite natural, since a, b 
in (10) are arbitrary integration constants. In fact, (10) holds not only for 
the particular solution v = Jm(t) of (9) but for any v = const. Jm (t) as 
well and, in addition, for those solutions v(t) of (9) which contain the 
solution linearly independent of Ju(?). 


(8) The remainder term of (10 bis) is sharper than that of (10). 


This is quite natural, since, on the one hand, (10) is identical with (8) in. 


_ Virtue of u == {v and, on the other hand, (8) is a result depending only on 
“the general assumption (6), rather than on the drastic estimate f(t) = O(1/2"), 
or even on the explicit relation f(t) = Const./t?, available in the .present 
particular case. Actually, if the assumption (6) is refined to f(f)—=0(1/1?), 
then the o(1/#) in.(10) can be. replaced by O(1/t), since the remainder term 
of (8), which is o(1), can then be improved to O(1/#). The truth of this 
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assertion, and also of its extension to the case of similar explicit assumptions 
(such as f(t) =O(1/t"), where 6 > 0) will become clear from the proof 
of the general result (*), of which (8) was a corollary. 


7. What concerns (*) itself, the substance of its assertion is a simple 
“Abelian” (in contrast to some “Tauberian”) lemma. The lemma in ques- 
tion is that particular case of (*) which results when A, is chosen to be the 
matrix (0); a matrix which satisfies the requirements of (*), since.it is a 
diagonal matrix in which all diagonal elements are purely imaginary, namely, 
0. But if A = (0), then every solution y(t) of y — Aoy is independent of t. 
Consequently, if os, (t), zin (*) are replaced by 0, fix (té), 2 respectively, 
there results the following fact: 


G) If P(t) = (fx), where 0S t <œ and i, k =1,---,n, is a matrix 
of n? continuous functions fix == fix(t) satisfying 


(11) J fault) at <a, 


then each of the components zı == 2:(t) of every solution z= 2(t) of the 
system 2 == F(t)z, where 2 = dz/dt and z == (2,,° + ',2n), tends to a finite 
. limit as io. 


Actually, it will turn out that this primitive Abelian theorem contains 
(*) as a corollary. 


It is a general principle that an Abelian theorem, which concerns a limit- 
ing equality, represents the extreme case of a less sharp but more fundamental 
fact, which supplies limiting inequalities (involving, if possible, absolute: con- 
` stants). However, (i) can hardly be improved in this direction, since, on the 
one hand, the assertion of (i) proves to be equivalent to the much rougher 
assertion 
(12) z(t) =O(1), (oo), 


and, on the other hand, nothing less than the assumption (11) can insure 
that (12) holds for every solution z(t) of #=F(t)z (cf. the proof of (i) 
below). | 

Consequently, all that it is reasonable to ask for is that deteriorated form of 
the estimate (12) which results if the assumption (11) is hghtened somewhat, 
The simplest specific order not implying (11) is the order of o(1/t) for every 
fix(t). But all that can be said in this case is that z(t) — O (t°) holds for 
every fixed e > 0 (rather than, as in the case (12) of (11), for e== 0). For 
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the sake of possible reference in the proofs to be given below, let the positive > 


part of this assertion be worded as a formal remark: 


(ibis) If F(t) is a matrix of n? continuous functions which are o(1/t) 
ast— œ, then each of the n components of every solution z(t) of Z= F (t)z 
is O{E) for every fixed e > 0. 


Actually, (ibis) will turn out to be just a limiting case of (ii) below. 


8. The “Abelian” nature of the above assertions suggests that some of 
the fundamental theorems in the classical theory of linear differential equa- 
tions are disguised formulations of more general and quite primitive facts, 
which can be completely isolated from the theory of analytical functions of a 
complex variable. Such an approach can be expected to furnish not only more 
general theorems than, but also simplified forms for the proofs of, the classical 
results, since the arrangement must be so primitive as to hold under the mere 
assumption of continuous functions of a real variable, and to be able to retard 
the introduction of the specific complex-analytical restriction. 

In case of Fuchs’ fundamental theorem concerning “regular” singular 
points, the possibility of such an isolation of the underlying general facts, 
which have nothing to do with analyticity, is indicated by Schlesinger’s proof 


of this theorem, as given in [5], pp. 168-170 (cf. also the presentation in ` 


[6], pp. 142-145, where reference is given to a paper of Fuhr). In this regard, 
it is instructive to consider Bieberbach’s reproduction ([1], pp. 175-176) of 
Birkhoff’s variant of Schlesinger’s proof. In fact, the proof as presented by 
Bieberbach is quite incomplete, since the least attractive part of the necessary 
considerations, and even an observation as to the existence of such a part, is 
left to the ingenuity of that legendary beginner for whom text-books are 
written. The part in question ought to concern the differentiability of the 
squared absolute value of the functions involved, which are regular. This 
differentiability property can, of course, be proved. That it needs a proof, is 
clear trom the fact that the absolute values themselves are not differentiable 
at simple zeros. If the latter cluster at the singular point, the proof ceases to 
be one. And the zeros could cluster, since the fact that the singular point does 
not correspond.to an essential singularity of the solutions is just the statement 
to be proved and cannot therefore be used in the proof. Thus the presentation 
of Fuchs’ theorem in [1] affords an instance of the disadvantages which can 
arise if facts depending on analyticity are not isolated from those having 
nothing to do with it. | 

Schlesinger’s proof, as well as its subsequent variants, depends on his 
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observation that, instead of all the lengthy formal work involved in the earlier 
proofs, nothing but a uniform. estimate of finite order is needed for the solu- 
tions (the uniformity refers to all directions issuing from the singular point ' 
in the complex plane). But this in itself suggests the possibility of isolating 
a general fact of the type described above. This general fact is the content of 
the following theorem, the proof of which will be just as primitive as that 
of (i). Not even an application of Liapounoff’s square-sum device (cf., e. g., 
[4], pp. 382-385), on the use of which Birkhoff”s variant of Schlesinger’s 
proof depends, is needed. | | 


(ii) If F(t) is a matrix of n° continuous functions of the real variable 
t all of which are O(1/t) as t— œ, then each of the n components of any 
solution z(t) of the system Z == F(t)z1s O(E) as t— œ, where c is a sufi- 
ciently large constant, depending only on the values of the n? constants which 
multiply 1/t in O(1/t). 


In fact, the proof of (ii) will be such as to show that c can be chosen to 
be any number greater than the absolutely greatest characteristic number of 
the matrix (fix) defined by 


Bis = lim sup | Fin t) |/t, 


where (fix) == F (according to Frobenius, this characteristic number is real 
and non-negative, since 8a Z 0). In particular, if the assumption of (ii) is 
replaced by that of (ibis), then, since (B:s) becomes the matrix (0), the 
constant c can be chosen to be any e > 0, as stated by (i bis). 

Of the assertions italicized above, (*), (i), (ii) remain to be proved. 
Yt is logical to prove these three assertions in the order reverse to that in 
which they were stated, since their degree of coarseness is monotone decreasing 
when (*) is at the first place. 


9. Proof of (ii). By assumption, there exists a constant matrix B 
satisfying the n” inequalities | fi(¢)| S b/t, where (fix) =F, (bis) =B 
and, without loss of generality, 1 S t < œ. With reference to any fixed 
solution z(t) = (21,°°°,2n) of the system 2’ = F (t)z, let s(t) = (81, °*" , Sn) 
denote that solution of the system s’ — Bs/t for which the n initial values 
si(1) are the absolute values of the corresponding components of the initial 
vector 2(1). Let z” (t) and s”(£) denote, respectively, the infinite sequences 
of functions defined by the successive approximations 


El) + È fu) (u)du and s(t) —5(1) + f- Bou) /u du, 


2 
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where, z*(¢) ==z(1) and s*(¢) =s(1) for every t(= 1). Then it is clear 
from the definitions of B and s;(1) that | 2;”(¢)| = s:” (t) holds for every t 
and for every positive integer m (the subscript i refers to any of the n com- 
ponents of the vectors 2”, s™), 

Since both systems of differential equations are linear, so that the 
successive approximations 2™(¢,), s”(¢) converge, as m—> œ, to the corre- 
sponding solutions z(t), s(t) for every t, it follows from the last inequality 
that | z:(¢)| Ssi(¢) holds for every ¢. Consequently, the assertion of (ii) 
will be proved if-it is ascertained that each of the n components of every 
solution s{t) of the system s = Bs/t is O (t°) as t—> œ, where c is a constant 
depending on B. 

The substitution ¢—exp?* transforms -the system s == Bs/t, where 
s’ = ds/dt, into the system ds/dt* = Bs, which has constant coefficients ( Euler- 
Cauchy). Hence, the general solution of the latter system is a linear com- 
bination of exp (mE), ",exp (utl*), if the characteristic numbers py, °°, pn 
of B are all distinct. If they are not distinct, there is the possibility (though 
not the necessity) that some of the exponentials acquire the factors log t*, 
log? ¢*,---, log”! t*, each of which is O(¢*)* for every fixed « > 0. In any 
case, if » denotes the greatest of the real parts of the n characteristic numbers 
pa, every solution s is seen to be O exp (ct*), where c= p -+e and e > 0. 
Since 2* = log t, this O-estimate completes the proof of (ii). 


10. Suppose that the O(1/t) of the hypothesis of (ii) is generalized to 
O(1/t#), where » is a fixed positive index. In contrast to the “rank” in 
the Poincaré-Perron-Birkhoff theory of Thomé’s normal series for the ana- 
lytical case, » need not be an integer. But this contrast is unessential, since 
the theory of “rank” can be transcribed to the so-called hypercontinuous 
case, in which case the coefficient functions, instead of being analytical, have 
derivatives of arbitrarily high order and possess formal expansions proceeding 
according to powers of ¢, which can be fractional. What is essential is that 
no such expansions need now exist for the functions occurring in the coefficient 
matrix, which are allowed to be arbitrary continuous functions of t. 

It is clear from the proof of (ii), where » — 1, that the estimate supplied 
by the assertion of (ii) can in no sense be improved. On the other hand, if 
#> 1, then (i) is applicable, and so the estimate in the limiting case u = 1 
- of (ii) appears as being quite rough. However, if a—1 is thought of as the 
limiting case of the case x < 1, then the estimate supplied by the assertion of 
(ji) becomes sharp indeed, since all that can in general be true in the case 
p < 1 is contained in the following fact: . 


+ 
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(ii bis) Jf F(t) is a matrix of n° continuous functions which, as t— œ, 
are O(1/t"), where 0 < p < 1, then each of the n components of every solu- 
tion of the system 2’ = F (t)z is O(et™) as t— œ, where c is a sufficiently 
large constant, depending only on p and on the n°? constants multiplying 1/t# 
in O(1/t4). 


In fact, the “ best” majorant system for the successive approximations 
to the solution of = F (t)z is now a system of the form s’ = Bs/t#, where 
the notations are the same as in the above proof of (ii); so that B is a real 
constant matrix with non-negative elements, and s is a vector (s1,' * * , sn). 
But s denotes ds/dt, and so it is readily seen that the introduction of the ' 
(generalized) logarithmic time-scale, defined by the substitution 


t—> (lgt)/(1—y),  (0<n<1), 


transforms the majorant system s’ = Bs/t# of z = F(t)2 into s = Cs/i, 
where the last prime refers to differentiation with respect to the new t and C 
denotes 1/(1-— x) times the constant matrix B. (The factor 1/(1—x), 
occurring in the definitions of the t-transformation and of C, is positive, 
since 0 < p < 1.) But if c is any number greater than the real part of any 
of the n characteristic numbers of the constant matrix C, then, for that trivial 
reason on which the end of the above proof of (ii) depends, each of the n 
components of every solution s = s(t) of s — Cs/t is O (t°) as { — ow. 

Since the inverse of the substitution of the last formula line is the 
transformation 


tet, (0 < x < 1), 


and since the latter transforms the system s = (s/t into the original 
-majorant s’ = Bs/t# of the given system 7 = F (t)z, the estimate O (t°) of 
the solutions of s’ — Cs/t proves the exponential estimate of the assertion of 
(iibis). It is also seen that this exponential estimate cannot be improved, 
since F(t) may be exactly 1/#* times the constant matrix B. 


11. Proof of (i). Let any given solution z(t) = (2:,°  ',%) of 
x’ — F(t)z, where F(t) = (fix), be thought of as determined by the initial 
vector x(c), where c is a fixed value of ¢. According to (11), it is possible to 
choose c so large that 
(13) 3 [ut] dt 3 

kzi / C 


holds for all n values of 4. It will be assumed that c is fixed in this manner, 
and that c = t < ‘œ. 
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Let Cn, where m = 1,2,: : - (and, for the present, Cm & œ) be the 
least common upper bound of the n funetions 


(14) | z(t) u 2,” (t) |, nn He | 2,9 (4) — za" (t) | 


for cSt < œ, where, if zı(c),‘ **,Za(c) are the initial constants deter- 
mining a solution z:(4),: **,Za(t), the functions 2,°(2),' * ', 2° (t) are 
respectively equal to 2:(c),- * *,Za(c) for every ¢ and the remaining tunc- 
tions z;"(¢) are those assigned by the recursion formula of the successive 
approximations, that is, by 


nd) + f | 3 fur(u)ar" (u) du. 


If m is here replaced by m — 1, it follows, by subtraction, that the absolute 
value of the :-th of the n functions (14) does not exceed 


in | on 
f Sl few ar) — aru) dus f S | fa(u)| On- du; 
ce k=l ë k=l 


a bound which, according to (13), is majorized by $COm-ı Consequently, 


Cm 4Cm+1. Hence, Cı + C2:+: is a convergent series. Since Om majorizes _ 


all n functions (14) for every t, and since the m functions 2;1(¢) are inde- 
pendent of ż, it follows that the functions z,” (t), - :,2,"(4), where 
m= 1,2,; -> and cZ t< œ, are uniformly bounded. This proves (12), 
since 2” (t) —>z(t) as m— œ holds for every t. | 

Although (12) claims less than (i), it implies (i) in virtue of (13). 
In fact, since z(t) is a solution of z = F (t)z, 


ee f Oy Cen 


Hence, the assertion of (i) is equivalent to the convergence of the integral 


Great 


But (12) and (11), where (fix) = F, imply the absolute convergence of this 
integral; so that the proof of (i) is complete. 


12. Proof of (*). The assumptions and the assertion of (*) are 
invariant under transformations of x into Tr, where T denotes a constant 


À 
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matrix of non-vanishing determinant. Since the elementary divisors belonging 
to A, are supposed to be linear, it follows that A, can be assumed to be a 
diagonal matrix. Then, if M," ‚An denote the characteristic numbers of 
Ao, the system 2’ — A (t)z appears in the form 


(14) dé = Miti F Z fis (t) te, ‘ (G=1,;' ° n), 


-~ 


where fis (t) represents the continuous function which, in the notations of the 
wording of (*), is the difference ai,(¢) — az. Hence, the assumption (1) 
of (*) means that (11) is satisfied by (14). 

The trivial system y — A,y belonging to the representation (14) of 
v — A(t)x is the system y; == yi and has, therefore, the general solution 
yilt) = ce", where i==1,---,n. Accordingly, the assertion of (*) is 
equivalent to the statement that, if (x, - * ,2,) is any solution of (14), 
each of the n functions | 
(16) zi (t) = eta, (i) 


tends to a finite limit, c4, as É—>10. Consequently, it is sufficient to show that 
. the n functions (16) represent a solution of some system 7 == F'(t)z to which 
(i) is applicable. But such a system results if (14) is expressed in terms of 
the z; defined by (16). 

In fact, if x, = etz; and its derivative ti”, which is identical with ext 
times 2,’ + Az, are substituted into (14), the resulting transform of (14) 
may be written in the form 
(17) gi = 5 g Ar-M) tfi (t) FR 


k=l 


This system is of the type z == F (t)z, except that the matrix element fix of 
F = (fix), instead of being the function f(t) occurring in (14), is err? 
times that fi.(¢). But the exponential function multiplying the latter f(t) 
is of absolute value 1, in virtue of that assumption of (*) which has not been 
used so far, namely, of the assumption that À," *,A, are purely imaginary. 
(possibly 0). Since (1) is satisfied by the functions fix (4) occurring in (17), 
it follows that (1) is satisfied by the elements fix(t) of the matrix F = (fix) 
also. This proves that (i) is applicable to the representation 7 == F(t)z of (17). 


Remark. What is actually used in this proof of (*) is, not the full force 
of the assumption that all n characteristic numbers A; be purely imaginary, 
but merely the assumption that the n° exponential factors be of absolute value 
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1 for every t. And this will be the case whenever all n? differences À; — Àk 
are purely imaginary (including 0). But all that this assumption requires is 
an arbitrary common real part for all characteristic numbers. Thus the true 
content, though not the almost-periodie wording, of (*) actually is a theorem, 
the algebraical assumption of which is just the opposite of the corresponding 
assumption of Poincaré’s theorem (in which the real parts of the characteristic 
numbers are required to be all distinct). 
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SPANS IN LEBESGUE AND UNIFORM SPACES OF 
' TRANSLATIONS OF PEAK FUNCTIONS.* 


By RALPH PALMER AGNEW. 


1, Introduction. For each p= 1, let Ly be the Lebesgue space whose ` 
elements are the real or complex valued measurable functions f(x) such that 
| f(x) |? is integrable over — co < æ'< œ. The distance | f: — fı || between 
two elements f, and f, of Lp is defined by 


(1.1) If tl fe) — la) pany, 


Let Ei be a set in Ly. The linear manifold M(E) determined by .E is the set 
of all linear combinations (finite) of elements of E. The span S,(E) of E 
in Ly is the closure in Lp of M(E). 

Let FeLp For each real h, the translation F(s + h) of F(z) is also 
in Ly. Let Tr denote the set of translations of F.. Wiener [4] showed that, 
when Fe Lı, Sı (Tr) = L if, and only if, the Fourier transform of F has no 
real zeros; and that, when Fe Lo, 8,(Tr) = La if, and only if, the set of zeros 
of the Fourier transform of # has measure 0. Segal [3] complicated matters 
by showing that, when 1 < p < 2, there is an element F of Lp such that 
(i) the zeros of the Fourier transform of F have measure 0 and (ii) the span 
Sp(Tr) of the translations of F does not include the whole space Lp. The 
author [1] has shown that if p > i and F is a simple step function, then 
S&,(Tr) = Lp. | 

It is the main object of this paper to prove the following theorem by a 
direct method which shows how one may approximate a given function in Lp 
by linear combinations of translations of a given peak function. 


THEOREM 1.2. If p> Land F is a peak function, then Sp(Tr) = Lp- 
Uniform approximation and truncated peak functions are treated in 6 


and 7. 


2. Peak functions. In terms of positive constants a and b, a peak 
function F(x) of width 2b and height ab is defined by the formula 








* Received March 14, 1945; Presented ‘to the American Mathematical Society, 
April 27, 1945. 
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(2.1) Flea)—aßb—|z|) | 
=, 9 | 


— 


The Fourier transform G(w) of this function F (x) is the continuous non- 
negative function for which G(0) = ab? (2r) and 


(2.2) G(w) = (1/22)? f = F(x) eiwedz = (2/7) Va 1 —= bu 
+ —o 
when #-<0. Wieners results imply that Sı (Tr) Ly, and S2(Tr) = In. 


3. A lemma. In our proof of Theorem 1.2, we shall use the following 
lemma three times. 


LEMMA 8.1. Let p>1. Let f(x) be a bounded measurable function 
vanishing outside the interval c — d < x < c+ d, and let f(x + d) = f(x) 
[or f(x+d)—=.-f(x)] when c—d=x=<c. Le g(x)—f(x) when 
c—d=zx=c and g(x) =0 otherwise. Then Sp(T;) contains g. 


Let e>0. We establish the lemma by giving an explicit method for 
selecting a linear combination f. of translations of f such that | g — fe || < €. 
Let M be a constant such that | f(x)| SM for each z. Let n be the least 
positive integer such that 


(3.2) Md¥e(n +1) nt < e. 
Let 
(3.8) Fed) + È (— 1)" —k/n)f(s— kd) 


where 8—0 if f(x +d) —f(x) and 8—1 if fe +d) =— f(s). Then 
| g(x) — fe(x)| is zero except over n + 1 intervals, each of length d, where 
it is at most JJ/n. Therefore 


(3. 4) lg—fel = cf" (I /n)Pde}/? = Md¥?(n + 1)Ven'< e 


and the lemma, is proved. 


4. Approximation to narrower peak functions. We shall show how 
to approximate narrower peak functions by linear combinations of translations 
of a given one by proving the following lemma. 


T- 


# 
——— ——— 
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Lemma 4.1. Let p>1. Let F(x) be the peak function of width 25 


defined by (2.1), and let F,(x) be the narrower peak function, of width b/2, 
defined by 


(4. 2) F(z) =0(b/4—|#|) | o| S0/4 
— 0 | x | > b/4. 


Then 8,(Tr) contains Fy. 
Let bı == 6/4 and let 
(4. 3) fi(v) = F(x + 20,) + F(x — 2b;) — F(x). 


Let gi(z) be the function defined by 


(4. 4) gi(x) = a(x + 60,) — 6b, S 175 — 4b, 
== 20D, — 4,2125 —2b, | 
SG à — 2b, Se =0 
== 0) otherwise. 


The hypotheses of Lemma 8. 1 are satisfied when f = fu g == gu c —0, and 
d = 6b,. Hence the span of the translations of fı includes g, and therefore 
the span of the translations of F includes gı. 


Let 
(4. 5) fa (£) = F(x) — 2g. (£ — 3b) 
and 
(4.6) galz) = a(x + 4b.) — 4b, < z & — 3b 
— (x + 2b) — 3b, 2175 — b 
== GT | — b Sro 
-= () “ otherwise. 


The hypotheses of Lemma 3.1 are satisfied when f == f2, g = 9», c = 0 and 
d = 4b,. Hence the span of the translations of f, includes g, and therefore 
the span of the translations of F includes g». 

Finally, the hypotheses of Lemma 3.1. are satisfied when f(x) = g2(x) 
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and g(x) = F(s + 3b,). Hence the span of the translations of g includes | 


F(s -+ 8b,} ; therefore the span of the translations of F includes F, (x + 3b,) 
and hence also F,(z). This completes the proof of Lemma 4.1. 

By repeated application of Lemma 4.1, and use of the fact that if 8, (T;) 
contains g then $,(7;) contains 8,(T,), we obtain the following lemma. 


Lemma 4.7. If F ts a peak function of width 2b and G is a peak 
function of width 
(4. 8) ô == 2b/4" 


where m is a positive integer, then Sp(Tr) contains G. 


5. Proof of Theorem 1.2. Let p > 1, let fe DL», and let F be a given 
peak function defined by (2.1). Let e > 0. By a fundamental theorem on 
approximation, there is a continuous function fı(r), vanishing outside some 
finite interval — a 2S, such that | f— fı | <e/8 We may choose a 
positive number 8, such that the number $ defined by $ — 28, has the form 
(4. 8), and moreover the number d, is so small that || fa — fı || < e/3 when 
f2(x) is the polygonal function for which f,(n8,) = f,(né,) when n= 0, 


+ 1, Æ+ 2,7- and which is linear over the interval nè, = x = (n +1)ô, 
for each n = 0, + 1, + 2, +. The polygonal function is a finite linear 
combination of peak functions of width 8 == 28,; in fact if € 

= 0 | T | > ði, 
then 
(5.2) fe(z) = X, fe (n81) G (£ — nà:), 


the sum ranging over the finite set of values of n for which f2(n8,) = 0. 
Since Lemma 4. 7 implies that S (Tr) contains @(z), it follows from (5.2) 
that S,(Tr) contains f,.(xz). Hence there is a linear combination Fe(s) of 
translations of F(x) such that | fe — Fell <«/3. Our inequalities imply that 
ıf—Fe.l<e Hence 8,(Tr) contains f and Theorem 1.2 is proved. 

6. Uniform approximation. A modification of the above proof of 
Theorem 1.2 furnishes a proof of the following theorem on uniform 
approximation. 


F 
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THEOREM 6.1. Let F(x) be a peak function defined by (2.1). Let f(x) 
be a continuous function for which f(x) — 0 as >» and as z—— o. 


Then to each e > 0 corresponds a linear combination Fe(x): of translations of 
F(x) such that 


| H2) — Fe(z)| Ke  —co << 0. 


The author is indebted to the referee who pointed out to him that this 
theorem is implied by results of Boas and Bochner [2]. In the latter paper, 
the italicized statement on page 287 deals with functions f(t), g(t), and a 
weight function p(t). If we assume that p(t) = 1 and that g(t} el, then g 
has an ordinary Fourier transform and the approximation 


Od — Ag(t + A) << 


is possible whenever (i) f(t) and g(t) are continuous, except for disconti- 
nuities of the first kind in g(t), and have limits 0 frz — + œ and (ii) 
there is no interval over which the Fourier transform of g(t) vanishes 
everywhere. | 


7. Truncated peak functions. Lemma 3.1 and Theorem 1.2 provide 
a basis for a short proof of the following theorem. 


THEOREM 7.1. Let p>1. Let p(x) be the truncated peak function 
defined in terms of positive constants a, b, and q for which q < b by the 
formula 


(7.2) p(z) =a(b—q) KET 
—a(b—|x|) gS|e|&b 
= 0 zlzb 
Then p(T) = Lp. 
To prove this, let 
(7.3), (re) = (x) +(e +b + 0) 
and | 
(7.4) f(t) = pı (2) — p (2 —b + 9). 


Then, when g(a) is a translation of the peak function (2.-1), the hypotheses 
of Lemma 3.1 hold. Hence, by Lemma 3.1, S,(T;) includes g and therefore 
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Sp(Te) includes g. Since, by Theorem 1.2, 8,(7,) = Lp it follows that 
Sp(Tg) = Lp and Theorem 7.1 is proved. 
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SOLUTION OF A PROBLEM OF G. KOETHE.* 


By JAKOB Levirzxt. 


1. Preliminaries. The following problem has been proposed by G. 
Koethe: Is it possible to deduce the nilpotency of a nil-ring by assuming 
the maximal condition (in short: M-condition)? for the r. ideals? This problem 
has been generalized by R. Baer, who says [1, p. 553] “it seems to be an open 
question whether or not the maximum condition for r.ideals is sufficient for 
nilpotence of the upper radical.” In the present note? we answer the question 
of Baer, and by implication also that of Koethe, in the affirmative. Moreover, 
since it is not known whether, in general, the upper radical contains all one- : 
sided nil-ideals of the ring, it is of interest to note that the M-condition for _ 
the r. ideals implies the nilpotency of all one-sided nil-ideals of the ring (com- 
pare Theorem 5 of the present note) and thus ensures the existence and the 
nilpotency of the radical in the sense of Koethe [3,p.169]. An analogous 
result concerning the minimal condition (in short: m-condition) has been 
proved by C. Hopkins [2,§ 3]. 

Turning to the more general problem concerning the nilpotency of sub- 
rings, first note that the following useful lemma can be easily verified: 


_ Lemma. If A is a nilpotent ideal of a ring S, and if each nil-subring of 
S/A is nilpotent, then also each nil-subring of S is nilpotent. 


Applying this lemma to a semi-primary ring (i. e., a ring S with a nil- 
potent radical N and with a semi-simple quotient-ring S/N), it follows 
directly from the author’s theorem [4, $ 2] that each nil-subring of a semi- 
primary ring is nilpotent (see [2,83]). On the other hand, applying our 
lemma to the final result of the present note (Theorem 6) we obtain the 
following theorem: If A is a nilpotent ideal of a ring S, and if the M- 
condition holds for the r. ideals as well as for the I. ideals of S/A, then each 
nil-subring of S is nilpotent. This last result is a considerable extension of 


* Received January 18, 1945, 

1G, Koethe [3, p. 1651. The numbers in brackets refer to the bibliography at the 
end of the paper. 

2 The abbreviations used in this paper are listed at the end of 1. 

8 Some of the results of the present note were proved in the author’s paper “On 
multiplicative systems” which was actually in the press for publication in the 
Compositio Mathematica in 1939; it does not seem to have appeared, presumably owing 
to war conditions. 
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the aforementioned result concerning semi-primary rings since, as is well 
known, the M-condition holds in a semi-simple ring for both r.ideals and 
l. ideals.* 


Since an extensive use will be made here of the author’s former results 


[5, §2], it is convenient to adopt the terminology introduced in that paper. ` 


Thus a ring T is termed semi-nilpotent, if each subring of T which is 
generated by a finite set of elements, is nilpotent. A ring which is not semi- 
nilpotent is called semi-regular. The sum N of all semi-nilpotent ideals of a 
ring S is defined as the radical of the ring. The radical N is a semi-nilpotent 
ideal; it is a radical-ideal in the sense of Baer [1, § 1]; it contains all one- 
sided semi-nilpotent ideals of the ring, and the radical of S/N is zero. 
Finally, if ae S, then ae N if and only if aS CN (or Sa CN). 

We shall use the notion of the right quotient (A: K), which is defined, 
- for an ideal A and an arbitrary subset K of S, as the set of all elements x of S 
satisfying the relation K-= CoA. This set is evidently a r.ideal in $. Simi- 
larly the left quotient (A: K); is defined as the set of all elements x satisfying 
the relation v: K CA. An immediate consequence of the definition is the 
following property of the quotient: If KG L, then (A: K),2 (A:L)r, 
and (4: kK); (A:L)ı. 

The following abbreviations are used in the present note: Maximal 
condition == M-condition ; minimal condition = m-condition; two-sided ideal 
== ideal; right ideal = r. ideal; left ideal — 1. ideal. 


2. Semi-nilpotency of nil-rings. The theorems of this section are based 
on the properties of the radical [5,§ 2] which were described in the previous 
section. 


THEOREM 1. Let S be an arbitrary ring, T a semi-regular nil-subring 
of Sand N the radical of 8. Then there etists an element ain T such that, 
on putting R=a-T and L—=T:a, we have: 


1) , The rings R, L, R-S and S L are again semi-regular. 

2) T-SDR-8,8-TDS-L. | 

3) (N:T)ıC (N:R), (NI Th} C (N:L)r. 

4) Thel.ideal (N: BR)ı and the r.ideal (N: L), are semi-regular. 
Proof. Denote by N* the radical of T. Since 7’ is semi-regular and N* 


is semi-nilpotent, we have N" C T. Now choose an element a such that aeT, 


4 Further extensions of this result and others related to it will be discussed in a 
subsequent paper. 
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o & N“; then it follows that a has the required properties. Indeed, on putting 
R =a: T, L= T-a, it follows (see [5, Theorem 5]) that R, as well as L, 
is semi-regular, Since the radical of T/N* is zero, R? and L? must also be 
semi-regular, which in view of PC #R-S, P Q8- L implies that R-S and 
S- L are also semi-regular. To prove 2) note that 0 T-S.R-S and 
that from T : S == R- S =a: T: 8 it would follow. by left multiplication that 
T : S = aœ- T - KÆ 0 for each k, which would imply that a*=<0 for each k, 
in contradiction to the assumption that T was a nil-subring. Hence 7-8 
> R- 8, and similarly 8 TOL-T. Turning to the proof of 3) first note 
that from T D R it follows that 


(1) (AT (N: R)ı. 


Since, further, æ is nilpotent, and a:.7 Q- N it follows that an integer k exists 
such that k D1, aT CN and a&*-T CN, which implies that 


(2) @+e(N:T)1, ate (N:R)1. 


From (1) and (2) follows the first part of 3). The second part of 3) can be 
proved similarly. As to the proof of 4), it follows from the definition of the 
quotient that NC (N:T):, and hence from the first inequality under 3) 
that we have N C (N:#)1, which implies that (N: BF): is ma 
The semi-regularity of (N: L), follows similarly. 


THEOREM 2. If in a ring S the M-condition or the m-condition holds 
for the semi-regular r. ideals then each mil-subring T of S is semi-nilpotent. 


Proof. Denote by N the radical of S, and suppose that T is a semi- 
regular ring, then by Theorem 1 there exist semi-regular subrings R, and Ly 
in F such that R, S and (N: Li)r are semi-regular r. ideals in S satisfying 
the relations TS > RS, (N:T)»C (N: Li)r. Now by replacing in Theorem 
1 the ring T by R, (or by Lı), we similarly deduce the existence of semi- 
regular subrings R and L such that RS D RS and (N: In)- C (N: La)r 
Proceeding in this manner we obtain, by induction, the infinite descending 
chain of semi-regular r. ideals | 


(3) RS 2 RS 2: 
and the infinite ascending chain of semi-régular r. ideals 
(4) "AN ib C (N:D)- C 


By (8) and (4) it follows that as well the m-condition as the M-condition is 
incompatible with the supposed semi-regularity of T, i.e., that T is semi- 
nilpotent. 
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Since, in particular, either the M-condition or the m-condition of Theorem 
2 implies that all nil-r. ideals and all nil-l. ideals are semi-nilpotent, it fol- 
lows from Koethe’s definition of the radical [3, § 3] and from Baer’s definition 
of the upper radical [1,§ 1] that 


THEOREM 3. If in a ring S the M-condition or the m-condition holds 
‚for the semi-regular r.ideals, then the radical in the sense of Koethe exists 
und is equal to the radical N of the ring. The radical N is then also identical 
with the upper radical in the sense of Baer. 


3. Chain-conditions for nilpotency of nil-subrings. In this section 
we shall prove inter alia the statements made in Section 1. | 


THEOREM 4. [fan a ring S the M-condition holds for the semi-nilpotent 
r. ideals, then the radical N of the ring S is nilpotent. 


Proof. From the M-condition it follows that N contains a finite set of 
elements @,@,° * `, am such that N? = (aN, aN, ` :,amN). Now denote 
by A the ring generated by the a;; then we evidently have N°? =A-N. 
Multiplying this equation by N we obtain N? = AN? = A?N. Proceeding in 
this manner with right multiplication by N we obtain, by induction, 


(5) Nt Abin, (b— 2,3,- ++). 


Now since N is a semi-nilpotent ring, and since A is generated by a finite set 
of elements belonging to N, it follows that A is nilpotent, and by (5) that N 
also is nilpotent. | 


Remark. In a previous note it has been shown by the author [6, 
Theorem 4] that the nilpotency of N is also a consequence of the m-condition 
for the two-sided semi-nilpotent ideals of the ring. The foregoing theorem is 
an extension of the well-known fact that from the maximum condition for 
the r. ideals it follows that the sum of all nilpotent r. ideals is itself nilpotent. 


The following theorem includes the solution of the problems of Baer and : 


Koethe which were discussed in Section 1. 


THEOREM 5. Let N denote the radical of a ring S. If the M-condition 
holds for the r. ideals of S containing N (1.¢., for the r. ideals of S/N) and 
for the r. ideals contained in N (i. e., for the semi-nilpotent r. ideals of S), 
then all nil-r. ideals and all mil-l. ideals of S are milpotent. 


Proof. Denote by T any nil-r. ideal or nil-l/ ideal of S; then (T, N)/N 
is a nil-r. ideal or a nil-l. ideal in S/N. Now the radical of S/N is zero [5, 
Theorem 3], i.e., each non-zero one-sided ideal of S/N is semi-regular, and 
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since by Theorem 2 the nil-subring (T, N)/N of S/N must be semi-nilpotent, 
it follows that (T, N)/N must be the zero ideal of S/N, i.e, TOC N. Now 
it follows, in view of Theorem 4, from the second condition of our theorem, 
that N is nilpotent, and since T is a subset of N, that T also is nilpotent. | 


Remark. An analogous theorem for the m-condition can be derived as 
u consequence of the author’s former result [6, Theorem 5]. However, we can 
‚now improve this result as follows: 


THEOREM 5a. Let N denote the radical of a ring S. If the m-condition 
holds for the nil-r.ideals containing N, and for the ideals contained in N, 
then all mil-r.ideals and all nil-l. ideals of S are nilpotent. 


Proof. Indeed it is easily verified that if the semi-regular subring T of 
Theorem 1 is a nil-r. ideal or a nil-l. ideal, then the rings R-S and S: L of 
that theorem are a nil-r. ideal and a nil-l. ideal, respectively. Accordingly, we 
may assume that in this case the r. ideals of the descending chain (8) in the 
proof of Theorem 2, are all nil-r. ideals. These remarks, combined with the 
author’s former result [6, Theorem 4] yield, as in the proof of Theorem 5, 
the required result. 

Turning now to the problem of nilpotency of subrings, we prove 


THEOREM 6. If the M-condition holds for the r. ideals as well as for 
the l. ideals of a ring K, then each nil-subring T of S is malpotent. 


Proof. It follows from the M-condition for r. ideals that there exists in T 
a finite set of elements a,™, a) ,---,a1 9 such that T - S = (4, S, a. 8, 
"t> am 8). Denote by À; the ring generated by the a‘; then we evidently 
have 7-S = A8. Similarly it follows that T contains a finite set of elements 
ty), ag, t p an P such that PS — (a PTS, '**, an PTS). Denoting by 
A, the ring generated by the a(%, we obtain 7°S = AT: 8 = Ar Az Ñ. 
Proceeding in this manner we obtain, by induction, an infinite sequence of 
rings A,, As,‘ ', each of which is generated by a finite set of elements of T, 
` such that we have 


(6) TES = ArApi’ * ' A1S, ‘  (k=1,2,°°°). 
Now suppose that _ 2 i | 

(7) Tr s£ 0, (k= 1,8," ::); 
then by (16) in view of TES 2 pP ne would -have 

(8) Ardxı" + 4% 0, (k= 1,2,- °°). 


Since, by Theorem 2, the ring T is semi-nilpotent, it follows by the definition 
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of the A that each Ay is nilpotent. Hence by (8) we deduce the existence of 
a positive integer s = s such that 

, das Am AS = 0, Aea ASA s>1, 

which implies that 


(9) AŒ (0: Arat- AS) As C (0: Ara: * : A9}, 


ne, (0: Ana’ AS) (0: Ardea’ : 418). On the other hand, it fol- 
lows from (6) in view of 7%. 8 C T#1.$ that 


(10) (0: Axı nA  A1S ): ec (0: Ax: ° AÑ }2. 
By (9) and (10 we finally obtain 
(11) (0: Ana’ + + Ai-8)1C (0: Axa Ar), (k—2,8,: -:), 


1.e., an infinite ascending chain of l.ideals, which is a contradiction to the 
M-condition for /.ideals. Hence, the supposition (7) is false, i.e. T is 
nilpotent. 


Remark. Applying the lemma of 1 we can extend Theorem 6 if we 


replace its conditions by assumptions analogous to those of Theorem 5. 
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UNIVERSAL FUNCTIONS OF POLYGONAL NUMBERS, IIL* 


By L. W. GRIFFITES. 


1. Introduction. The universal functions of polygonal numbers of order 
m + 2, with the sum of the coefficients in each function equal to m + 4, are 
determined in this paper. If the sum of the coefficients is at most m + 3 the 
universal functions have been determined." A necessary and sufficient con- 
dition that the universality of a function of weight m + 4 be not implied by 
that of a function of weight at most m + 3 is proved. For each m such that 
m=3 a universal function of weight m +4 satisfying this condition is 
exhibited. | 
In this paper use is made of facts on simultaneous representation due to 
Dickson,? and new results are proved for the case (1,2,2,3) with b divisible 
by four. l , 
The general development of this paper is suggested by the first paper to 
which reference has been made. Certain notations and facts established in 
that paper are used. Many proofs are so similar that they are not presented 
here. | 
-The polygonal numbers of order m +2 are defined, for m a positive 
‘integer, by p(x) =s -+ m(x°—x)/2 with æ—0,1,2,: --. Here m>3, 
for the reasons stated in I. The coefficients a,‘ : :,an in the functions 
f = (Qrt, Qn) = QP ++ anPn are positive integers to be determined. 
Also 1= a: SS +++ SM, and, by definition, = au ++ (ISk=Sn) 
and w == Wn. It will be proved that, if w = m + 42 7, then f is universal 
only if f satisfies (1), or (2), or (3), or (4), or (5) and (7), or (6) and (7). 
It will also be proved that f is universal if f satisfies (1) or (2) or (4). If f 
satisfies (3), or (5) and (7), or (6) and (7), then f represents every positive 
integer A except perhaps when A is in the specific range stated in Theorem 6. 
This range depends only on m and f. The methods of this paper are applicable 
to the verification that f actually represents these integers A. Verification is 
practically certain, and is being carried forward as assistance is available. 


* Received November 30, 1944. i 
1 L, W. Griffiths, Annals of Mathematics, vol. 31 (1930), pp. 1-12; American Journal 
-~ of Mathematics, vol. 66 (1944), pp. 97-100. These papers will þe cited as I and II 
respectively. 
° L. E. Dickson, American Journal of Mathematics, vol. 56 (1934), pp. 513-528. 
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2. Necessary and sufficient conditions that f represent integers less 
than 145m +25. The following lemmas and theorems have been proved by 
methods similar to those used in the proofs of the corresponding facts in I. 


Lemma 1. If w—m + 4, then f=0,---,m+1 if and only if 
f == (1,02, + +,an) and & = Wei +1 RSk=En). 


Lemma 2. Ifw==m-+4and if f—(1,1,°-:,an), then f=m-+5,-°-, 
2m +3 if and only tf ax Swe. (8 Sk Sn). 


Lemma 3. If w= m+42 8 and if f = (1,1,°--,an), then 
f=2m-+6,---,8m+2 tf and only if ag==1 or 2 and ax = wei — 1 
(454 s5n). 
| Theorem 1 follows from Lemmas 1, 2, and 3, and direct verification for 
the integers m +2, m +3, m +4, 2m +4, 3m +5, 8m 4-3, if m Z4; 
if m = 3 it follows from Lemmas 1 and 2, and direct verification for the 
integers 2(m +2), ',3m +3. 


THEOREM 1. Fv=m+427and if f = (1,1, ::,a), then 
f = 0, --,8m + 3 tf and only tf a} = 1 or 2 and a, = Wa — 1 
(42 kn). 

If f satisfies the conditions of Theorem. 1 with a; = 1, then it represents 
the integers 3m + 4, -,6m-+ 8 if and only if it is not one of the func- 
tions (1,1,1,1,3,---,a,) with n 226. Hach of these functions does not 
represent 5m-+ 9. If f satisfies the conditions of Theorem 1 with a; == 2, » 
then f==38m-+4,---,5m-+ 7 if and only if f is the function (1,1, 2,3) 
or one of the functions (1, 1, 2, @4,°°+,@n) with @4==2 or 3 and dy SS we — 2 
(5Sksn). If f satisfies the conditions of Theorem 1 with a, == 2 and if 
there is an integer & such that k = 5 and ay = Wp-ı — 1, then f does not 
represent 4m + 6 + a +°>- + ax Each of the functions (1,1, 2, 2, 
@s,°'', An) With ap Sw.1—2 (6SkSn) represents 5m + 8,---,6m-+ 8. 
Each of the functions (1, 1, 2, 3,d@5,°°',@n) with aS wm.i—2 (6k Sn) 
does not represent 5m + 9. The function (1,1,2,3) has w= 7, and hence 
m==3 and 5m + 7 — 6m + 4; it represents 6m + 5,---,6m-+ 8 by direct 
verification. | 


THEOREM 2. If w =m + 4 = 7 and if f = (1,1,: -,@), then 
f= 0,- -, 6m +8 if and only if f satisfies (1), (2), (3), or (4): 


(1) f= (1, 1, 1, 1, ds,’ | u; Oy = Wr — Í (D=k=n), and 
as Æ3 tf n>5, 


(2) f == (1,1,1,2,0,° ° +, an), Oy = Wr- — 1 5=Sk=Shn), 


a atata 


+ 
* ` 
mand z 


‘ 
=. AO aq u en ee 
en 
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(3) F= (1,1, 2,2, s` `, an), te = Wri —R (5=kENn), 
(4) f= (112,3). 


Lemma 4 Ifw— m+ 4 and if f — CL, 2m"; d), then f — 3m + 4 
f, and only if, as = 2. : 


Lemma 5. If w =m + 4 and if f = (1, 2, a3, - - +, Qn), then 
f=m-+5,:-+-,2m+3 if and only if there is an integer J such that 
2S Sn—1 and azn = 3, and that if I< n—1 then ai S Ur: —2 
(J +2 Sk Sa), and that if there is an integer k such that k > J +1 and 
dy = Wy» — 3 then there is an integer K such that agı = dx +1. 


If f satisfies the conditions of Lemmas 4 and 5 then, by the hypothesis 
that the coefficients are arranged so that a, Sa: © - SS dn, it is true that 
f satisfies the conditions of Lemma 1. By direct verification, such an f 
represents m-+ 2, m +8, m +4, ?m + 4, 2m -+ 5, 3m 43. 


Lemma 6. Ifw—m +4 and if f= (1,2, aa an), then f= 2m + 6, 
», 8m + 2 if and only if ar S Wk- —1 (8SkSn). 
Theorem. 3 follows from Lemmas 1, 4, 5, and 6. 


THEOREM 3. If w=m+427 and if f= (1,2, as, ` *,@n), then 
f= 0,» > . ‚3m +4 tf, and only tf, as =2 and there is an integer J such 
that 3 SJ Sn—1 and 2 = Q, "0 and azı —8 and that the 
remaining coeficients satisfy the conditions of Lemma 5. 


If f satisfies the conditions of Theorem 3 and if there is an integer k such 

that k = J -+2 and ax = Wy- — 2, then f does not represent 4m + Y -+ ax. If f 
satisfies the conditions of Theorem 3 with  S wa —3 (J+22kn), 
then f= 3m + 5, :-,7m +10. If the function (1,2, 2,3,a5,- ' +, an) 
satisfies the conditions of Theorem 3 and has a S wrı —3 (J +2SkSn), 
then it represents Ym + 12 if, and only if, there is an integer $ such that 
S=5 and ag—4. The function (1,2,2,3) represents Ym + 12 but does 
not represent 8m + 12. If the function (1,2,2,2,4s,° + *,4m) satisfies the 
conditions of Theorems 3 and has  S Up —3 (J +2 < k&n), then it 
represents the integers Ym ~-+-11,---,1%?m-+-14. If the function (1, 2, 2, 3, as, 
Ez `, an) satisfies the conditions of Theorem 3 and if there is an integer S such 
that $>4 and as = 4, and either § =n or “= Wr —8 (S+-ISkSn), 
” then it represents the integers 7m + 11,- - -,17m +14. If the function 
(1, 2, 2, 2, 8, 7,@:,° * *,@n) with n= 7 satisfies the conditions of Theorem 3 
and has  Swı —3 (J +2Skn), it does not represent 17m + 16; 
the same fact is true of the function (1, 2, 2, 8, 8, 5, a, - -, an) if a, 566 
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(7Sk=n). It has been proved by direct verification that each of the 
remaining functions, that is, each function which satisfies the conditions of 
Theorem 3 and which represents 3m + 5,:.: -, 17m +16, does indeed 
represent 17m + 17,: - -,147m + 37. These facts and Theorem 3 prove 
Theorem 4. 


THEOREM 4. If w—m+4zT and tf f= (1,2, as,’ ` - ,@n), then 
f=0,---,147%m + 37 if, and only if, f satisfies (5) and (7), or (6) and (7): 


(5) f= (1,2,2,2, @,°"",@n), 2 =Q, =: ' = ay, Oy = 3, J=n—l 
Or Oy = Wr — 3 (J H2 Sk Sn), but f is not (1, 2, 2, 2, 3,7, 
` +, ün) with n= 7 and f ts not (1, 2,2, 38,5,° - - , an) with 

n Z Vanda #6 (TSkSn). 


(6) f = (1,2, 2, 3, ds, ° | Qn), 8 = l, =: a, dg = 4, Sn 
Of ak = Up — 3 (IS+1ISkSn), 


(7) af there is a coefficient ax such that ax = Wp — 3 then there is a 
coefficient greater than a, and the first such coefficient is indeed 


ax +1. 


It has been proved by direct verification that: if f satisfies (1) then 
f— 6m + 9,--:,208m +28; if f satisfies (2) then f—6m+9,---, 
387m + 116; if f satisfies (3) or (4) then f—6m-+9,---,145m + 25. 


3. Universality of the functions in Theorem 2 and of the functions: 


in Theorem 4 Theorem 5 has been established by methods similar to those 
used in the proofs of the corresponding facts in I. Use was made of facts on 
simultaneous representation due to Dickson,? of results equivalent to his for 
the case (1,2,2,2) stated in Lemma 9, and of new results for the case 
(1,2,2,3) with b divisible by four stated in Lemma 8. 


THEOREM 5. If f satisfies the conditions of Theorem 2 or the conditions 
of Theorem 4, then there is a positive integer M, depending only on m and f, 
such that f represents every integer which is greater than M. If f satisfies (1) 
with as = 1, then M = 44m + 40; if f satisfies (1) with as = 2, or tf f is 
(1,1,1, 1,3), then M = 148m + 76; if f satisfies (2) then M = 38%m + 116; 
if f is (1,1, 2,3) then M — 73m + 90. If f satisfies (3) and the value stated 
in Lemma 7 is used for d, then M = [11d(d—5) + 74|m + 2(11d — 29) ; 
if f satisfies (5) and (7), then M = [13d(d—5) + 87]m + 2 (134 — 379) ; 
if f satisfies (6) and (Y), then M = [15d(d—5) + 100]m + 2(15d — 55). 


Lemma 7. If f satisfies (3) then for each function the corresponding 
value of d appears in the following list: d = Ras + 4 if d5-—=3 or 4; d= 8 
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tf as =? and n= 5; d=12 if as =? and as — 2; d — as + 4 tf A = 2 
and de = a,+1. If f satisfies (5) with as = 2, or with as== 3 und ag=5, 
then d = 9; if f satisfies (5) with as = 3, and if n = 5 or ag = 3 or ag = 6, 
then d = 10; if f satisfies (5) with as = 3, and if as — 4 or as ==", then 
d== 12. If f satisfies (6), then for each function the corresponding value of 
d appears in the following list: d == 10 if as = 3; d = 24, as = 4 and n = 5; 
d = 2a, + 4 if as = 4 and as = 5, 7, 9, or 6; d = 28 if a; = 4 and ag = 8, 
OT if ds = 4 = de and n = 6, or if as = 4 = as and ar = 4, 8, or 12; d = 20 
if as = 4 == a, and a; = 5, 6, or 7; d = 2a: +4 if as = 4 = as and a; = 9, 
10, 11, or 18. 

Theorem 6 follows from Theorems 2, 4, and 5, and the facts stated at the 
end of Section 2.. | 


THEOREM 6. If f satisfies (1), or (2), or (4), then f represents every. 
positive integer. If f satisfies (3) then f represents every positive integer À 
except perhaps when 145m +25 < A.< M. If f satisfies (5) and (7), or tf - 
- f satisfies (6) and (7), then f represents every positive integer except perhaps 
when 14%m + 87 < A'< M. The values of M are given in Theorem 5. 


The universality of a function of weight m + 4 is implied by that of a 
function of weight m-+ 3 if and only if the coefficients of the former are 
obtained frora the coefficients of the latter by prefixing a coefficient 1. The 
universality of a function of weight m + 4 is implied by that of a function 
of weight m — 2 if and only if the coefficients of the former are obtained from 
those of the latter by inserting a coefficient 2 or by prefixing two coefficients 
each equal to 1. It is thus proved, by comparison of the functions of Theorems 
2 and 4 with the universal functions listed in I and II, that the universality 
of a function of weight m + 4 is implied by that of a function of weight 
m--2 or that of a function of weight m + 3 if, and only if f satisfies one of 
the conditions in the following list: f satisfies (2) with a; = 2, and with 
n=5 OF u Swı—3 (6SkSn); f satisfies (1) with a;=2 and 
Oy = wer —2 (CS kS n); f satisfies (1) with a;=-1, and either as = 3 
and n = 6, or as =? and n = 6 or a = weir — 2 (TSkSn), or oe =1 
and dm = wi —R (TS kS n). These facts prove Theorem 7. 


THEOREM 7. The universality of a function of weight m + 4 is not 
implied by that of a function of weight m + 2 and is not implied by that of 
a function of weight m + 3 if and only if the function satisfies (3), or (4), 
.or (5).and (7), or (6) and (7), or it satisfies (1) or (2) and is not in the 
preceding Visé. 


If m = 9 the function f defined as follows satisfies Theorem 7. Define q 
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and r by m — 1 = 4q +7, with 075 8, and let a, == 1 =a, = 05, 
le = 4 =: = lga; Gus =T F 4. Then f satisfies (1) with as — 1 and 
s == 4, and hence f is non-trivially universal. If m = 3, --,8 the following 
functions, respectively, are universal and satisfy Theorem 7: (1,1,2,8), (1,1,1, 
2,38), (1,1,1, 1,1,4), (1,1,2,2, 4), (1, 1, 1, 1, 1,3,3), (1,1, 1, 1, 1, 3, 4). 


4. Lemmas on simultaneous representation for the case (1, 2, 2, 3) 
with b divisible by four and for the case (1,2,2,2). Dickson? proved 
that if a and b are integers such that 


(8) a=b (mod 2), b? = 8a, Va = b? + 2b + 7, b= 0, 


and if b is not a multiple of four, then ‘there are integers x, y, 2, and w, such 
that each is non-negative and that 


(9) a = T° + 2y? + 22? + Bw’, b = x + 2y + 22 + 3w. 
The case in which b is a multiple of four is treated in Lemma 8. ! 


Lemma 8. If a and b are integers such that (8) holds, and if i and h 
are integers such that i = 2 and h Z 1, and if 


(10) b—RB, aad or 24, A and B odd, 


then (9) have a solution in integers, each non-negative, if and only Y no one 
of the conditions (11), (12), (13), (14), (15), is satisfied: 


(11) a = A and i= h + 1, and A=3 (mod 4), 
(12) a=2"*4 and i=h+1 and A— B? of the form 4(8s +5), 
(13) a = RWIA and tZ h +8 and A==5 (mod 8), 
(14) a =A and i—=h+2 and A= 1 (mod 8), 
(15) = RAA and t> h—1 and Amel (mod4). 


The proof of this lemma is based on the fact, which Dickson proved in 
Section 4 of the paper to which reference has been made, that there are 
integers z, y, z, w satisfying (9) if and only if there are integers V, D, W 
such that 
(16) 8a — b? = V? + 8D? + 6W?, 


(17) b + V—4D=0 (mod 8), b — 2D — W = 0 (mod 4). 


The proof also uses the fact that if N is an odd integer then there are integers 
u and v which are both odd such that 4N — wu? + 3v? if, and only if, there 


a nn M u = 
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are integers u, and v, which are both even such that 4N = u? + 3v,?. Hence, 
by using (10) in (16) and an exhaustive separation .into cases, it is proved 
‘that, if there are integers V, D, W satisfying (16), then there are integers 
£z, y, z, w satisfying (9) if and only if (15) does not hold. Now 8a— b? is a 
multiple of four, and a multiple of four is represented by the form V? + 8D? 
+ 6W? if and only if? it is not of the form 4* (8s +- 5). By using (10) it is 
proved that 8a — b? = 4t(8s + 5) if and only if one of the conditions (11)- 
(14) is satisfied. All these facts prove Lemma 8. 
Dickson proved that ifa and b are integers such that 


(18) ae=b(mod2), b Sa, 6a Sb +2046, b=0, 


and if 7a— 6? is not of the form: At (16 + 14), then there are integers 
£, Y, 2, W, such that each is non-hegative and that - 


19° a = T? +. y? + 22? + 2w?, = © -+ 2y + 22 + 2w. 
y y 


If the notations (10) are used in the equation 7a — b? == 4'(16s 4 14), the 
conditions stated in Lemma 9 are verified. 


Lemma 9. If a and b are integers such that (18) holds, and if i and h 
are integers such that i = 0 and h = 0 and the notations (10) are used, then 
(19) have a solution in integers, each non-negative, if and only if no one of 
conditions (20), (21), (22), (23) is satisfied: 


(20) a=2%A and i=h20, and A=1 (mod16) and B= = 3 (mod 8), 
(21) a=2"A and i=h=0, and A=9 (mod 16) and Be=+ 1 (mod 8), 
(22) a==2794 and i =h È 1, and A=3 (mod 8), 

(23) a= 274A and iZh+1ZR, and A=1 (mod 8). 


NORTHWESTERN UNIVERSITY. 


8B. W. Jones, University of Chicago Dissertation. (1928), p. 122. 


x 


THE HOMOMORPHISM THEOREMS FOR LOOPS.* 


By REINHOLD BAER. 


.A loop is a system L of elements with one composition, called addition, 
æ + y, subject to the following rules: 


I. If two of the three elements x, y, z are given, then the equation 
x + ÿ —= 2 has one and only one solution in L. : 


II. There exists a nul-element 0, satisfying s -+ 0 = 0 -+- z =x. 


Thus addition, right- and left-subtraction are unique; and this makes 


the term subloop self-explanatory. 

A homomorphism is a single-valued and addition-preserving mapping of 
one loop into (the same or another) loop. It has been noted that in the theory 
of homomorphisms classical group-theory does not make much use of the 
associative law; and the present note is intended to contribute towards a 
substantiation of this contention. 

The set of all elements in a loop which are mapped upon 0 by a given 
homomorphism is a subloop which is termed the kernel of this homomorphism ; 
and every subloop which is the kernel of some homomorphism * has been called 
a normal subloop. The following theorems are due to A. A. Albert and M. F. 
Smiley.? 

The subloop $ of the loop Z is a normal subloop if, and only if, 


t+S—=Sto, (e+4y)+S=-2+(y+B9), 
(+8) +y—2+ (S +y), D ét Le 


for x and y in L. 

If $ is a normal subloop of the loop L, then the sets S -+ x for x in L 
are termed the cosets of L modulo 8. These cosets form the quotient loop 
L/S; and mapping the element x in L upon the coset S + x constitutes the 
natural homomorphism of L upon L/S. 

The isomorphism theorems for quotient groups including Zassenhaus’ 
four subgroups formula have been proved for loops too.” But it seems to the 


(1) 


* Received December 6, 1944. 

1 Most writers on loop theory define normality by this or an equivalent property. 
2? Cf. Smiley (1), Theorem 2, p.*783. 

8 Albert (2), Theorems 4 and 5, pp. 404-405; Smiley (1), Theorem 5, p. 784. 
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author that Zassenhaus’ proof‘ is still the simplest and most advantageous 
one, though it has, apparently, not yet been used for loops. This proof is 
offered here for two reasons: firstly some slight changes are necessitated 
through omission of the associative law; and thus it may be convenient to 
have available a detailed exposition. Secondly it forms the basis for a deeper 
investigation of these laws; and we are able to prove both extensions and 
converses of them which are new in the associative case too. oo 

The distinctive feature of the method used here is a preference for the 
use of homomorphisms instead of computations with elements. Thus of the 
two definitions of normal subloops mentioned above we neglect the one which 
expresses itself in the equations (1) and we utilize mainly the characterization 
as the kernel of a homomorphism. 

The isomorphism' laws are known to lead immediately to a proof of the 
Jordan-Hölder-Schreier-Zassenhaus Theorem. We give an indication of this 
proof too, since the frame work given is slightly more general than the one 
customarily used, and since in the case of loops there occur some possibilities 
beyond those encountered in the classical case. 


Notations. If S and T are subsets of the loop L, then we denote by 
S + T the set of all the elements s + ¢ for sin Sand tin T; by {S, T} the 
subloop generated by S and T, i.e. the smallest subloop of Z containing S 
and T; and by Sa T the cross cut of S and T. | 

If x is an element in the loop L, and if y is a homomorphism of L, the 
image of x under y is denoted by zy; and likewise we denote by Sy the image 
of the subset S of L. We say that » is a homomorphism of L into H, if In 
is a subset, and therefore a subloop, of the loop H; and if Iy = H, then 7 is 
termed a homomorphism of L upon H. As usual an isomorphism is a homo- 
morphism which maps different elements upon different elements. 


1. The first isomorphism theorem. 


THEOREM 1. If S and T are subloops of the loop L, and if S is a normal 
subloop of {S,T}, then 

(a) {TJ} =S+T=T+4+S8; 

(b) ST ts a normal subloop of T; 

(c) reciprocal isomorphisms between {8,T}/S and T/(SaT) are 
chtained by mapping the coset X of {8,T}/S upon the set XT and by 
mapping the coset Y of T/(SaT) upon the set S +Y. 


4 Zassenhaus (1), pp. 32-33 and pp. 50-52. Of course, Zassenhaus is concerned only 
with the associative case. 
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Proof. (a) may either be verified by reference to the characteristic equa- 
tions (1), stated in the introduction, or by the following argument. Since S 
is a normal subloop of the loop K = {9, T}, there exists a homomorphism 7 
of K (upon some loop J) whose kernel is exactly S. Clearly Ky = {Sy, Tn} 
== Ty. Hence there exists to every element z in K an element z* in T such 
that 27 = x"n. Consequently v and z* belong to the same coset of K modulo S 
so that x belongs to S + 2* == a2* + §. Since x* is an element in T, we have 
found that K = 8 + T =T +5. 

The homomorphism: y of K defines a homomorphism of the subloop T of 
K (upon the subloop Ty of H). The kernel of this homomorphism of T is 
obviously the cross cut Sa T of T and of the kernel S of y. Thus So T isa 
normal subloop of T. 

We have noted before that Ky — Ty =J so that {S, T} and T have the 
same image under the homomorphism n. If y is any element in J, then denote 


by y” the set of all the elements in K that are-mapped by y upon y; and denote 


by y” the set of all the elements in T that are mapped by y upon y. Clearly 
y” =T ay and y = 8S + y”; and (c) is an immediate consequence of these 
facts. 


LEMMA. If N is a normal subloop of the loop L, if n is a homomorphism 
of L, and if Ny = 0, then n defines a homomorphism of L/N. 


Proof. If + and y are any two elements in L, then there exists one and 
only one element. in L such that z -+ y = x. If x and y belong to the same coset 
modulo N, then z is in N (and conversely). In this case yy == 279 + yy 
== (z + y)y = %y; and our contention is an immediate consequence of this 
fact. 


THEOREM 2. If M and N are normal subloops of the loops K and L, 
respectively, and if n is a homomorphism of K into L such that Mn = N, then 
a homomorphism of K/M into u is defined by mapping the coset X of K/M, 
upon N + An. 


Proof. Denote by v the natural homomorphism of L upon L/N which 


maps the element y in L upon the coset N + y. Since the product of two 
homomorphisms is a homomorphism, if defined, nv is a homomorphism of K 
into L/N. From My S&N we infer Myv—0; and hence it follows from 
Lemma 1 that „v defines a homomorphism of K/M into L/N. acne 
Xov = N + Xn for Xin K /M, completing the proof. 


5 The uniquely determined solutions y, 2 of the equations y + a =g and g* 4- g =x% 
belong to 8. 
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Theorem 2 leads us to the following convenient definition: If M and N 
are normal subloops of the loops K and L respectively, and if 7 is a homo- 
morphism of K into L such that My S N, then the homomorphism of K/M 
into L/N which is induced by n maps X in K/M upon N + Xy. It is clear 
that 7 cannot induce a homomorphism of K/M into L/N, unless Mn S N; 
and thus the statement: “ induces a homomorphism of K/M into L/N” 
shall always be understood to imply My <= N. 

It may be worth mentioning that the three Isomorphism Theorems are 
either contained in or may be inferred from the results obtained so far. 


THEOREM 3. The following properties of the subloops R and S of the 
‘loop L and of the normal subloops M and N of R and 8, respectively, imply 
each other. | 


(i) N=MoS and R=M +85. 


(ii) The identity automorphism of L induces an isomorphism of S/N 
upon R/M. 


(i) N SHM, SS E; and there exists a homomorphism n of L, a sub- 
loop T of Im and a normal subloop P of T such that n induces both an iso- 
morphism of R/M upon T/P and an isomorphism of S/N upon T/P. 


Proof. Itis an immediate consequence of Theorem 1 (c) that (i) implies 
(ii). If (ii) holds true, then let y = 1, R = T, M = P; and it is evident un 
(ii) implies (iii). 

Assume finally the validity of (iii). Denote by A the set of all the ele- 
ments in L which are mapped by upon elements in T; and denote by B the 
set of all the elements in L which are mapped by y upon elements in P. 
Clearly A and B are subloops of L. Mapping z in A upon the coset P + m 
in T/P we obtain a homomorphism of A into T/P whose kernel is B, showing 
that B is a normal subloop of A. Since y is supposed to induce an isomorphism 
of R/M upon T/P, we have N=M=Band$S=R=A. The only elements 
in À which are mapped by 7 upon elements P are the elements in M, implying 
M =B% R; and likewise one deduces NBS from the fact that y induces 
an isomorphism of S/N upon T/P. Consequently we have: 


N=MoaS=B0S=N or N=MoS, 


If r is an element in R, then P + rn is a coset of T/P, since y induces an 
isomorphism of R/M upon T/P. But y induces an isomorphism of S/N upon 
T/P; and hence there exists (Theorem 2) an element s in S such that 
P 4 ry = P 4+ syn. Consequently there exists an element p in P such that 
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rn = p + sn. There exists furthermore one and only one element g in R 
such that + == q + s, since r and s are both in the subloop À of L. Hence 


p+ sy = r = (¢-+8)y = n+ sy, proving, p= gy. 


Hence q belongs to the cross cut Ba R = M; and r= gq + s belongs to M + 8. 
Thus we have shown that 7 +-S=SRSM+S or R=M-+8, proving 
that (i) is a consequence of (iii). 


COROLLARY 1. If M and S are normal subloops of the subloop R of the 
loop L, if N is a normal subloop of 8, and if conditions (i) to (iii) of 


Theorem 3 are satisfied by M, N, R, K, then N is a normal subloop of M 


and M/N and R/S are isomorphic loops. 


This is an immediate consequence of Theorem 1 and of the symmetry of 
condition (i). 


THEOREM 4. The following properties of the subloops R and S of the 
loop L and of the normal subloops M and N of E and $, respectively, imply 
each other. 


(i) NSM and R=M +48. 


(ii) The identity automorphism of L induces a homomorphism of 
S/N upon R/M. 


(ii) NSM, S<R; and there exists a homomorphism n of L, a sub- 
loop T of Ly and a normal subloop P of T such that q induces an isomorphism 
of R/M upon T/P and a homomorphism of S/N upon T/P. 


Proof. If (i) holds true, then mapping the coset XY of S/N upon M + X 
constitutes the homomorphism of S/N upon R/M which is induced by the 
identity automorphism of L, proving that (ii) is a consequence of (i). 

To prove that (iii) is a consequence of (ii), one puts n=1, R=T 
and M = P. | 

If finally (iii) is satisfied, then denote by Æ the set of all the elements 
in S which are mapped by y upon elements in P. It is readily seen that 
N S FE and that E/N is the kernel of the homomorphism of 8/N upon T/P 
which is induced by n. Thus Æ is the kernel of the homomorphism vy for y 


the natural homomorphism of S upon S/N. Since E is part of R, and since ` 


4 induces an isomorphism of R/M upon T/P, we infer E € M from En S P. 
Since y induces clearly an isomorphism of S/H upon T/P, we may apply 
Theorem 3, (iii) proving that #—M.S and R= M +S. Thus we have 
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shown that (i) is a consequence of (iii), and that furthermore the following 
statement holds true. 


COROLLARY 2. If the subloops M, N, R, S meet the requirements of 
Theorem 4, and if condition (iii) of Theorem 4 is satisfied by them, then 
(Mo S)/N is the kernel of the homomorphism of S/N upon T/P which is 
induced by n. | 


2. Zassenhaus’ isomorphism theorem. 


Lemma 1. If N is a normal subloop of the loop L, then the homo- 
. morphism n of L maps N upon a normal subloop Nm of Im. 


This is an immediate consequence of the formulas (1), characteristic for 
normal subloops, which we stated in the introduction. 


Lemma 2° If U and V are subloops of the loop L, and if W is a sub- 
boop of U, then? (Ua F) H-W=Ur(V-+-W). 


> 


Proof. Since W SU and V = V + W, we have clearly (U°V) + W 
SU0(V+W). If a is an element in Un (V+ W), then x belongs to U 
and there exist elements v and w in V and W, respectively, such that z =v + w. 
But w belongs, as an element in W, to U; and æ belongs to U. Since U is a 
subloop of L, this implies that v belongs to U too so that v is in Ua V ande ` 
is in (Ua V) + W, proving Vo (V +W) < (UoV) + W; and this com- 
‘pletes the proof of the desired equation. 


THECREM i. If Rand $ are subloops of the loop L, and if M and N 
‚are normal subloops of R and S respectively, then | 


(a) (RAN) + M is a normal subloop of the subloop (R^ 8) + M of L, 
(b) (Mag) + (NB) is a normal subloop of RaS, - 
(c) the identity automorphism of L induces an isomorphism of 


(Ro S)/[(Ma8) + (NoR)] upon [(R°S) +M]/[(RoN) + M]. 


Prooj.2 Since M is a normal subloop of R, it is a normal subloop of both 
{(RaN),M} and {(R°S),M}, as follows from Theorem 1, (b) of 1. 


® Ore’s quadrilateral condition is an almost immediate consequence of this Lemma 2 
and of Theorem 1 of 1; see Ore (1) and Smiley (1), Theorem 5 on p. 784. 

7 This equation is an equality of sets uf elements in a loop, not necessarily of sub- 
loops. The author is indebted to Mr. R. Good for this improvement of his original 
version. a. Te | 

8 The proof is an adaptation of the proof by Zassenhaus (1), p. 50 et seg. 
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Hence it follows from Theorem 1, (a) of 1 that 
{(RBaN),M}=(RoN)+M and {(RnS),M}— (#8) +. 


Since N is a normal subloop of S, there exists a homomorphism 7 of S 
whose kernel is exactly N. Clearly n defines a homomorphism on the sub- 
loop RS of S whose kernel is Nna R. Thus N“R is a normal subloop 
cf ke S. The natural homomorphism of E upon R/M maps Re N upon 
[(R° N) + M]/M; and Rag upon [(R S) + M]/M; and hence it follows 
from Lemma 1 that [(RaN)+ M]/M is a normal subloop of [ (Ra S)+ M]/M. 
Consequently there exists a homomorphism v of [(Ro 8) + M1/M whose 
kernel is just [(R^ N) + M]/M. If v is the natural homomorphism of 


(Ro S) +M upon [(Ra 8) +M]/M, then w is a homomorphism whose 


kernel is exactly (Er N) + M, showing the validity of (a). 
It is a consequence of Lemma 2 that 
(Ra 8) a [M -+ (Ra N)] = (Ra Sa M) + (Ra N) = (SoM) + (Ra N). 


It is a consequence of (a) that (Ra N) + M is a normal subloop of the sub- 
loop (Ra) +M of L. Hence it follows from Theorem 1, (b) of 1 that 
(RaS)o[(haN) + M] is a normal subloop of Ran g, since 


(Ro S) +M = (Ras) +[(RoN) + M]. 


This proves our present contention (b). Finally (c) is an immediate conse- 
guence of the results already obtained in conjunction with Theorem 1, (c) 
(or Theorem 3) of 1. 


COROLLARY 1. If R and S are subloops of the loop L, and if M and N 


are normal subloops of R and S, respectively, then 
[(Ra 8) +MI/[(RoN) + M] and [(RaS) + NJ/[(S° M) +N] 
are isomorphic quotient loops. 


This is an immediate consequence of Theorem 1, (c) and of the symmetry 
of the hypotheses. 


THEOREM 2. The following properties of the subloops R and S of the 
loop L and of the normal subloops M and N of R and 8, respectively, amply 
each other. 


(i) R= (Ra) + M and S—(RaS) +N. 
Gi) There exists a subloop T of L such that the identity automorphism 


of L induces both a homomorphism of T upon R/M and a homomorphism of 
T upon S/N. 
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(ii) There exists a homomorphism n of a loop H into L which ‘induces 
both a homomorphism of H upon R/M and a homomorphism of H upon S/N. 


Proof. I£ (i) is satisfied by R, 8, M,N, then we put T=RaS. Since 
0M and R=T--M, it follows from Theorem 4 of 1 that the identity . 
automorphism of L induces a homomorphism of T upon R/M; and likewise 
: we see that the identity automorphism of L induces a homomorphism of T 
upon S/N, proving that (ii) is a consequence of (i). 


If (ii) holds, then let H — T and denote by n the homomorphism of H 
into Z which is obtained by mapping every element in T upon itself. Thus 
(iii) is a consequence of (1i). 

_ Assume finally the validity of (ii). Then R= = {M, Hn}. But M is a 
‘ normal subloop of R; and thus it follows from Theorem 1, (a) of 1 that 
R == M + Hy. Clearly Hy = K; and thus we find that 


R=M+Hy<M+ (R98) SM+R=R or R=M + (Ra8); 


and likewise we verify S = N + (#98), proving that (i) is a consequence 
of (ii). 


THEOREM 3. The following properties of the subloops R and S of the 
loop L and of the normal subloops M and N of R and 8, respectively, imply 
each other. 


(i) There exists a subloop T of L and a normal subloop P of T such 
that the identity automorphism of L induces both an isomorphism of T/P 
upon R/M and an isomorphism of T/P upon S/N. 


(ii) There exists a normal subloop Q of a loop H and a homomorphism 
y of H into L which induces both an isomorphism of H/Q upon R/M and an, 
isomorphism of H/Q upon S/N. 


Proof. If (i) is true then the validity of (ii) is shown by taking 
H =T, Q =P and 7 that homomorphism of H into L which maps every 
element in T upon itself. 
If conversely (ii) is satisfied by R, S, M, N, then we put T = Hy and 
P == Qh. It is clear that T and P are subloops of L; and it is a consequence 
of Lemma 1 that P is a normal subloop of T. Since y induces an isomorphism 
g of H/Q upon R/M, we have T S R and P = M. Thus the identity auto- 
morphism of L induces a homomorphism 8 of T/P into R/M. We note finally 
that » induces a homomorphism y of H/Q upon T/P. Consequently «= yf; 
and 8 must, therefore, be an isomorphism of T/P upon R/M; and likewise 
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we see that the identity automorphism of L induces an isomorphism of T/P 
upon S/N, proving that (i) is a consequence of (ii). 


THEOREM 4. The following properties of the subloops R and S of the 
_ loop L and of the normal subloops M and N of R and S, respectively, imply 
each other. 


G) R= (RS) +M, S = (R98) +N, 
M = (Ra N) +M, N = (SoM) +N. 


Gi) RaN =Sa M; and there exists a normal subloop P of a subloop 
T of L such that the identity automorphism of L induces an isomorphism of 
T/P upon R/M and an isomorphism of T/P upon S/N. 


Proof. If (i) is satisfied, then Ra N = M and hence MaN SRaN 
SMrN or RaN=MeaN; and likewise we find that SaM—Man, 
proving the first part of condition (ii). Let T—RagS and P=MaN. 
Then P = (Ra N) + (SoM); and it follows from Theorem 1, (b) that P 
is a normal subloop of 7. From Theorem 1, (c) we infer that the identity 
automorphism induces an isomorphism of T/P upon R/M, since—by (i)— 
R = (Ra) -+M and M=(RaN)-+M; and likewise we see that the 
identity automorphism of L induces an isomorphism of T/P upon S/N, 
proving that (ii) is a consequence of (i). 

Assume, conversely, the validity of (ii). Then we infer from Theorem 3 
of 1 that 


R=M+T, P=MaT and S=N+T, P=NaT. 
As in the proof of Theorem 2 we see that 
R=M+TSM+(ROS8)SR or R—=M-+ (Ras) 
and likewise we verify S=N-+-+ (#08). From the first part of condition 
(ii) we deduce that | | 
M=<M+(RoN)=M+(SoM)=<M or M—M+(RaN); 


and in the same fashion we show that N = N -+ (Sa M), proving that (i) 
is a consequence of (ii). 


Remark. The impossibility of omitting the first part of condition (ii) 
may be seen from the following considerations. Suppose that L is an abelian 
group (— an associative and commutative loop), and that the subgroups 
M,N,T satisfy: MAT=NoT==0. Clearly R— M +T is the direct sum 
of M and T; and S— N + T is the direct sum of N and T. Thus the identity 
automorphism of L induces an isomorphism of T upon R/M and of T upon 


- a a a aa m 


THE HOMOMORPHISM THEOREMS FOR LOOPS. 459 


S/N . But clearly Ra N and SoM need not be equal. As an example let L. 
be a free abelian group of rank 2; and let ¢, m be a basis of L. Put T = {t}, 
M = {m} and N={m+t}. Then ToM =T sa N =0, but 


RoN=(M+T)°>N=LoN=N, SoM=(N+T)oM—=LoM=MZÆN. 


3. The Theorems of Jordan-Hölder-Schreier-Zassenhaus. Suppose 
that M is a system of multipliers (= operators) for the elements in the loop 
L. Then there exists to every element x in L and to every element m in M 
a uniquely determined element zm in L, subject to the distributive law: 


(a + y)m = am + ym for zy in L and m in M. 


Clearly every element in M induces an endomorphism of Z (= homomorphism 
of L into itself). 

A subloop-S of L is M-admissible, if SMSS. If S and T are M- 
admissible subloops of L, and if § is a normal subloop of T, then we infer 
from the lemma of 1 that M may be considered as a system of multipliers 
for T/S too. 

Suppose now that the system A of subloops of L meets the following | 
requirements. 


(a) Ound L belong to A. 
(b) If S and T belong to A, then SoT and {S,T} belong to A. 
(c) Every subloop in A is M-admissible. 


The subloops in A will be referred to as the A-subloops of L. 

Examples of systems A: The system of all M-admissible subloops; the 
system of all M-admissible normal subloops of L ; the system of all M-admissible 
and A-characteristie subloops of L; the system of all M-admissible and M- 
characteristic normal subloops of L etc. 

Here we say that an endomorphism e of L is an M-endomorphism, if 
zme == rem for every cin L and every min M; and terms like M-characteristic, 
M-fully-invariant etc. are now self-explanatory. It should be noted, however, 
that fully invariant subloops need not be normal.’ 

A A-chain of length n is a system C of A-subloops S(i) of L such that 


S(0) —0, S(i—1) is a normal subloop of S(t), S(n) = L. 


°" The author is indebted to Professor R. H. Bruck for pointing out this possibility. 
Bruck (1), Theorem 1, pp. 770-771 shows the existence of a simple loop H containing 
one and only one maximal subloop M #0, MH. Clearly M is not normal, but fully 
invariant, 
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If C and D are A-chains of length m and n respectively, then D is 
termed a refinement of ©, if m = n and C is a subset of D. The A-chains 
Cæ=(::C(i):::) and D= (::-D(j):::) are said to be isomorphic, 
if they are of equal length n, and if there exists a permutation: i->7 of the 
integers between 0 and n such that C(i+1)/C(i) and D(ÿ +1)/D(i’) 
are M-isomorphic. 


THEOREM. Any two A-chains of L possess isomorphic refinements. 


Proof? If C(i) for 0=i< m and D(j) for 0S} n are two. A- 

chains of L, then it follows from Theorem 1 of 2 that 

KOED a D(j+4+1)) +O + 1) a DG) +60) 
and = 

KOe@+N)eDGE+D)+DNYLCH+DG+D)+D(iN] 
are M-isomorphic loops. Letting O*(in +7) = (Ci +1) 9 D(j)) + Ch), 
D*(jm + à) = (C(é) 9 D(j +1)) + D(j) and (in +5)’ = jm + à, the 
proof is easily completed. 
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ON THE REPRESENTATION OF A GROUP OF ORDER g IN THE 
FIELD OF THE g-TH ROOTS OF UNITY .* 


By RICHARD BRAUER. 


To Hermann Weyl on his sixtieth birthday. 


Introduction. It has long been surmised that every irreducible repre- 
sentation X of a group © of order g can be written in the field of the g-th roots 
of unity. This question has attracted the efforts of a number of mathe- 
maticians. Improving an earlier result of H. Maschke [20], W. Burnside 
[14] proved that this conjecture is actually true for a very extensive “class of 
representations. I. Schur [22] showed that it is correct for all soluble groups. 
The case of representations of odd degree with real character was treated by 
A. Speiser [25].2 The most important progress after that was made by H. 
Hasse [11] who showed that the representation & can be written in the field 
of the g”-th roots of unity where n is a suitable positive rational integer de- 
pending on & | 

In the present paper, the old question is solved in its full generality for 
the first time. We prove the theorem: 


 Turorem. Jf Gis a group of finite order g, then every irreducible repre- 
sentation X of © can be written in the field Q of the g-th roots of unity (that 
is, & is similar to a representation with coefficients in Q)., 


The proof is obtained by combining the methods of I. Schur and of H. 
Hasse with results concerning the modular representations of groups.® 


1. Remarks on notation. In the following, © will denote a group of 
finite order g. If G is a fixed element of 6, the elements of © commuting 
with G form a subgroup R(@), the normalizer of G. The class of conjugate 


* Received August 19, 1945. 

* Numbers in square brackets refer to the bibliography at the end. 

* See also Schur [24], Brauer [3]. 

® For the definitions and theorems of this theory as far as they are used here, see 
Brauer-Nesbitt [12] and [13] Parts I and II, Nakayama, [21], Brauer [7], [8], [9], 
sections 1 and 4, [10], sections 1-4. Part I of [13] contains a short summary of the 
results and proofs of [12], with exception of the proof of Theorem I of [12]. Proofs 
of this theorem can also be found in [7], [21], and in Artin-Nesbitt-Thrall, [2], 
Chapter IX, 8. | 

' 461 


462 RICHARD BRAUER. 


elements containing the element G then consists = RA), elements where 
n(G) is the order of 2(G). 

A representation © of G is a group of matrices & on which i is mapped 
homomorphically; the coefficients of the matrices lie in a given field A. The 
image in X of an element G of © will be denoted by R(G) and an analogous 


notation will be used throughout the paper. The word representation without _ 


further remark will always refer to a representation in a field of characteristic 
0: In the other case, the term modular representation will be used. If p is 
the characteristic of the field in this case, then the elements R of © whose 
order is prime to p are of importance ; we denote them as the p-regular elements 
of ©. 

The group © has % distinct absolutely irreducible * representations 
3,82: 58% where k is the number of classes of conjugate elements in G. 
These representations can be chosen with coefficients in a suitable algebraic 
number field A of finite degree over the field P of rational numbers. If p is a 
given rational prime, and q a prime ideal divisor of p in A, we may assume 
without restriction that all coefficients of every 3«(@), G in ©, are q-integers, 
that is, that they are quotients u/v of integers of A such that v is not divisible 
by q. If every coefficient of Bx is replaced by its residue class modulo q, a 
modular representation 8*x in a field of characteristic p is obtained. The 
distinct constituents of 8*,,8%,,- - -,3*, furnish a complete system of abso- 
lutely irreducible modular representations 31, %2,° * *, yz for the characteristic 
p- The numbers dx, indicating how often x appears as a constituent in 3*« 
are the decomposition numbers (for p) ; they are non-negative rational integers. 

The character of 3« will be denoted by éx and the character of 3, by ġa 
We then have 


’ i 
(1) (RB) = 2 daga (B) 
for p-regular elements R of ©. 


2. Proof of the theorem for modular representations Q. If Q is an 
irreducible modular representation % of © in a field II of characteristic p, 
then II will certainly contain the traces tr(%(@)) of all the matrices (G). 
Let II, be the field generated by these g traces. Since every trace is a sum of 


| “A representation is absolutely irreducible, if it remains irredueible in every 
extension field. 
°It should be observed that the modular characters are defined as complex numbers, 
not as elements of a modular field, see for. instance [13], $6. The trace of the matrix 
Va (E) for a p- Be element R of ($ then is the residue class #,(R)” of 9, (R) 
(mod q)- 


x 
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g-th roots of unity, the field I, is a finite Galois field. It follows that the 
representation % can be written in the field II, itself. As IX, is a subfield 
of the field of the g-th roots of unity, this proves the theorem for modular 
representations À. | 


3. A connection between the p-indices* and the decomposition numbers. 
We now come to the much more difficult case of non-modular representations X. 
It will be necessary to derive first a number of lemmas. 

Let K, be-the field obtained by adjoining all the modular characters 
(R), ġ2(R), < ° (R) (for all p-regular elements R of ©) to the field 
of rational numbers P, 


(?) Ko = P (ġ;, 2° ' Br). 
To Ko, adjoin the values &.(G) of a fixed character &. for all elements G of ©, 
(3) K = Ko (fx) . 


Let p be a rational prime number and let p be a fixed prime ideal of K 
dividing p. If @ is any p-integer of K we denote its residue class (mod p) 
by 8%. The totality of all 6* forms the residue class field K* of K (mod p). 

If È is a p-regular element of ©, the trace of Pa (E) is equal to pa (E) *.* 
Jf Gis an arbitrary element of &, it may be written in the form G = PR where 
the order of P is a power of p while R is a p-regular element belonging to 
N(P). Then? 


tr(Ga(@)) = tr (BE) ) hd". 


In any case, the field K* contains the traces of all matrices %(@). The result 
of Section 2 shows that Si We,” © -gı may be written with coefficients in K*. 
It has keen shown previously +° that there exists a representation W, of © 


° Brauer [5] §4, p. 101. The fact used here is equivalent to the theorem of 
Wedderburn [27] that every division algebra over a finite field is commutative. 

7The theory of the index of a representation with regard to a field was developed 
by I. Schur, [22], [23]. The connection of this theory with the theory of algebras was 
given in Brauer [4], [5]. The p-indices were introduced in Hasse [16], [17], Brauer- 
Hasse-Noether [11]. ‘See also the presentation of the theory of algebras in the books 
Deuring [15], Albert [1], Weyl [28], Jacobson [18], van der Waerden [26], Artin- 
Nesbitt-Thrall [2], and of the arithmetie parts of the theory in the first two of these 


- books. 


8 See footnote 5 

8 See for Instance [13], §6.° > 

10 Brauer [7], § 6. See also the arrangement of the proofs in Artin-Nesbitt-Thrall 
[2], Chapter IX, $. An equivalent theorem is given in Nakayama [21], § 4. 
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with coefficients in the p-adic extension field K(P) c of K with the following 
properties 


(a) Wı(@) has p-integral coafficients for every G in ©. 


(b) If every coefficient of W, G) is replaced by its residue class (mod p), 
a modular representation W*, is >btained which is an indecomposable con- 
stituent 11, of the modular regular representation and which has the irreducible 
bottom constituent a Here, À can have any of the values 1, Pye gt. 


Since % is absolutely irreducible, the representation 11, will remain in- . 


decomposable in any extension field A* of K*. If K is replaced by an ex- 
tension field A of finite degree, if p is replaced by a prime ideal divisor q of p, 
and if K(p) is replaced by the q-adic extension field A(q), the representation 
MG, will retain the properties (a) end (b). For instance, as in Section 1, we 
may take A as a field in which 31, 82, * *,8x can be written. Then Bx 
appears with the multiplicity dea in Wy,!? and therefore,!® the Schur index 
p(p) of 84 with regard to K(p) is a divisor of dxx. This index is termed the 
p-index of Bx with regard to K. 
We thus have 


Lemma 1. If K is obtained from the field of rational numbers by ad- 
joining the modular characters u ġa > >, pı and the character fx of the 
representation Bx, then the p-indez p(p) of 84 with regard to K divides all 
decomposition numbers den with the fixed first subscript x. 


4. On the power of p dividing the p-index of Bx. Let p° be the highest 
. power of p dividing g, so that 


(4) g = pg’ (g, p) = 1. 


Every ¢,(#) for p-regular À is a sum of g’-th roots of unity. Hence the field 
Ky in (2) is contained in the field T of the g’-th roots of unity. Now (3) 
implies 


(5) K x T(£x). 


* As % is absolutely irreducible, “he degree of the corresponding indecomposable 
constituent of the regular representation is equal to the multiplicity of %, in the second 
regular representation, see [7], $2 or [2]. This shows that ]], can not be decom- 
posable in A”. i 

12 Brauer [7], equation (14). The proof of Lemma 1 can also be obtained directly 
from [7], equation (11), which is identical with Artin-Nesbitt-Thrall [2], equation 
(8.6) in Chapter IX. 

23 Schur [22], Theorem IV. 
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On the other hand, if e denotes a primitive p*-th root of unity, then Q = T(e) 
is the field of the g-th roots of unity, and we have 


(6) TOT) CA—T(c). 


The degree r of T(£x) with regard to T is equal to the number of p-con- 
jugate characters to & (that is, the number of distinct characters into which 
&« can be carried by an automorphism of Q leaving the g’-th roots of unity 
fixed). If z is the degree of 8, then, as shown previously,2* 


(7) ‚72x 0 (mod p°), 
(8) rz: 320 (mod p*), if 2540 (mod p°). 


Tf 2.==0 (mod p*), a suitable dx, has the value 1,5 and Lemma 1 shows 


that (bp) s£0 (mod p). 

Assume now that 2,540 (mod p*). Then (8) can be applied. The 
p-index (p), which is the Schur index of a representation 3x, divides the 
degree zę of this represeutation..® Hence 


(9) ru(p) #0 (mod p°). 
The field Q of the g-th roots of unity has the degree 
[Q: T] = p**(p—1) 


over the field T of the g’-th roots of unity, cf. (4). As the degree of T(£x) 
over T was r, it follows that the degree of Q over T(&«) is given by 


[Q: T(x) ] = pe*(p—1)/r. 


Let $ be a prime ideal divisor of p in Q and let r and r, be the prime 
ideals of T and T(£«), respectively, which are divisible by $. Then p==0 
(mod r), and it is well known that 


r— with h—[o:T]. 
The relation (6) implies 
| rı =P with j= [O:T(Ex)], 
and it now follows from (5) that if $° is the highest power of $ dividing the 
14 Brauer [10], Theorem 2, p. 943. 


45 Brauer-Nesbitt [13], Theorem 1, p. 565. 
10 Schur [22], Theorem V. 
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prime ideal p, the exponent e is divisible by 7 = [Q: T(£x) | == p (p — 1) /r. 

The p-degree of Q over K (that is the degree n(p) of the B-adic extension 
field Q($) over K(p)),'” is divisible by e. Hence n(p) is divisible by 
p**(p — 1)/r, and this gives 


(10), | rn(p) = 0 (mod prt), 
On comparing (9) and (10), we obtain 


Lemma 2. In the notation of Lemma 1, the highest power of p dividing 


u(p) alse divides the p-degree n(p) of the field Q of the g-th roots of unity 
over K. i 


5. A lemma concerning the index of 84 with regard to Q. Choose a 
system of elements 


(11) Po==1,P;,, Pat Pa 


in ©, such that (a) the order of every P; is a power of p, (b) no two of these 
elements are conjugate in ©, (c) every element of an order p“ is conjugate 
to one of the P;. Set s | 

(12) Ji —=NW(P;), 


and determine a complete system of elements 
(13) | Vit, Voie - 


representing the different classes of p-regular elements in JW. The elements 
P:V;* for all possible indices ı,7 form a system of representatives for the 
classes of conjugate elements in ©. | 

The representation 3« of © induces a representation 8+(9%4:) of the sub- 
group N: If À is an irreducible constituent, it represents the invariant ele- 
ment P; of N; by a matrix of the form eI where e again denotes a primitive 
p*-th root of unity. Hence 


MPV it) =A (PIA (V) = #U(V;*) 
which implies 
(14) tr AP: Vi) =e tr UV 5"). 


The character tr X can be expressed by the irreducible modular characters 
Pat, do’, © + of Na. We thus see that the left side in (14) is a linear com- 


17 See, for instance, Hasse [17], (3.3). - 
18 For the following, cf. Brauer [9], Section 1. 
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bination of $,*(V;*), d.(V;*),: > - with coefficients which are independent 
of 7. These coefficients are non-negative rational integers multiplied by e. 

Adding the formulae (14) for all irreducible constituents of 8x (N;), each 
taken with the correct multiplicity, we finally obtain formulae 


(15) |, (P: Vi) = 2 dropp (Vi) 


where the d«p‘ are algebraic integers, the er decomposition numbers 
of ©. 


We now prove 


Lemma 3. Assume that all irreducible representations of St; —=N(P;) 
(for a fixed à) can be written in a field 2. The Schur index m of Be with 
regard to X divides dkp? for all values of p. | 


Proof. EN, = ©, the assumption implies that m — 1, and the statement 
is trivial. If es fe ©, then it follows from a theorem of I. Schur,?? that m 
divides the multiplicity of every constituent X of 8«(9%i). In deriving (15) 
from (14) we then have to multiply each equation (14) by a multiple of m 
before adding. This gives the statement of Lemma 3. 


6. Proof of the theorem. Because of the complete reducibility of the 
representations of ©, it is sufficient to prove the theorem formulated in the 
introduction for absolutely irreducible representations À. Assume that the 
theorem is false. Take a group © of minimal order g for which there exists 
an absolutely irreducible representation @ which cannot be written in the field 
Q of the g-th roots of unity. In other words, the Schur index m of & with 
regard to Q is different from 1. The representation © is similar to one of the 
Bx; we may assume & = 8 for a certain x. This means *° that there exists a 
prime ideal $ of Q, finite or infinite, such that the P-index M(H) of Bx with 


regard to 2 is different from 1, 


(16) | M($) > 1. 


Since g must be larger than 2, the field Q has no real conjugate. Then ® in 
(16) can not be infinite. 

Assume that $ is finite. - Let K have the same ee as in Lemma 1. 
Then K CQ. Let p be the prime ideal of K divisible by P, and again let + 
be the rational prime number divisible by p. 

If for an element P; in (11) we have N; C ©, the group Jt; has an order 


18 Schur [22], Theorem IX a. See also Brauer [6], Theorem IV. 
29 Brauer-Hasse-Noether [11], Theorem I. 
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which is a proper divisor of ©. The theorem is correct for W;, and all repre- 
sentations of N, can be written in Q. Lemma 3 yields 


(17) | dat = 0 (mod m) 
for all À. | 
On the other hand, if N(P:) = © (as, for instance, for i == 0, Po = 1), 
the constituent A of Be (N1) = 8x(6) in Section 5 coincides with 8x. Hence 
(14) reads 
bx (PiVs*) UV). 


The equation (1) now yields 


(18) Ex (P: V+) = e2 dxppp (V;*). 

The irreducible modular characters dif, 63°, © + of It; = © are the characters. 
di, Da,” © © ; We may assume dpt == dp. On comparing (15) and (18), we have 
dep! = e’dep. Now Lemma 1 shows that 

(19) dpt = 0 (mod p(p)). 


In any case, every d«p? with the fixed first subscript x is divisible by the greatest 
common divisor of „(p) and m. 
The orthogonality relation for group characters gives 


(20) ` (4/9) ZELLE) = 1 


where G ranges over all elements of ©. The elements P;V;+ form a complete 
system of representatives for the classes of conjugate elements in @. The class 
cf P,V;* contains g/n(PiV;*) elements. Now (20) can be written in the form 


ZE be (Pi Va) te (PaVa) /n (PV) = 1. 
Combining this with (15), we have | 
(21) SS dc) BT /n (PV) = 1. 
t 1 pf G 


In the group R; of order n(P;), the number of elements in the class of Vi 
is n(P;)/n(PiV;*) since every element of © commuting with P:V;* auto- 
matically lies in Nı = N(P:). Hence the orthogonality relation for the 
modular group characters °t of N; reads 


(22) 2 ppt (Vi) pot (Vt) /n(PiV F) = ypo 


21 Brauer-Nesbitt [13], (21). 
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where the matrix (yput) is the inverse of the matrix C™ of the Cartan- 
invariants of W.. 
On account of (22), the equation (21) can be written in the form 


> 22 Arptdkotypo? == Í, 
i pg 


For a suitable rational integer ¢ the products p'ypc* are rational integers.” 
We write the last equation in the form 


(23) 2 2 > dxp*dxat (ptypo?) = 9°. 
p © 


Since every d«p? was divisible by the greatest common divisor of #(p) and m, 
it follows, from (23), that the square of this greatest common divisor divides 
pt. In any case, this greatest common divisor (m, u(p)) is a power of p. 

The -index M(B) of 3. with regard to Q divides both the p-index of Bx 
with regard to K and the index m of 8, with regard to @. Hence 


(24) MR) — pP 


for a certain integral rational exponent b = 0. 

The absolutely irreducible representation x has the index „(p) with 
respect to the field K(p) which contains its character &. Then 84 determines 
a normal simple algebra A of index »({p) over K(p) which consists of all 
linear combinations of elements of 8« with coefficients in K({p). The Hasse 
~ invariant # of A is a rational number p — q/p (p) with the denominator »(p), 
(g,4(p)) =1. If K(p) is replaced by the extension field (93), then p is 
multiplied ** by the relative degree n(p) == [O(PB):K(p)]. Therefore, the 
‚new index M ($P) is the denominator of p n(p) == gn(p)/z(p) after numerator 
and denominator have been freed of their common divisor. Hence 


(25) M($) = a(p)/(a(p),n(p)). 


Combination of (25) with Lemma 2 shows that M(®) is not divisible by p, 
and (24) then implies that M(H) — 1, in contradiction to (16). Hence, the 
assumption m= 1 leads to a contradiction, and the theorem is proved. 


22 The coefficients of C (i) are rational integers; the determinant of C(#) is a power 
of p, Brauer [8]. This shows already that y,,? is a rational number whose denominator 
is a power of p. As can be seen easily, ¢ can be chosen equal to a, but this is not 
needed in the following. | | 

%3 Hasse [17], (5.1). See also Deuring [15], Chapter VII, 55 2, 4. 

#4 Köthe 1191, Hasse [17], (5.2), also Deuring [15], Chapter VII, § 2. 
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7. The case of reducible representations. The first remark in Section 6 
shows that the theorem also holds for reducible ordinary representations 4. 
However, this is no longer true in the case of modular representations. For 
instance, if II, denotes the Galois field with two elements and if a is a trans- 
cendental element with regard to II, the four matrices 


100 100\ /100 0 0 
010), (010), [010], 0 10 
001 101 ¿01 01 


form a group of order four which can not be written in II, as can be shown 
without difficulty. 
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EIN SATZ UEBER QUADRATISCHE FORMEN MIT KOMPLEXEN 
KOEFFIZIENTEN.* | 


By Issar Scxur. 


Im folgenden werde ich den Satz beweisen: ' 
I. Jede quadratische Form mit reellen oder komplexen Koeffizienten 


KiJ 
(2) = D Center (Cea = Car) laesst sich in der Gestalt 
K Azi 


. , n PE | 
(1) f(x) = Z'avp(x)?, pr(z) = È dya%a 
v=1 a=1 
darstellen, wobei œ’ * ",w„ nicht-negative reelle Zahlen sind und 


(R) | oil? + [de t+ + | bn [P= | a P+ fee + Hm 
oder, was dasselbe ist, 
n ` R = . 
(3) 7 © dradra = Err 2 Gand pn = em (exc = 1, Cx, == 0 für Kx). 
a=1 zl 


Mit anderen Worten: 


I. Jede symmetrische Matrix O == (cen) laesst sich mit Hilfe einer uni- 
tären Substitution auf die Form 


o 0: 0 
(4) | Dave 

0 0 ne 
bringen, wo w,” ` `, wn nichinegative reelle Zahlen sind. 


Dies bedeutet genauer: Jede symmetrische Bilinearform f(x, y) == 


n 
D exxteyı laesst sich in der Form 
KyA=1 


(5) F(a y) =È ond (2) vlg) 


darstellen, wobei die ¢v(z) = > dwata den Bedingungen (2) bezw. (3) 
a=i 
genügen. 


* Received November 8, 1943. This paper has been edited, after the author’s death, 
by Professors Fekete and M. Schiffer of the University of Jerusalem. 
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QUADRATISCHE FORMEN MIT KOMPLEXEN KOEFFIZIENTEN, 4.73 


1. Bezeichnungen. Jeder Matrix n-ten Grades C= (car) (,A=1, 


: # . 
-+ n) entspricht einerseits die lineare Substitution (O): te = Di Cet 
A=1 


(x—=1,2,--+,2) mit unabhängigen Veränderlichen %,-°-,%, anderer- 
seits die Bilinearform 
n 
(6) CO (£, Y) = À Cer€xyy. 
KyA\=1 
Für (C) führen wir die Bezeichnung ein: Ist 2 — > ty eine beliebige 
yal k 
i n n 
Linearform, so bedeutet z’ — 2€ die Linearform ! == 2° == El Cvata) 
yal a=1 


= D ref Š a). Wird (identisch in den za) 
a=1 v1 i 
(?) l | = u2 (w konstant) 


und z3£0, so heisst (bekanntlich) z eine Invariante der Substitution (C). 
Derartige Invarianten gibt es bekanntlich dann und nur dann, wenn für w 
eine charakteristische Wurzel der Gleichung 


| C — zE | = | ca — zen | = 0 
gewählt wird. 
Zu jeder nicht identisch verschwindenden Linearform z lassen sich n 
linear unabhängige Linearformen 


‘ 
té Ds (=l +40), [sen] 0, a= 
=} + 


wählen, und zwar auch solche, die eine unitäre (bezw. reell orthogonale) 


Substitution bestimmen, wenn z “ normiert ” ist, d. h. $ | é |? = 1 ist, bezw. 
yz1 


wenn die é reell sind und > éy? == 1 wird. Bildet man für jedes « die trans- 


vol 


2 K 
formierte Linearform Zk == 240 = J, SkA (Xi Chata) und drückt man die 2x 
À=1 a=1 


durch die ze aus, so erhält man in (O1): Zx -=$ ‘az (x= 1," : -,n) eine 
=1 

zu (C) ähnliche Substitution (C1), mit der, Matrix 

(8) Ci SCS2 (8 — (sm)). 


Für die Bilinearform C(z,y) gilt ferner folgendes: Ist S = (sx) irgend 
eine Matrix (Substition) und ersetzt man simultan (“ kogredient”) die ax, Y 


N n 
durch te = $, Sprtps Ya == D Syy, SO wird 
pad ri 
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Cry) = D, CenSexSvxttpov = D Cu’ Uno 
Rio Hy 
wo 
(9) Co = (Cp) = SCL’, 


wird. Hierbei bedeutet 9’ die zu S “ konjugierte,” die “ transponierte ” 
Matrix. (N.B. Nur dann, wenn S orthogonal ist, wird dies eine Aehnlich- 
keitstransformation, d.h. 8’ = S~, nicht dagegen, wenn $ nur als unitär, 
aber komplex bekannt ist, denn alsdann ist nur S’—S*.) Im folgenden 
bezeichne ich in bekannter Weise, wenn Ci, C2, Os, CA vier Matrizen n-ten 


Grades Cy = (cx) sind, mit = C2 
: Os C4 


führlicher geschrieben, die Gestalt 


) die Matrix des Grades 2n, die aus- 


Ci (Ts a Cin D c P ae. ae, ote Cin (2) 
M = Oni () . . . Cnn (1) Cn”? . à. œ Can (2) 
Cii (BS). a a Cm} 64,69) 3 Cm?) 
Cni (3) Cnn? On? e Can (4) 


hat. Mit diesen “ zusammengesetzten ” Bildungen kann man im Kalkül 
additiv und multiplikativ bekanntlich ebenso operieren wie mit Zahlenmatrizen, 
nur dass man bei der Multiplikation auf die Reihenfolge der Faktoren acht- 
geben muss. Man beachte insbesondere, dass die Transponierte von M gleich 


, sv 
M = és “à zu setzen ist. 
2 4 


2. Der Stickelbergersche Beweis für das Hauptachsentheorem. Um 
das Folgende verständlicher zu machen, gebe ich hier den schönen, klassisch 
gewordenen, Stickelbergerschen Beweis für das Hauptachsentheorem wieder. 
Ist C = (ca) eine reelle symmetrische Matrix und w eine charakteristische 
Wurzel von C, so bestimme man eine zugehörige invariante Linearform 


7 
z == D &,r, mit 20 == wz, was auf 


v=1 
n 
(10) > Cvar = wa 
vot 
führt. Die &,-:+°,&, brauchen zunächst noch nicht reell zu sein, man 


darf aber den noch unbestimmt bleibenden Proportionalitätsfaktor so wählen, 


Ww 
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dass | & |[?-+ [é+ + fé P=1 wird Aus (10) folgt aber (Cauchy!) 
Wegen Cva == Cav == Cva 
v=o $ | fa |? N cube = X Cavé 


Pk 
und 


o=2% Crabvég = >, Cavéaby = u; 
| Vs Va . 
also ist w reell, und folglich darf man &,- : -,& auch reell wählen. Wählt 
man, was jedenfalls möglich ist, n Linearformen zk = À sax die eine reelle 
=i 


orthogonale Transformation bestimmen, so dass zı = z wird, so führt die 


Einführung von 41, Zs," * -,2, als neue Veränderliche auf eine Aehnlich- 
keitstransformation (vgl. 1) SCS == (c'ka), worin wegen 2’ == œZ, 7 == 2, in 
der ersten Zeile cy, = w, Ci =" "= Cm == 0 wird. Da aber S~ = 8’ wird, 
erhalten wir in SCS auch SCS’, d.h. von neuem Symmetrie, also ca = ci; 
w + + -Q 
O du `> > den |, 
insbesondere wird SCS1—= | : -> . Die symmetrische reelle 
0 One DIS CE Ann 


Matrix (dy) kann man nun weiterhin ebenso behandeln usw. 

3. Der Haupthilfssatz. Ist U = (ur) eine unitäre' Substitution n-ten 
Grades, so setze man , | 

un=patign (pa) =P, (qua) =Q. 
Jede symmetrische Matrix C = (ca) mit cea = dr + iby (am) =Å, 
(ber) = B liefert dann bei der Transformation UCU’ eine neue Zerlegung in 
Real- und. Imaginärteil UCU’—='A*--iB*. Hierbei wird 
UCU’ = (P+i0Q)(A + iB) (P + iQ") = A* + iB*, 

woraus folgt 


R A*— PAP’ — QBP’ — PBQ’ — QAQ 


B* — PAQ’ —QBQ’ + PBP’ + QAP’. 


Operiert man ferner bei der unitären Substitution U mit komplexen Verän- 
derlichen Ty = uy + twv, so liefert 


n n : . 
De = Ur + iv = D Unt = 2 (pen + igea) (un + iv) 
Azl SE > 
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die Formeln | 
n n 

(12) Wr = 2 (Dun — Garr), Vk = 2 (qur + perv). à 


Hier handelt es sich um eine lineare Transformation in den 2n reellen 


: ' ih n 
Veränderlichen, wi, * `, Us, V’ * *, Un die wegen 3 |r|? = > | xx |? auf 
K=1 K=1 


Wr bi Hi? Henn? Lors tn Hu? th tn, 


also auf eine relle orthogonale Transformation führt. Hält man an der 
Reihenfolge u,‘ > +, Un, V1," * *,Un fest, so erscheint als Matrix der Trans- 
formation die Matrix 


(12°) = E35: | x 


Man bilde nun mit Hilfe der Matrix C = À + iB die “ zugeordnete ” 


reelle symmetrische Matrix .des Grades. n R = Fa = R(C) = 


R(A +1B). Es gilt dann der für uns ausschlaggebende Hilfssatz: 


II. Ist U eine unitare.Transformation U = P + iQ in den n Veränder- 
lichen &1,°**,&m, und bildet man neben O =A +iB noch UCU’ = A* +-iB*, 
so hat die Bildung R(C) die Grundeigenschaft : 


(13) DR(C)D' = R(UCU’) = (3 2 


B* — A* 
Der Beweis beruht auf einer einfachen Rechnung: Es wird 
DR(C)D’ = es & ri ( P Yy _ (PA—QB,PB+ QA ( P Q 
Q P B—AJ \—Q P QA + PB, QB -— PA] \—QR P’ 
= bye — QBP’ — PBQ’ — QAQ, PAQ’—QBQ’ + PBP’ + eh 
~~ \QAP'+PBP'—QBQ + PAQ, QAQ + PBQ’ + QBP’ — PAP’ 
Ein Vergleich mit den Formeln (11) liefert unseren Hilfssatz. Man beachte 


noch folgendes: Die Schreibweise R = © en i) ist an die. Reihenfolge 
Uy," "Um, Vi‘ ‘Un geknüpft. Zieht man die natürliche Reihenfolge 
U, Vis” * *, Un, Un Vor, so erhält die reelle symmetrische Matrix R die Koeff- 

Ur bi Qi biet t ; | 
zientenmatrix Ry =| Dir — Au 012 — Ge * * |, Hierbei geht R, aus R ¥ 


durch eine Aehnlichkeitstransformation hervor. Man beachte noch folgendes: 
Die charakteristischen Wurzeln einer Matrix der Form À haben (auch für 


Ky 
$ 
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beliebige zwei Teilmatrizen A und B) die Gestalt w1, 2,° © -, On, — 0, — 02. 
",—ün. Dies folgt am einfachsten aus der Formel 


Lae A B\_f-4—B 0 E 

— E 0 B — À —B A — E 0 J’ 

woraus hervorgeht, dass À und — À einander aehnliche Matrizen sind, dass 
also ‚die charakteristische Determinante von À eine gerade Funktion der Un- 
bekannten ist. Hieraus folgt, dass À jedenfalls im symmetrischen Fall auch 


nichtnegative charakteristische Wurzeln besitzt. 


~ 


4, Beweis des Satzes I. Für unsere symmetrische Matrix C = (ca); 
Cea = xx + ibea suchen wir diejenigen nicht identisch verschwindenden 


Linearformen y == > Érd», für die die transformierte Funktion y = $ Ey S Cvala 


y=L @=1 
sich nur um einen konstanten Faktor » von y= > Evy unterscheidet, d.h. 
ws 
es soll y ==" 4 == wy sein. Hier kann nur der absolute Betrag von ù bestimmt 
sein. Denn existiert eine solche Funktion und setzt man für alle é = ei#&,), 
so erhält man et% ( = é May)’ = wei? >> ÉD Ist aber | 5 | = o, à = we, 


p= 


so setze man d = a2. An Stelle von ö tritt dann in W = oy die reelle nicht- 
negative Grösse w. Man betrachte also von vornherein nur die “ Halbin- 


varianten ” y == > yxy, für die bei reellem nicht negativem o, Y = wy oder, 


was dasselbe ist, 


(14) > CyaËv = wka 
pol 
wird. Setzt man & = čv — tm, so erhält man 


È (ara + iva) (Er — inp) = 0 (La + iya) 


also | 


(15) ` $; (dingy + Bran) = ale; À (brake — avery) une 


Dies besagt aber nur, dass im symmetrischen Fall C Halbinvarianten. mit 
reellem nichtnegativem œ bezitzt; es gehört nämlich zu jeder, solchen „ Wurzel” 
der zugeordneten Matrix ?=R(C) eine solche Halbinvariante von C. Genauer: 


Jede Halbinvariante y = 5 (čv — inv) av von C bestimmt in &(u, v) = > byly 
vi i; vi . 
2 
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n 
+ È yv eine zum gleichen Faktor gehörende Invariante der reellen Matrix 


yet 


R=R(C). Um nun den Satz I zu beweisen, schliesse man so: Man bestimme 
eine Wurzel o=0 von R= R(C) und eine zugehörige Halbinvariante 


FOR 
y == > sy von C. Diese & darf man als normiert ansehen, da man sonst 


pi 

Ev l 
U e a 
y nicht beeinfiusst. Die Linearform % ergänze man zu einem System 
Y = Yi; Ya’ °°, Yn von Linearformen derart, dass |y, |? + | dm |? 


die & durch ersetzen kann, was die Forderung an 


= ||’ +° | 2n |? wird Sie liefern dann ein System mit unitärer 
Matrix U=P-+1i09. In den reellen Veränderlichen w, vy liefern sie 2” 
reelle Linearformen %:,- ` +, Yon mit Yi = Y(u,v), die ein Orthogonalsystem 


mit der Koecflizientenmatrix D = e =) bestimmen. Bildet man (vgl. 
2) DRD" so enthält diese Matrix, weil Y, — Y (u, v) eine zu œ gehörende 
Invariante ist, in der ersten Zeile nur die Grössen w, 0, 0,: - -,0 und wegen 
der Symmetrie von & (und wegen D> — D’) gilt dasselbe auch für die erste 
Kolonne. Der Hilfssatz II lehrt uns aber, dass, wenn UCU’ = A* 4- iB* 
gesetzt wird, die erste Zeile von DRED = DRD" nur die Elemente der ersten 
Zeilen von A* und B* enthält. Hieraus folgt aber, dass die von uns ge- 


O ca © + Cop 
wonnene Matrix UCU’ die Gestalt UCU’ = | hat. Das 
O Ca tn 
genügt aber, um den Satz I aussprechen zu können. Denn die Matrix der 
car (K, A == 2, 8: en) ist wieder symmetrisch und kann in derselben Weise 


weiter behandelt werden, was zuletzt auf eine Schlussform WCW’ = 
‘a Wy 0:-:0 
0 Ws 


mit nichtnegativem reellen wy führt, bei unitärem W. 


Q - - -: On 
N. B. Hier ergibt sich, dass die w eindeutig als die sämtlichen p positiven 
Wurzeln von R—R(C) charakterisiert werden koennen, wozu noch n— p 
Nullen hinzukommen. Man kann die oy? aber auch als die Wurzeln der beiden 


“ Normen ” OC und OC, die nichtnegative Hermitesche Formem liefern, kenn- 
zeichnen. Dies ergibt sich aus 


Be es 9 Vs tes Ven Me 


- - — te _ - 
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l w? O0 - >- 0 

0 We” + L 0 
Cı = WOW’, 0,6, = WCW WOW = WOOW = > 

Ors - + 5 Wn? 


analog fiir CC (vgl. die Bemerkung am Schluss der Notiz). 


5. Folgerungen aus I. Wir wissen nunmehr, dass jede symmetrische 


Bilinearform f == 3! cCxxtxÿn sich in der folgenden Form screïben laesst: 
A=1 


f(2,9) = È CHAUX = wpa (T) p(y) +: + + + non (ET) pa (y) 
mit | 
Siew lal Žem Bl wl 
Die di,° °°: = kann man am der linearen Unabhängigkeit eines unitären 


Systems beliebig wählen, also auch so, dass dv == 1, ġa = 0 für A>£v wird. 
‘Folglich sind die Werte w1, w2,' * *, on Werte der quadratischen Form f(x, x) 


mit In+- +|vP—=1 Für Elm PS, Slps erhalten 


wir ferner, wenn o, = o: Z° * : & wy ist, er der Se ae FRERE 
| f(x, y)! T | K | # (y)! 


BRNEIPFETEIPHRT | Sor P Sly [Son 


Das gibt den für reelle cx, und zy, yy bekannten Satz: 
III. Jede symmetrische Bilinearform f(a, y) hat die Eigenschaft, dass 
im Hilbertschen Raume > | ay |? 1, > | yv |? = 1 das Maximum ihres abso- 
vi vi 


luten Betrages auf dem Bande, und zwar schon für Tı = Yı, * `, En = Yn 
d.h. von der zugehörigen quadratischen Form f(z,2) angenommen wird. 


Als unmittelbare Anwendungen ergeben. sich Bemerkungen über quad- 


CO 
." ratische Formen $, Catet (Cex == x) mit unendlich vielen Veraenderlichen, 
KAZI z 


xO 
die im Hilbertschen Raume Ð | av |?=1 beschränkt sein sollen: 
' pal 


| gr 
IV. Eine quadratische Form >) cextxtx ist bei ca = Cre auch für kom- 
Kyh=1 


pleze Ce dann und nur dann beschränkt, wenn dies für die zugehörige 
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Bilinearform der Fall ist. Quadratische Form und Bilinearform besitzen | 
ferner die gleiche obere Schranke. 


Es kommt weiter hinzu: Setzt man cx, = xx + ibe so ist die komplexe 
quadratische Form dann und nur dann beschränkt, wenn dies für die reelle 


bo oO 
quadratische Form $, [an (wa — veux) + ber (txor + veu,)] in den Ver- 
| K,A=2 


änderlichen Ur, V1, Us, Vo” * + gilt. Beim Uebergang von dem komplexen 
Fall zum reellen aendert sich die obere Schranke nicht. 


| 
| 
_ Hs ist also für ce, = ex nicht erforderlich, die “ Normen ” CC’ bezw. 
C’C einzuführen. 
| 
| 


Zusatz. Der Zusammenhang zwischen R == © = Jana den Normen | 


CO = (A + iB) (4 — iB) | 
— A? + B? 4- i(BA — AB) bezw. GC = A? + B? —i (BA — AB) 
| 
| 


| A? + B?, AB—BA\ .. 
D pes 3 
wird klar, wenn man KR? == ( BA IB, 4°- F bildet. Diese Matrix hat 


FG 
— G F 


E —iE\/ F@G\_/(F+ie 0 ) E _ 
—iB E )\-GF 0 P-G)\-iE E 


E — iB u à | 
—iz E }Vez)=\oezr 


wird. Dies zeigt, dass R? der Matrix E 7 o) ähnlich ist. Die charak- 


teristischen Wurzeln von CC (bezw. CC’) sind also in der Tat die Quadrate 
der Wurzeln von R, von zwei gleichen Quadraten nur eines gerechnet. 


die Gestalt ( 3: Es wird aber 


wobei 


MEAN-VALUES OF ARITHMETICAL REPRESENTATIONS.* 


By AUREL WINTNER. 





By a representation, f = f (n), will be meant any (number-valued) multi- 
plicative representation of the ordinary multiplication on the semi-group of 
all positive integers; that is, any sequence of numbers f(1),f(2),- - - satis- 
fying the relation f(nm) —f(n)f(m) for every pair of positive integers n, m, 
distinct or not. Thus, if the trivial case f(1) —0 (which leads to the identical 
vanishing of f) is excluded, then f(1) must be 1, and so f(n) becomes 
uniquely determined for every n by an arbitrary assignment of the values 
f(p), where p runs through all primes. 

It was recently shown ([2], p. 46) that every representation f(n) which 
attains only the values + 1 must have a mean 


(1) M(f) — tim FO + thm) f 


The proof depended on the prime number theorem (which, in turn, follows 
by choosing f(n) —A(n), where À denotes Liouvilles function). In the 
present note, a parallel, but elementary, theorem will be verified by showing 
that every representation f(n) which is bounded and non-negative has a 
mean (1). Here, and in the sequel, “non-negative” means “real and non- 
negative ”. T A 

A class of functions more general than that of the representations results 
if the condition f (nm) = f(n)f(m) is required only for integers n, m which 
are relatively prime. For these functions f(n), the so-called multiplicative 
functions, not only the values f(p), attained at primes, but all the values 
f(p),f(p?),° >>, attained at prime powers, can be chosen arbitrarily. The 
representations result if f(p*) is chosen to be the %-th power of the value 
f(p), where p and & run through all primes and all positive integers 
respectively. 

The theorem, quoted above concerning the case f(n) = = 1 of repre- 
sentations, was derived in [2], p. 46, in its more general form: 


(i) Every multiplicative function f(n) which attains only the values 
+ 1 has a mean M(f). 


* Received March 22, 1945. 
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Correspondingly, the elementary fact, stated above concerning repre- 
sentations, will be proved for the general case also: 


(ii) Every multiplicative function f(n) which is non-negative and 
bounded has a mean M(f). 


IE f(n) == (n)/n or f{n) =| u(n)|, where p and » denote Euler’s 
and Möbius’ functions respectively, it is clear that the assumptions of (ii) 
are satisfied. Thus (ii) supplies the existence of :(1) in both cases. In the 
first case, the existence of (1) goes back to Dirichlet (in fact, it is contained 
in his result concerning the sum-function of ¢). In the second: case, the 
existence of (1) means that the sequence df the square-free numbers has a 
density. : 

In both of these classical cases, the mere existence of (1) can of course 
be improved by explicit estimates of the error belonging to a fixed n. But (ii) 
is a general fact and cannot, therefore, supply improved remainder terms. 
For instance, (ii) contains the fact (cf., e.g., [1], p.68) that every multi- 
plicative set of positive integers has a density. But this particular case of (ii) 
is needed for the extension, of the prime number theorem to the case of arbi- 
trary sets of primes ([1], p.71). In addition, this partieular case of (ii) 
contains the truth of a conjecture of Ramanujan ([2], p. 31). 

All of this seems to warrant an isolation of the general fact expressed 


by (à). Bu SC. 


In the proof, ‘use will be made of the following elementary Se 
If g(n) is a multiplicative function satisfying OH, 


(2). 2 3 | 9 (RE) — g (p>) / p < œ 


(where g(p**) is g(1) —1 when k == 1), then the mean M(g) exists; cf. 
[1], p.41, It is also known that, if (2) is satisfied, the mean M in) of the 
multiplicative function g can be A by the Eulerian Rn 

Au ie 
(3) A +3 pr) Er); 
cf. [1], p. 14. 

What will actually be shown 1s that, if a multiplicative function f(n) 
satisfies the assumptions of (ii) but is such that (2) fails to be satisfied for 
g = f, then M(f) must exist and be 0. But it is known (cf. [1], p.41) that, 
if a multiplicative function g satisfies (2), then g must be-almost-periodic (B). 
On the other hand, if M(f) exists and is 0, then, since f = 0 by assumption, 
it is clear that f is almost-periodic (B), with 0'+0--- as Fourier 
series (B). Consequently, (ii) can be refined as follows: 
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(ii bis) Every multiplicative function which is non-negative and bounded 
is almost-pertodic (B). 


The possibility of this refinement of (ii) is due entirely to the arithmetical 
assumption of multiplicativity. In other words, if a function f(n) is non- 
negative and bounded, then the mere existence of M(f) does not imply the 
almost-periodicity (B) of f(n). For a simple example proving more than 
the falsity of this implication, cf. [1], p. 28. 

Let f(n) be a function satisfying the assumptions of (ii). Thus 


(4) | 0S f(n) <A, 


where A is a constant. In particular | f(p*)| < A. Since f(p°) =f (1) is 1, 
it follows that (2) is satisfied for g — f unless 


6) 3 | f(p) —1 1/p =~. 


Consequently, both (ii) and (iibis) will be proved if it is shown that, if f 
satisfies the assumptions of (ii) and the additional assumption (5), then 
M (f) exists and is 0. 

To this end, let the sequence of all primes p be split into two an 
mentary subsequences (either of which may be finite or vacuous), as follows: 
À prime p is in the first or in the second subsequence according as the value 
f(p) is or is not less than 1. Thus, if a prime p is called a prime g or a prime 
r according as it is in the first or in the second subsequence, 


(61) 0=f(g)<]; (62) 1Sf(r). 
It is easy to see that 
(7) a 


In fact, since q and r are complementary, it is clear from the assumption (5) 
that more than (7) is contained in the assertion 


(8) BI f(r) 1< o. 


But (8) can be verified as follows: 

Let ffa ° *,75," °° denote the sequence of all primes r. It may be 
assumed that this sequence is infinite, since (8) is clear in the contrary case. 
For a fixed 7, choose n =" "Tin (4). Then, since f is a multiplicative 
function, it follows that the partial products of the infinite product H f(r) 
form a bounded sequence. On the other hand, (6:) shows that this sequence 
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is non-decreasing. Accordingly, the infinite men f(r) is en 
In view of (6,), this is equivalent to (8). 

With reference to the given function f(n) and i a fixed positive aa 
t, let fe(n) denote the multiplicative function defined by the data fı(p*) 
which are assigned as follows: If either p is an r or k is greater than 1, then 
fe (p=) =f (p*) ; while in the remaining case (that is, if p is a prime q and 
k is 1) the value of f:(p*) = f:(q) is f(q) or 1 according as g is or is not 
less than t. Thus it is clear from (4) that 


(9) > O<f:(p*) <A, 


since A is greater than 1. Furthermore, it is seen from (6,) and from the 
first of the inequalities (4) that the inequalities 


(10) OZ f(n) = fi(n) 


hold for every prime power, n = p*, However, since both functions f, f: are 
multiplicative, (10) must hold without the restriction n = p# also. 
Condition (2) is satisfied by the function g = f: (for every fixed t). In 
fact, it is clear from (9) that the convergence of the double series (2) in the 
case g =f; is equivalent to the convergence of the simple series belonging to 
k==1. Since f;(1) — 1, it follows that (2) is equivalent to the convergence of 


3 ifp) —1 |/p = 3 | f(r) zn | fe(a) — 11/0. 


But the convergence of the first series on the right is implied by (8), while 
the second series on the right has just a finite number of non-vanishing terms, 
since f:(q) was chosen to be 1 for every g exceeding t. 

Since (2) is satisfied by g = f: it follows that A7(f:) exists and is 
represented by the case g = f: of the absolutely convergent product (3). 
In view of the definition of f:(p*), those factors of this infinite product which 
belong to primes r are independent of ¢. Hence, the product contributed by 
all these factors together can be denoted by C (without a subscript t). Then 
M(f:) = CQ, where Q: is an _ abbreviation for the product of all factors 
which belong to primes q. 

Let Q: be split into Gz times Hr, hence W(f:) into 


(11) M (ft) = CG: A, 


where Gz comprises those factors of the product Q: which belong to primes g 
having a value less than 2, and H: represents the contribution of all the 
remaining primes g. It is seen from the definition of fı(p*) that, whether g 


. 
ARE. se nn 


rete nn 
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~ belongs to G: or to Hr, the difference f:(g*) — Fı(g®") is identical with 
f(g) —f(q¢*") except when k= 1; and that, in the exceptional case k = 1, 
-the difference f:(q*) — fi (9°) =fılg) — 1 is f(g) — 1 or 1 — 1 = 0 accord- 
ing as q belongs to G; or to H:. If these data are substituted into the defini- 
tions of the contributions Gz, Hs to the case g —f: of the product (3), it 
follows that 


(2) mt (1H D —1)/2 + 3) KEN) V0) 


- and 
oo 
(13) H: = 1 (1 +S — f(g) 3/0"). 
` .. qat k=2 
According to (12) and (4), 
G = (1—(1—f()}/a + (7) 
It follows therefore from (6:) that G: is majorized by a constant multiple of 
I (1— {1—f(¢)}/¢). 
act 


In view of. (7) and (6,), this means that G: —> 0 as £— x. Hence, in order 
to conclude from (11) that 


(14) M(f:)—0 as too, 


it is sufficient to observe that, according to (13) and (4), the function H: 
> oft is majorized by the constant 


I (1-4 3284/9") < ©. 
q %=2 ; 


Finally, it is clear from (14) and (10) that the limit (1) exists and is 0. 
But this is precisely what had to be proved. ` 
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DIRICHLET SERIES MEROMORPHIC IN.A HALE-PLANE.* — 
By H. D. Brun. 


~x 


1. Introduction and basic theorems. The usefulness of Hadamarg’s 
famous “ multiplication ” theorem for Taylor series is well-recognized. Its 
direct analogue for Dirichlet series is very easily shown not to hold. However, 
Mandelbrojt has given powerful theorems ([4] and [5]; see also [6]) which 
generalize Hadamard’s theorem for Dirichlet series. Generalizations of one of 
Mandelbrojt’s theorems have been discussed in a recent paper of the author [2], 
and applications of these theorems and ideas form the subject matter of the 
present paper. 

A function f(s) is said to be represented by a Dirichlet series if 


(1) f(s) = Danes, 


where s is a complex variable, s = e + it, {an} is a sequence of complex con- 
stants, and {àn} is a sequence of non-negative real numbers, strictly increasing 
to infinity. If the sequence {A4} ‘is the sequence of non-negative integers, the 
series is called a Taylor-Dirichlet series. Equation (1) is to be understood as 
implying that f(s) is given by the series where the series converges, and is 
defined by analytic continuation wherever possible. Only uniform functions 
will be considered; this: restriction is to be understood, whether or not it is 
specifically stated. However, the theorems of the paper apply to non-uniform 
functions as well, if cuts which render them uniform are allowed to play the 
rôles otherwise assigned to singular points of uniform functions. Also, only 
those functions will be considered here which are represented by Dirichlet 
series having finite abscissae of absolute convergence. V. Bernstein’s notation 
will be used: Cy denotes the abscissa of absolute convergence of the function 
f(s), and X; denotes its abscissa of holomorphism. 

The definitions of the next few paragraphs will be required in order to 
state the fundamental theorem, Theorem 1. The symbol +, as an operator 
- on sets of points, will be used as it is commonly used in point set theory; 
so that if A and B are sets, À + B is their sum, or union. Also À - B denotes 
their intersection, the set of all points comrnon to both. The word curve, when 
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used, refers to a simple Jordan curve. The term domain will refer to an open, 


connected set of points; the term region will be used in referring: to a domain 
plus all, some, or none of its boundary points. A point will be considered 
singular for a function if it is not possible to continue the function analytically 


-~ throughout a complete neighborhood of the point. 


DEFINITION. A domain O is bounded connectedly with respect to a 
domain D if there exists a positive number K such that to every point of O 
corresponds a simple Jordan curve in O + D of length less than K which 
joins this point to points in D. It is of course implied that O + D is itself a 
domain. . 

Let f(s) be given by (1), and let S; denote the set of singular points of 
f(s) in the complex s-plane, where s =o + tt. Let c be a real number greater 
than C;, and let A be a closed set in o < c containing Sr. 


DEFINITION. The function f(s) is “M” ino > o, with respect to A if 
f(s) is bounded in every domain which is bounded connectedly with respect 
io o > c and whose boundary is at positive distance from the set A + Pi, 
where Pı is the half-plane c = o. Since f(s) is bounded in the half-plane 
oc = c if c > Q, the definition is clearly independent of the choice of the 
real number c greater than Qy. If f(s) satisfies the above condition for every 
real number oi, then f(s) is “M?” in the entire plane with respect to A. 
If f(s) satisfies the condition with A replaced by S;, then f(s) is “M” in 
o > O1. | 

The function f(s) is “bounded except for singularities” in o > o, if 
f(s) is bounded in that part of the half-plane o > o, remaining after circles 
of arbitrary, fixed radius about points of S; have been extracted. It has been 
observed [2] that if a function f(s) is bounded except for singularities in a 
certain half-plane, it is also “ M ” in that half-plane. The converse is not true. 
It has also been shown [2] that if f(s) fails to take two distinct values a and b 
in à strip o1 < o< c for real numbers o, and c, where c > Qr, then f(s) is 
“M” ino > oy. In fact, this is true if f(s) takes at most a finite number of 
times in o1 <o < c each of two values a and b. For it was seen (Lemma 1 
of [2]) that f(s) is bounded in every domain bounded connectedly with 
respect to e >c which is at positive distance from A + P,, where A = Sy. 
+ Hy(a) + E;(b), and Py=(oS01); here H;(a) denotes the set of 
points in o, <o<c at which f(s) takes the value a, and W;(b) the set in 
ao, Lo <c on which f(s) takes the value b. Suppose that at most a finite 
number of points is taken from each of the sets Æ;(a) and H;(b) to obtain 
the sets H’+(a) and E’;(b). Let O’ be any domain bounded connectedly with 
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respect to æ > ¢ which is at positive distance from Ss + Er (a) + £7(b) + Pu. | 


If 0° contains any points of Æ;(a) + E;(b), extract from O’ closed, non- 
overlapping circles interior to O’ about each of these points; let O be the 
domain remaining. Then O is bounded connectedly with respect to o >c 
and is at positive distance from each point of S; + Er(a) + E;(b) + Pi, 
so that f(s) is bounded in O. Also, f(s) is bounded in each of the extracted 
circles, which are closed, bounded sets in each of which f(s) is holomorphic. 
Therefore f(s) is bounded in 0°. By definition, then, f(s) is “M” ine >o 
with respect to Sy; + #’r(a) + E’r(b). If Er(a) + Er(b) contains at most 
a finite number of points, the above discussion applies with E’;(a) and E’;(b) 
both empty, so that f(s) is “M” ino > ay. 

Lemma 1 of [2], referred to above, may be regarded as stating that any 
function f(s) gwen by a Dirichlet series having a finite abscissa of absolute 
convergence is “M” in © > o1 with respect to Sr + Erla) + E+(b), where 
a and b are any two distinct complex numbers. 

S. Mandelbrojt ([4]; page 4) has given examples of functions bounded 
except for singularities, which are therefore also “ M.” Examples of “ M” 
functions which are not bounded except for singularities are given in [2]. 

Consider two functions 


La 


(2) f(s) = Dane", dl) = È dae, 


and the composite function 


a 


(3) H (F, p) = H (s) = È anbne vs. 


Let Sọ denote the set of singular points of b(s). Let c and c’ be real numbers 
greater than @; and (ig respectively. Let A be a closed set in o< c con- 
taining S;, and B a closed set ino < ¢ containing Sg. Define 


o{A) = max |c, l. u. b. o |, 
CHÎITE A) —00 KT < 00 


o7 (A) = max [o,, Lu. b. «|, 
C+IiTEAÀ 
o7(B) = max [o1, l.u. b. oil, 
(4) o+ireB 
o®(A) = max [lim sup o7(A), limsup o”(A)], 
TOO TOO 
o®(B) = max [lim sup o7 (B), lim sup o7 (B)], 
TCO Tem 
o” == max Loi + g% (B); 2 + o®(A)]. 


Let [4, B] denote the closure of the set of all points a + 8, where we A, 
Be B. It is, by definition, a closed set. Let A, denote the intersection of A 


gst 
u 


| 
| 
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with the quarter-plane ¢ = +, 0 >, of the complex s-plane, where s =o + tt: 
A,=A-(t27,¢>0,). Define 


(5) [A, B]® = lim [4r B], 


the intersection of all sets [A,, B] as r takes on all real values, which is itself a 
closed set (see [2]). 

The theorem (cf. Theorem 2 of 2D on which most of the theorems of 
the present paper are based may now be stated : 


THEOREM 1. Let A be any closed set in a < c which contains Sr, and 
let B be any closed set ino <c which contains So. If f(s) is “M” m 
o> o, with respect to A, and tf ps) is “M” in o > o with respect to B, 
then H(s) is holomorphic in that part of the complement in o > o®° of 
[A, B]®% - (e > 0%) which is connected with o > c+ d. Moreover, H(s) is 
“M” ino >o™ with respect to [A, B]™. | 


Proof. The theorem as stated above is precisely Theorem 2 of [2], with 
the exception of the last sentence, which is not included there. It remains, 
then, only to prove that under the given conditions H (s) is “M” in e >o™ 
with respect to [A, B]®. 

The sets A(8) and B(8) will be defined as in [2]: A(8) is the comple- 
ment in o =o, of the set C'A(&) defined as follows. Let P(8) be a positive 
function of the positive variable ð, monotonely increasing to infinity as ô 
approaches zero. The set ÜA(8) is the set of all curves of length less than 
P(8), having one end-point in o > c, which are central lines of channels in 
o >c, of width greater than 26 which contain no points of A. B(8) is defined 
in a similar manner, replacing o, by oz, c by €”, and A by B. 

Let T denote the closed set [A, B]™, which lies in the half-plane o € c a g. 
Define T (8) as A (8) was defined, le o, byo™,cbyc+c,and A by T. 
It is clear that every domain which is bounded connectedly with respect to 
o> c- č and which is at positive distance from the set T + P, where P is 
the half-plane oo, is interior to a domain UT (8) for some positive 6. 
Also, every domain C7'(8) is itself bounded connectedly with respect to 
s œ> c- g, and is at positive distance from the set T + P. In order to show 
that H(s) is “M” in o > 0% with respect to T, it is therefore sufficient to 
show that H (s) is bounded in each domain OT (è). 

Let 5 and 8” be positive numbers such that ° + & < 8, and write 
e= [8 — (# +8°)]/5. Let M;(8°) be the least upper bound of | f(s)| in 
CA(#), and My(8”) the least upper bound of | $(8)| in CB(8&’). It can 
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easily be seen, by considering Mandelbrojt’s integral expression for H(s) 
(see [2], Theorem 1) that H(s) is bounded in CT(8). If Mu(8) denotes 
the least upper bound of | H(s)| in. CT(S), it can be shown that actually 
there exists a constant N independent of à, &, and 8”, such that 


(6) Mun(8) = Mn(5e + 8 + 8”) < (N/A My (8) My (8”). 


In order to show this, let 2 be any point of CT'(8). There is then a curve L 
of length less than P(8) joining z’ to points in c > c+ ¢, which is the 
central line of a channel in e > o® of width greater than 28 which contains 
no point of [A, B]°. It follows from Lemma 2 of [2] that if 8 is sufficiently 
small, and if r > ro for ro sufficiently large, then L is also the central line of 
a channel ©” of width greater than 2[8— (8 + %’)], or 10e, in o > o®, 
which contains no point of [4,(#), B(8”)], where A (8) = A(#) : (t>r). 
There is therefore a domain A in o > o™ + 4e containing L and also points 
with arbitrarily large real part, whose boundary is at distance greater than 4e 
from every point of [A,(&), B(8”) ], for 7 > ro, and for à sufficiently small. 
Fix 8’, 8”, à, and r, so that this is true. 


Pave the strip o, Soc of the s-plane (s =o + it) with squares of 


side e. Extract from this strip those closed squares, as well as those bordering 
on them, which contain points of A,,(8’). Extract also those bordering on 
the vertical line o == c}. Denote by De that part of the region in the half- 
plane o > o, remaining which is connected with the half-plane o > c. Define 
the sequence {%»} and the symbol C.(%m) as in Theorem 1 of [2]. It follows 
from the discussion in the proof of that theorem that 


H(#)= lim (1/idn) S nad (SO — 9) ds. 


Also, Ce(am) is interior to CA (8), so that on Ce(am), | f(s)| < M; (8) ; and 
for s on Ce(am), z —s is in CB(8”), so that | p(2 — s)| = Mo(8”). It is 
pointed out in [2] that there is a constant N independent of « such that the 
length of Ce(@m) is less than Nanm/e. It follows that 


| A (2’)| < (1/em) My (8) Mg (8) (Nam/e), 
| Z(2’)| < (W/e) My (8) Me (8”). 
But 2’ may be any point of CT (8), so that 
My(8) AGREE < (N76) Mr (9) My (8); 


which conne the proof of the theorem, * 
Mandelbrojt (see [6]) has introduced the concept “ ultimate ie 


x 
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abscissa of holomorphism of f(s) with respect to ei.” This real number is 
the larger of the two numbers c, and the upper limit as + becomes infinite of 
the largest real number o such that q + ire S;, where 8; denotes the set of 
singular points of f(s). A closely allied terminology will be used here. The 
ultimate abscissa of holomorphism of f(s), X°(f), is defined as follows: 


(7) HS (P) — max [lim m sup (max a), lim n sup (max a) |. 


Test o+ireSr 
It will be noted that with the preyiously used notation, 
av (Sr) = max [os, H°(f) J: 


THEOREM 2. If f(s) —3ane rs is M” ino > op for some real number oo 


. less than N;—lim sup (log n) /An, then X(f) = H;—lim sup (log 1) /An. 


In particular, since X®(f) = Hy, if lim sup (log 2) /An = 0, and if f(s) 
is “M” in e > o for some real number co less than Nr, then N (fF) = Hr; 
that is, f(s) has singular points, the absolute values of whose imaginary parts 
are arbitrarily large, in every open half-plane containing the half-plane 
o = 9; in its interior. 

Proof. Suppose that the theorem is not true, i.e., that M-(f) < Hr 
— lim = (log 2) /An. Choose o, so that oo < o< Hr — lim sup (log n) /An, 
and ©, > Hf). Then f(s) is “M” in o > 01, and o®(S;) = max (01; 
AE (P)) =o, Put A=$} in Theorem 1; then Ar or Se GÈ re > 01), 
is empty for r sufficiently large, and [A, Bj is empty, whatever the set: B 
may be. In Theorem 1, put ps) =e 8, Choose the set B as indicated in 
Section 5 of [2], so that (s) is “M” in the entire plane with respect to B. 
Since 


(8) | Co = lim sup (log 2)/An 


(see [1] or [7]), such a set B can be constructed as follows: let {%} be any 
sequence ‚of non-negative numbers, strictly increasing to infinity, such that 
lim A (tess — te) =.0. Define B— So + Bi, where Sọ is the set of all singular 


ae of pis), and B, is the set of points 85 — As + it, and x, — As — itz 
(4==1,2,:+-). Then ps) is “M” in e > oy with respect to B for — 02 
arbitrarily large. The number o, can be chosen so that o® == max [oi -+ o°(B), . 
o2 + 0° (A)] =o, + 0% (B) =o, + Ag = o, + lim sup (log n)/An. Since 
a; < M;—limsup (log 7) /An, o° <Xr. But [S;, B]® is empty, so that it 
follows from Theorem 1 that H(s) == Xane%"*=f(s) is holomorphic in 
x > o%. This evidently contradicts the above Ben that X, > 0%, and 

completes the proof of the theorem. | 
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l THEOREM 3. If f(s) =3a,e* is “M” ino > 0, for some real number 
o, < Qs — lim sup (log n) /An, then Hr = Qr — lim sup (log n) /An. 

Proof. Suppose that the theorem is not true, i.e. that H< Cy; 
— lim sup (log) /An. Let d be any real number less than Gp lim sup (log 2) An 
and greater than both a, and Xr. Since o, < d, and since f(s) has no singular 
points in o = d, it follows from the definition of an “MZ” function that f(s) 
is bounded by some positive number N in c= d. Use of this fact with 
Cauchy’s theorem in a classical manner yields, the result that 


diT c+èT 
lim (1/iT) f, f(s) ds = lim (1/iT) f f(s)e* ds, 
T->00 d+04 T->00 c+0i 


where c is a real number greater than a 7, and the path of integration in each 


el tn REST et 


case is the straight line joining the end-points. But, as is well-known (e.g. A 


L7], page 15), 


sit 
an = lim (1/iT) f ls) eins ds. 
TIO 0+04 
Also, 


d+iT 
| an | = | lim (1/iT) f ls) ds | < Neid, 
T00 d+0% 
Hence 


> | ane ne | SD | an | exp[— AR (2)] = NS exp{— Al (2) — dl}. 


But by (8), 3e! converges if R.(s) > lim sup (log) /An. Thus if R (z) 
> d + lim sup (log 2)/An, Sane>* converges absolutely. Therefore Qr = d 
+ lim sup (log 2) /An. But d < @;—lim sup (log 7) An, a contradiction which 
completes the proof of the theorem. ` 


COROLLARY 1. If f(s) = Sane? is “M” in an open half-plane con- 
taining in its interior its axis of absolute convergence, and if lim (log) An 


== 0, then N° (f) = Ir = Cr. 


COROLLARY 2. If f(s) is any function given by a Dirichlet series having 
& finite abscissa of absolute convergence, and tf o, < GQ; — 2 lim sup (log n) /An 
(or tf o < A; — lim sup (log n) /rn) then either 


(i) f(s) has singular points, the absolute values of whose imaginary 
parts are arbitrarily large, in o > 01, or 


(ii) f(s) takes infinitely often every value except at most one in 
o,< o < 6, where cis any real number greater than Cy. 


For if (ii) is not satisfied, then f(s) is “M” in o > oy, as is noted near the 


a 


| 
| 
| 
| 
| 
| 
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beginning of this section. Then by Theorem 3, M; = A —limsup (login) /An, 
so that o < Hr — lim sup (log n)/x By Theorem 2, Y°(f) = X: 
— lim sup (log n) /An > 01, so that (i) is satisfied. 

Two lemmas, which will be used in developing applications of the above 
theorems, follow. 


Lemma 1. Let {f;(s)} be a finite set of functions, 
fi(s) = Da EXP {— rns}, (= 1,2,:: N); 
which satisfy the following conditions: 


(i) max Gr —U< œ; 
‚N 


s EL, 2,... 
(ii) m £ AnD for all m and n, if ij; 


(iii) lim (log n)/pn = 0, where the sequence {pn} is composed of the 
elements of all the sequences {àn}, arranged in increasing order; 


N 
(iv) F(s) = X fi(s) =X brew? is “M” in o>, for some real 
i=1 


number oo < G. 
Then Hr = Ur = 4. 
Proof. Under the hypotheses of the lemma (see [1] or [7]), 


A log | by | . log | Ant?) | 
pme SE mae, mow =E 


But by Corollary 1, Sr = Cr, which completes the proof. 


LEemMmA 2. Suppose f(s) =X ane’ and y(s) =Z baet: are both “ M” 
in o > o, for some real number o,.. Let F(s) denote their sum: F(s) =f (s) 
+-y(s). Let E be the set of points (if any) in o > o, which are singular for 
both f(s) and y(s) and at which F(s) is holomorphic. If E is empty, or if 
the greatest lower bound of the distances between pairs of points of E is 
positive, then F(s) is “M” in o > 01. 


Proof. Let A denote the set S; of singular points of f(s) in e > c, and 
B the set Sy of singular points of y(s) in e >. Under the hypotheses, 
there exists a positive function M;(8) ‘of the positive variable 5 such that 
| f(s) |'< M+(8) in CA (8), which is defined near the beginning of this section. 
Similarly, there exists a function If,(8) such that | y(s)|< M,(8) in CB(8), 


R 
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defined as is CA (8), replacing A by B, and c, a number greater than Gr, by 
Cı, a number greater than Qy. Let T be the set Sr of singular points of F (s) 
in o > o, and define CT'(8) as CA(8) was defined, replacing A by T, and c 
by max (c, cı), which is certainly greater than Cr. 

Let d be a positive number such that the distance between any two points 
of E is greater than d; let $ be any positive number less than 4d, and let x 
be any point of CT\(8). There is then a curve L of length less than P($) 
(hence less than P(48)) which joins z to e > max (c, cı) and is the central 
line of a channel C in o >e, of width greater than 28 which contains no 
point of Sr. It can therefore contain no points of S; or of Sy except possibly 
points of #. There are at most a finite number n, depending only on 6, of 
points y; (4==1,2,---,n) of Ein C; for any channel whose central line is 
of length less than P(S) can be covered by a finite number of circles of radius 
$d; each such circle contains at most one point of E. If y; is any point of E, 
let Ki be a circle of radius 48 about y; Since 8< 4d, no two such circles 
Intersect. If each’ K; fails to intersect L, then L is the central line of a 
channel in o > o, of width greater than 48 which contains no point of A or B, 
so that z belongs to both CA(48) and CB(48), and |f(z)| < M;(48), 
iy(a)|< M.,(48), therefore | F(£)| < M;(45) + M,(38). 

If a circle K; intersects L, K, is at distance greater than 48 from the 
boundary of C. 

If no K; contains z, L may be replaced by a curve LZ’, which is obtained 
by replacing every arc (if any) of L which is in a circle K; by an arc of Ky 
between the two points of intersection. The length of L’ is certainly less than 
P(8) + Rnrd/4, which is less than P(k&) for some positive number & less 
than 1/8, depending only on à, since P'(8) increases monotonely to infinity 
as ô approaches zero. Moreover, L’ joins s to o > max (c,c,), and is the 
central line of a channel in o > c, of width greater than kô (k < 1/8) which 
contains no point of A or B. Therefore ze ECA (kò) and xe CB(kô). Hence 
| P(2)| < My (48) + My (8). 

Finally, if a circle K; contains x, there is only one such circle. By the 
discussion of the paragraph above, each point 2 on the boundary of K; lies 
in CA(kö) and CB (k8). Therefore | F(2’)| < M;(k5) + M,(k8) for each 
such point. But F(s) is holomorphic in K;, and therefore takes its maximum 
value on the boundary, so that | F(z)| < M,(k8) + M,(k8). 


This last inequality has been shown to hold for each point x in OT (8), 


for each positive $ (k depending on 8). Thus F(s) is bounded in each domain 
CT($) ; as has been noted before, this is sufficient in order that F(s) be M ” 
ing œ>, This completes the proof of the lemma.. 


AAA nes 
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The generalization for the-sum of a finite number of functions is im- 
mediate. If each of the functions is “M,” if E is the set of points singular 
for some or all of the functions on which the sum is holomorphic, and if the 
greatest lower bound of the distances between pairs of points of E is positive, 
then the sum also is “ M.” 


2. Applications, In this section, theorems based on the theorems and 
lemmas of the previous section will be proved. . First, it will have been noticed 
that the composite function H(f,¢) of Theorem 1 is defined only if the fune- 
tions f(s) and p(s) are of the form: f(s) = Sane, o(s) = X be Mrs, the 
two series having the same sequence of exponents. If, however, f(s) == Sane™"® 
and (s) == 3b,e8, there is a minimum sequence {vn} which contains both 
sequences, {An} and {ym}. The functions f(s) and (s) can each be repre- 
sented by a Dirichlet series whose sequence of exponents is {vn}: 


f(s) =$ Ame”; Am=Gn If vm= Àn; 
Am==0 if mn for all n; 

o(s) = D Be ns: Bat E mi; 
Bn—0 if mm for all n. 


If the sequences {àn} and {pn} have an infinite sequence {Tn} = {An} + {un} 
in common.({7»} is the sequence of all non-negative numbers, arranged in in- 
| creasing de each of which appears in both On} and {pn}), tf re = An, == jam, 
(t=1,2,-- -), and if 


fı (s) LES 2 On ess, $i (s) == > bmg ems, 
then 


H(f, $) = A (fis $1) = D AmBmerm® =Z D Qn, Ome rie, 


If {An} and {pm} have no infinite sequence in common, the result obtained 
by the use of Theorem 1 is of course trivial, since then H(f,¢) is entire or 
constant.. Use will be made in this section of Theorem 1, applied to functions 
whose sequences of exponents are not identical, but have an infinite sub- 
sequence in common. One such result follows, indicating that under certain 
conditions, two “M” functions represented by Dirichlet series can not each 
“cancel” the other’s singularities so that their sum is holomorphie, unless 
they have essentially the same. sequences of exponents. i 
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THEOREM 4. Suppose that F(s) — Ane and & (s) =Z Baer satisfy 
the following conditions: 


(i) F(s) is “M” ino > Qr—ņ, d(s) is “M” in o> Qg — m, for 
some positive number y; 


(ii) ÆF(s) —&(s) is holomorphic and “M” in e > (Ar—n; 


(ii) lim (log | An |)/An = Gr, 
lim (log | Bn |) /um = ds; 


(iv) u (log 2) /An = lim (log n) /un = 0; 


Then the sequences {An} and {un} are identical, with the exception of at 
most a finite number of terms of each sequence. 


It is evident from Corollary 1 of Theorems 2 and 3 that under hypotheses 
(i) and (iv), X, =G@, and Ne= Gr. It follows from hypothesis (ii) 
that Ur = Q Pr 

Incidentally, it will be observed that Lemma 2 assures the fulfillment of 
condition (ii), if (i) is satisfied, if F(s) — © (s) is holomorphic in e > Zr—zy, 
and if further the greatest lower bound of the distances between pairs of 
points, singular for both F(s) and ®(s) and at wie F(s) —(s) is holo- 
morphic, is positive. 


Proof. It will first be shown that all of the terms of the sequence {An} 
except at most a finite number belong also to the sequence {yn}. Write 


f(s) = FP (s + Gr) — Ý, An exp [— àn(s + d;)] = > ane es, 


where 
On == An exp [— Anr]; 
and 
p(s) = (s + Ar) = $ Bn exp [—pa(s + Ar) ] = È bner, 
where 


bn — Ba exp [— AU r] , 
Then the hypotheses of Theorem 4 become: 
(i) f(s) is“ M” ine > —7;p(s) is“ M” ine >—7; dr =A, =0; 


' (ii) f(s) —$(s) is holomorphic and “M” in e > —y; 
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(iii) lim (log | an |) /An = lim (log | An exp [— AnGr |]) /An 
== (Ir — Or = 0, lim (log | bn |) /pn = 0; 


| (iv) lim (log 2) /A, = lim (log 2) /pn = 


Suppose now that there exists an infinite subsequence {An,} of {An} such 
that An, £ um for all positive integers « and m. Let {An,} be the maximum - 
such subsequence of {An}. Let {Am,} be the complement in {An} of {An}: 
each Am, belongs both to {An} and to {m}. Let {yn,} be the subsequence of 
{vm} which is identical with ms) and let {vm,} denote its complement in 
Un} Amy = ny (J = 1,2,° °°). 

Write y(s) —f(s) —p(s). Then y(s) is holomorphic and “M » in 
a > —7 In Theorem 1, replace (s) by y(s), A by Ss, and B by Sy, which 
is empty. Here o, =o,=—y, —ySo({A) S0, oc? (B) =—n. Then 
o® = max [oi + o¢°(B), o2.-+-6°(A)] S—y. The set [A,B] is empty, 
so that by Theorem 1 H(s) — H (f, y) is holomorphic and M” in o > —7. 
The function y(s) is given by: 


y ( s) ms >; Ang hrs > be —— > An, ms 
+ (am; — bn) ms — F bm, Ames 
Then 
H (s) =H (f, y) = Lan me - D am (Am; — bn) ms. 


Under the hypotheses, it is easily verified that neither series has an infinite 
abscissa of absolute convergence. The function H(s) satisfies the conditions 
on F(s) of Lemma 1, with . 


fı (s) == Dan” Anis, fa(s) se > Im; (Am, — bn) g7hmss, N = 2. 
Also, 
Qr, = lim sup (1/An,) log | an,? | = 2 lim sup (—1/An,) log | an, | = 0, 


by hypothesis (iii). Hence 
â = max an = 0, 
i=1, 2 

so that My = 0, by Lemma 1. This contradicts the previous assertion that 
H(s) is holomorphic in e >-——~7, and completes the proof of the assertion 
_ that all of the terms of the sequence {An}, except at most a finite number, 
belong also.to the sequence {un}. 

Upon interchanging F(s) and ®(s) in the discussion above, it becomes 
apparent that the two sequences {An} and {un} are identical, with the exception 
of at most a finite number of terms of each sequence. 
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Hypothesis (iii) of Theorem 4 is certainly essential. For any series 
satisfying a condition of type (iv) and having a sufficiently small abscissa of 
absolute convergence might be added to F (s), creating a new function such that 
all of the other hypotheses would be satisfied without the conclusion being valid. 

As part of his thesis [3], Mandelbrojt found sufficient conditions in order 
that a Taylor series have at least two singular points on its circle of con- 
vergence. His method of approach there suggested the ideas developed in the 
next few paragraphs. | 

Throughout the rest of this section, two points will be said to belong to 
the same “class” (modulo 2a) if each may be obtained from the other by 
the addition of an integral multiple of 271. Each class of points has a repre- 
sentative in any horizontal, half-open strip of width 27: that point of the 
strip from which each point of the class may be obtained by the addition of 
a suitable integral multiple of 27. In this way a many-one correspondence 
may be set up between points of any set in the plane, and points of a “ repre- 
sentative” set in a given, horizontal, half-open strip of width 2r. 

Consider the set of those singular points of a given function f(s) which 
lie in the half-plane e >s, Let Rs(o >) denote the corresponding 
representative set (modulo 2m) in the strip 0 S t< 2r. To each point of 
Rilo > 01) corresponds one or more singular point of f(s) with the same 
real part, whose imaginary parts differ from its imaginary part by integral 
multiples of 27. 

Let Rr(o— oo) denote the set representative of all points of S;-with 
real part ao. It consists of a point or points on the line segment o = 0, 
OS t< az. 

This notation is useful in stating the following theorem, giving sufficient 
conditions in order that Rr (o = Cr) contain at least two points. The following 
definition will also be required. 


Derinıtion. The poles of a function in a region are said to have finite 
mazımum order if there exists a positive integer K such that the order of 
every pole in the region is less than or equal to K. The smallest such integer 
is the maximum order, M, of the poles. 


THEOREM 5. Suppose that F(s) = Ane ns satisfies the following 
conditions.: 


(i) F(s) is “M” in v> Gr — n for some positive number 7; 


(ii) -F(s) has a singular point, so, on o = Gr; also, all singular points 
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of F(s) ino > Ap—y lie on o = Cp, those at points so + aki (k an integer) 
being poles of finite maximum order M; 


(ii) there exists a subsequence {Ant} of {An} such that {rn} 
= Am + k for all m and n, and for all positive integers k less than or equal 
to M; and such that lim sup (log | An |)/An == Qr, where An is the 
coefficient of the exp {— àn ®s} term in the series SAne™; 

(iv) lim (log 2) /An = 


@# 


Then Rr(o = Cp) contains at least two points. 
Proof. Write 
f(s) = F (s + s) = S Anest) — Dame Nas, 


where a, = Ape Mis, Then Gr = 0, and f(s) satisfies the following conditions: 
(i) f)is“M’no>—n; 


(ii) the point s=0 is singular for f(s); also, all singular points of 
f(s) ino > —» lie on o = 0, those at points 2rki (k an integer) being poles 
of finite maximum order M; 


(ii) lim sup (log | an |) An | 
— lim sup (1/An) log {| An | exp [~n Ar]} = 0. 


It is desired to prove that R;(o— 0) contains at least two points. Sup- 
pose that this is not true. Then the only singular points of f(s) in e >—y 
are poles of finite maximum order M at certain points 2rki. Write 


f.(s) = f(s) (L—e*)¥ = f(s) > (— 10; ue? 
= > its > 2 (—1)70;, vet = > (110; x 2 ane” mi), 


where Cj,¢ is the binomial coefficient. 

, The function fı(s) may thus be expressed as the sum of a finite number 
of functions, each of which is evidently M ” in e > —n, being the product 
of an “M” function and an entire function bounded in e >—y. Moreover, 
f (s) is holomorphic in e > —#, since the zeros of (1—e*)™ “cancel” 
the poles of f(s). By Lemma 2 and the remark following, fı(s) is “M” in 
o>]. . 
Denote by {An Ffm) the sequence of A,’s (if any), each of which 
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belongs to the sequences {An}, {An + j}, {An + &},- + +, {An + p}, and to no 
others : 


{An G9?) } = Qu}: {An + At (an + p}; 


j,k, + *+,p are positive integers less than or equal to M. For example, 
{A„(%} denotes the sequence of positive numbers which belong to {An} but 
to no {An + k} (k =1,2,: - +, M); {An} is the sequence of A„’s each of 
which belongs only to {An} and to {An + 2}; {An} is the sequence of A,’s, 
each of which belongs only to {An}, {An + 1}, and {A,-+ 2}. Designate by 
Gy Ir) the coefficient of exp {— Ay O- Ms}, 

The sum of series representing f,(s) may be rewritten as a Dirichlet 
series: fı(s) = dnes. If {un,} is the sequence of all terms of {un} which 
do not belong to {An}, then fı(s) may be written: 


fe) = > dn, g tms + > Qn (0) p-Ans L (1 = 0i; m) 5 Gn (1) g-Ans 
+ (1 + Co, m) > Oy, (2) em®s +: + + [1 + = 1) Cr, | > eas all 
+ (1— Ora + Cor) Dan DM? +. 


the sum of a finite number of series. Then 


(9) H(s) =H (f, fi) = E [an]? es 
+ [1— Cuar] À [ap] s +: e LL 
EL (— 1) ar] D Lan QO]? es 
+ (1— Ora + Cour) D [n I] Mt, + 


the sum of a finite number of series. In Theorem 1, replace #(s) by fi(s), 
A by Sr, and B by Sr which is empty. Then o = o = — y, o®(A) =0, 
o”©(B) ——7, so that 


A 
| 


o® = max [o +0%(B),o + o°(A)] S—>. 


By Theorem 1, H (s) = H (f, fı) is both “Af” and holomorphic in e > — 7; 
[ A, B]® is certainly empty since B is empty. 
But H(s) may be written as the sum of a finite number of functions as 
in (9). If 
vs) =È [an]? ers, 


then, by hypotheses (iii) and (iv), x 


Ay = lim sup (1/A,) log | an |? 
— 2 lim sup (1/An) log | an“ | =0. 
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Thus at least one of the functions of which H(s) is the sum has a zero abscissa 
of absolute convergence; by Lemma 1, Na = 0. But this contradicts the 
previous assertion that H(s) is holomorphic in o > —n, and completes the 
proof of the theorem. | 

The purpose of supposing as: hypothesis (iv) that lim (log n) /An = 0 
rather than that lim (log n)/Ant9 = 0, was to assure that none of the func- 
tions of which H(s) is a sum should have a positively infinite abscissa of 
absolute convergence. 

The hypothesis lim sup (log | An‘ |) /A,(9 == Ur is certainly not impossi- 
ble of fulfillment, in view of the fact that Œr— lim sup (log | An|)/An. It is 
essential, as the following example shows. Write 4(s) = Xe" =1/(1— e°}. 
Define g(s) = Xcne ts so that lim (log 2) /pn==0, Ay < — 17, no m is an 
integer, nÆ im + L for all n,m (for example, pn =n + 1/n, tn = e°”). 
Write F(s) =¢(s) + g(s) = Ane; then Or = 0. Hypotheses (i), (ii), 
and (iv) are satisfied. So also is the first part of (iii), the subsequence {A} 
heing the sequence {ym}. But 


lim sup (1/29) log | An | == lim sup (log | on |) /an <—7 0; 


‘and the conclusion is not valid. In fact, Rr(o == 0) contains only one point, 
s= 0.. The theorem therefore fails if the hypothesis 


lim sup (log | An |) /An® == Ce 
is not included. 


Theorem 6,' which follows, is an almost immediate consequence of 
Theorem 5, 


THEOREM 6. Suppose that F(s) = Ane is “H” in e > Op—y 
for some positive n, and has as its only singular points in o > ÜUr—n poles 
of finite maximum order at certain points So + Brki for some point so on 
c = Uy; suppose further that lim (log 2) /An = 0, and that 


lim (log | an | )/An = Ur. 
Then there exists a positive integer no such that 
F(s) = Ÿ exTa(s) ; 
g=0 


where Tq(s) is a finite or infinite Taylor-Dirichlet series. 
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Proof. All of the hypotheses of Theorem 5 are satisfied except (iii), 
and the conclusion does not hold. Also lim (log | an |)/An = Gr, so that 
lim sup (log | An‘ |) An = Qr is satisfied for any infinite subsequence {An}. 
It follows that there exists no infinite subsequence {An} of {An} such that 
An’ im + k for all m and n, and for: all positive integers % less than or 
equal to M. There then exists a positive integer no, such that for n > no, 
to each À, there corresponds a An, less than À, which differs from A, by a 
positive integer less than M. That is, to each À, (n > mo) there corresponds a 
An, and a positive integer Rm, such that 0 < Rm S M, and An = àn, + Rne 
If nı > no, there is an na such that An, == An, + Enz, where Rn, is a positive 
integer, and 0< Em = M. Evidently an ny less than or equal to no will be 
reached after repeating this a finite number of times, such that An == An, 
+ (Em + En +++ "+ En). Thus to every n greater than no there corre- 
sponds a positive integer p(n) — nx, less than or equal to no, and a positive 
integer R(n) = Rn, + Ra, + °°: + Bn, such that An = Apın + R(n). Hence 
to each positive integer g, less than or equal to no, there corresponds an empty, 
a finite, or an infinite sequence of X,’s, each term of which is obtained from 
the preceding by adding a positive integer; the members of these sequences 
exhaust the sequence {An}. That is, the sequence {An} is composed of a finite 
number n, of finite or infinite (or empty) sequences {Ay + ni}, where 
{nz} is, for each g less than or equal to no, a finite or infinite sequence of 
positive integers. Therefore F(s) may be written: 


no Ta 
F(s) See > e‘as > d; (a) gs 
qg=0 4=0 


where 0 = rg = œ, and where the d;'® are complex numbers. On writing 
rg P 
Ta(s) = Ë duo mes, 
10 
the form of the statement of the theorem is obtained. 


3. Examples. In view of the fact that in most of the theorems of this 
paper the functions concerned are supposed “Jf” in some half-plane, it is 
pertinent to ask whether such functions exist. Obviously all periodie func- 
tions with an imaginary period have this property; in particular, those given 
by Taylor-Dirichlet series, which have period ?ri. However, the class of func- 
tions which are “M” in open half-planes containing their half-planes of 
absolute convergence is far wider than that of periodic functions. For an 
example of a wide class of such functions, let @(s) be given by a Taylor- 


SA | 
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Dirichlet series %b,e-"* having a finite abscissa of absolute convergence Cg . 
Let f(s) be any function given by a Dirichlet series Bane such that 
Gr < Us. HE Ap <a < Ag, and if y(s) =f(s) +¢4(s), then (s) is not 
only “ M,” but actually ‘bounded except for singularities, in o > o:. For cer- 
tainly (s), being represented by a Taylor-Dirichlet series, is bounded except 
for singularities in o >c, and f(s) is bounded in c > 01, since c, > Cy. 
The function y(s) thus furnishes the desired example. A much wider class 
of functions bounded except for singularities is given by Mandelbrojt ([4], 
page 4). 

It is worth noting, in the example given above, that if y(s) = Scene’, 
then lim (log | m |)/m does not necessarily exist. Such an “M” function 
could not satisfy the conditions of Theorems 4 and 6. In fact, the sequence 
(log | cn |)/vm has at least two distinct limit points, if lim (log 2)/An = 0; 
for then Q; = lim sup (log | @,|)/An is one limit point of the sequence 
{ (log | tn |)/m}, and Qg = lim sup (log | bn |)/n is another. To assure the 
non-triviality of Theorems 4 and 6, it will, therefore, be well to have an 
example of a non-periodic function 3e”r® which is “M” in an open half- 
plane containing in its interior its half-plane of absolute convergence, and for 
which lim (log | ¢n |) /vm exists. An “M” function of the form Xe» would 
satisfy this condition, for lim (log 1) /v, == 0. In constructing such a function, 
let aa," "m (M = 2) be a finite set of linearly independent positive 
numbers, so that ty, + Tapo +: + + + Zaren = 0, when 2,° * >, Za are inte- 
gers, only if a = t: =: : = ty = 0. Then 


Tipa F Lopo + + Turm == Ym F’ > Ym 


for z; and y; (i = 1,2,::-,M) integers, only if z; = y; (i = 1,2, :, M). 
Write 


1 | 
A a cea aT (j=1,2,---,M). 


Hach f;(s) is periodic, with period ®ri/u;. Also, no f;(s) has a finite zero. 
Hence 


M 
F(s) = IT f: (s) 


is singular at each finite point which is singular for some f;(s), and at no 
others. It follows that for every real number o,, F(s) is bounded except for 
singularities in o > o1, and F(s) is “M” in the entire plane. But clearly 
F(s) = Ses, where the set of non-negative numbers {vn} is the set of all 
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= 


numbers of the form tıp, + Tape + "+ Zupa, Where each 2; (¢==1,2,-::,M) 
takes on all non-negative integral values. The function F(s) is evidently not 
periodic, but is quasi-periodic in the sense of Bohl and Esclangon (cf. H. Bohr, 
“Zur Theorie der fast periodischen Funktionen,” Acta Math., vol. 46 (1925), 
p. 114, Theorem III). 


ro 
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EXTENSIONS OF PLAN E CONTINUA MAPPINGS.* 
By G. T. WHYBURN. 


% 


1. Introduction. Extension theorems for continuous transformations of 
the sort which extend the range of definition and retain continuity are well 
known-—(see, for example, Chapter 1 of [1]). However, our knowledge of the 
extensibility of mappings so as to preserve given essential properties, such as 
monotoneity or interiority, in addition to continuity is much more limited. 
Some steps in this direction have been taken by the present author before 
(see Chapters 9 and 11 of [2]); and in this paper a further study of the 
problem is made. In particular, we shall deal largely with the situation im 
which a continuous transformation of a given sort acts on a locally connected 
continuum imbedded ina sphere (or a plane) and shall seek to extend the action 
of the mapping to the whole sphere without sacrificing its given vital proper- 
ties. Indeed, in some cases it will be found possible to effect the extension so 
that the extended mapping is of a much stronger and more restricted type 
than was the original one. | 

All spaces used are assumed to be separable and metric. Frequently the 
space is of a much more restricted character and its nature is specified in the 
separate results. . 

If ACX, BCY and f(A) =B and g(X) =Y are continuous, g is 


said to be an extension of f to X provided 


g(x) = f(x) 
for all ge À. 


If ACX, f(A) =B and g(X) =F are continuous and B’ = g(A), 
g is said to be an extension of f provided the transformations 


f(A) =B and g(A) =P’ 
are topologically equivalent, i. e., provided there exists a homeomorphism 


h(B) =B’ 


| such that 


g(t) =hf (2), wed. 


In other words, g is an extension of f provided we can-imbed B topologically 
in Y so that | | 
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g(x) = f(x) for all ze A. 


A continuous transformation f(A) = B is said to be (i) monotone, if for 
each ye B, f*(y) is a continuum (i.e., compact and connected), (ii) non- 
alternating if for x, ye B, f*(y) separates no two points of f!(z) in A, 
(iii) interior (or open) if the image of each open set in A is open in B, and 
(iv) light if for each y e B, f (y) is totally disconnected. 

A locally connected continuum is called (i) a cactoid (see [3]) if each 
of its true cyclic elements is a topological sphere, (ii) a boundary curve if each 
of its true cyclic elements is a simple closed curve, and (iii) a dendrite if it 
has no true cyclic elements. 

For definitions of other terms used the reader is referred to the author’s 
book Analytic Topology (see [2]). 


2. Composite mappings on boundary curves, It is not true in general 
that non-alternating mappings applied successively yield a non-alternating 
composite transformation, although this is true of monotone and of interior 
transformations. However, for light non-alternating transformations acting 
on boundary curves this sort of “ group property ” was shown in [2], Chapter 
9, to hold. In this section, we proceed to prove the validity of this conclusion 
without the assumption of lightness. 


(2.1) Lemma Let f(A) = B be non-alternating where A (hence also 
B) is a boundary curve. Let Ey be any true cyclic element of B and let x, 
y ely be non cut points of B such that if X = f(x), Y = f> (y), then X + Y 
contains no cut point of A. Then A— (X + Y) consists of just two com- 
ponents, namely, F*(R) and f1(S), where R and S are the two components 


of B— (z +y). 


Proof. Let Ea be the true cyclic element of A such that f(Ea) > Er. 
Then since neither X nor Y can separate A and neither contains a cut point 
of A, it results that X and Y are each continua and furthermore X + Y C Ea. 
Also it follows from this that A — (X + F) has just two components, say À” 
and 8’, each containing an open are of Ea with one end point in X and the 
other in Y. Since B— (z + y) == R + S, it results that one of these, say RP’, 
maps onto À and the other, &’, maps onto 8. 


(2.2) THEOREM. If A is a boundary curve and the mappings fı (A) 
— B and f.(B) =C are non-alternating, so also is the mapping f(A) 


— ff (4) = 0. 


P 


Le 
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Proof. Since the non-alternating image of a boundary curve is a boundary 
curve, it results from our hypothesis that both B and C are.boundary curves. 
Let x, ye C, f> (£) = X, f7 (y) = Y. We must show that X does not separate 
Yin A. Let XY’ = f(s), Y’=fe*(y) and let W be the least A-set in B 
containing X”. 

Now if W- Y = 0, let Q be a cie of B—- W intersecting Y’ and 
let p= F(Q). Then since p none Y’, p cannot separate two points.of Y’ in B 
and hence Y’C Q. Thus since f, is non-alternating, fı""(Q) is a component 
of A —f,+(p) containing fi”(Y’) = Y but containing no point of X. Thus 
X does not separate Y in this case. 

If W- Y’ s£0, there exists a true cyclic element Fe of B bee both 
& and Y’. Since fe is non-alternating, there exist disjoint arcs U and V 
of Es containing X: Es and Y- Es respectively. Since the number of points 
of E, which are either cut points of B or images under f, of cut points of A 
is countable, there exist points a, be Æ» which do not belong to this set and 
such that a and b separate U and V on Eu. Then B— (a+ Bb) consists of 
just two components À and $ containing U and V respectively. Since X’ 
can contain no cut point of B on V Es and Y’ can contain no cut point of B 
on U: E», we must have 


PER. Ce 


Now by the lemma, f*(R) and f*(S) are connected and, since they contain 
X == f1 (X) and Y = f* (Y), respectively, it results that X cannot separate 
Yan a. 


3. Reduction to complementary domain closures. Since the general 
problem under study amounts to the question of how to define a mapping in 
the complementary domains of the continuum A on a plane or sphere which 
will be identical with the given mapping on A and will retain its essential 
properties on the whole sphere or plane, it is of first importance to know to 
what extent these properties automatically hold on the complementary domain 
boundaries of A when they hold on A. In this section this question is treated 
briefly for monotone and for non-alternating transformations. For interior 
transformations this question is treated in 7 along mau the general extensi- 
bility problem. 


(3.1) THEOREM. Let f{M) — A be non-alternating, where M is a: 
plane locally connected continuum and A is a dendrite. Then if B is the 
boundary of any complementary domain of M, f is non-alternating on B. 
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Proof. Let C be any true cyclic element of B, let 2, yef(C) =D and 
let z be an interior point of the are zy of A which is of order 2 in A. Then 
since A — 2 consists of two components one containing x and the other y and 
f is non-alternating, M — f(z) consists of two distinct components R and Q 
containing X == f> (x) and Y = f-1(y) respectively. 

Now if f alternated on €, for some s, yef(C) there would exist 
Tı, T2 € X ` C and y1, Y2 € Y - C such that 2, and x, separate y, and y on C. But 
since À contains an arc 2,7’, spanning C where 7, eyıfıya, 2/2 € YiToY2 and 
this arc must intersect Q, we have the contradiction that R-Q=£0. Hence 
the mapping f (C) = D is non-alternating. Thus f is Be on each 
true cyclic element of B. 

Further, if yef(B) and a, be B- f(y), the set E(a,b) of all points 
separating a and b in B is identical with the set of all points separating a and b 
in M. Thus since f is non-alternating on M, E(a,b) Cf*(y). Hence by 
[ VIII, 2.4] p. 139 of [2], f is non-alternating on B. 


(3.2) Example. As an interesting case where (3.1) applies, let us 
consider the mapping of the lemniscate L: p°== sin 26 onto the dendrite D 
composed of the intervals of the æ and y-axes joining (— 1,0) to (1,0) and 
(0,—1) to (0,1) obtained as follows: map the points given by 8—0, 
0 = 7/4 and 0 = 5/4 into the origin O. Then map the points given by 
6 = 7/8, 0 = 37/8, 0 = Yr/8 and 0 = 11r/8 into the end points pı = (1,0), 
Pa = (0,1), ps = (— 1,0) and p;— (0, — 1) respectively of D. Finally 
map the remaining 8 segments of L by pairs topologically into the four open 
segments of D— O — pı — Pa — Pa — ps 80 as to get a continuous mapping 
f of L onto D. Tt is then readily observed that f is non-alternating on L and 
also on each loop of L as required by our theorem. 

That (8.1) does not hold if no restriction is imposed on the image set 
A is seen by the following example. Let M consist of a circle C together with 
two perpendicular diameters 4.:px, and ypy: of C. Let f map M by identifying 
x, and x, and also y, and ye but otherwise being topological. Then clearly f is 
non-alternating on M but not on C, the boundary of the unbounded comple- 
mentary domain of M. 

However, in case f is monotone our same conclusion follows without any 
limitation on A, as will now be demonstrated. 


(3.3) THEOREM. Any monotone transformation on a plane (or 
‘spherical) locally connected continuum M is non-alternating on the boundary 
of each complementary domain of M. 


Proof. Let B be the boundary of any such complementary domain of M, 


see 
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let C be any true cyclic element of B, let Af’ be the cyclic element of M con- 
taining C and let f(C) = #HCf(M) — A. Now M’ lies either in C plus its 
interior or in C plus its exterior, say in C plus its interior. Then if æ, ye # 
and X = W -f> (<), Y = M’- f(y), X and Y are continua lying in C plus 
its interior. Let « be a minimum are of C containing X. If a: Y = 0, then 
Y-C separates no two points of X: C in C. If «: Y0 then YC must lie 
wholly in &, since X- Y — 0; in this case let 8 be the minimum subarc of « 


. containing Y. Then $ X = 0 since X¥-Y=—0. Thus C— B8 is a connected 


subset of C — Y -C containing Y-C; so that again Y-C separates no two 
points of X- C in ©. 

Thus f is non-alternating on each true cyclic element C of B. Further, 
for any ye A and any a, be f-*(y)-B; we must have H(a,b) C f*(y) since 
f is non-alternating on M and any point separating a and b in B also separates 
them in M. Therefore, just as in the proof of (3.1), it follows that f is 
non-alternating on B. 


4. Extensions from complementary domain closures. Once our defini- 
tion of a given transformation on a plane or spherical continuum A is extended 
to the separate complementary domains of A so as to obtain the desired proper- 
ties on the closures of these separate domains, the question arises as to what 
extent clo these properties hold for the extended mapping on the whole sphere 
or plane. This section is devoted to the development of the needed results 
of this type for monotone and non-alternating transformations. 


(4.1) THEOREM. Any non-alternating transformation of a locally con- 
nected unicoherent continuum onto a dendrite is necessarily monotone. 


Proof. Let f(A) = B be such a transformation. Let ye B, Y = f(y) 
and suppose that F is not connected. Then if Y == Y, + F. is a separation of 
F, there exists a closed subset X of A — Y which separates y; e Y, and yoe Y, 
in A; and since A is unicoherent, we’can suppose that X is a continuum. Now 
since f(X) and y are disjoint subcontinua of the dendrite B, there exists a 
point z of B which separates y and f(X} in B. But then F!(z) separates 
y, and y in A. For any arc YY: in A must intersect X and thus must inter- 
sect f(z), since f*(2) separates Y and X in A. on 


Definition. A mapping f(A) = B on a compact set A will be said to be 
monotone on a subset A, of A provided Ao-f*(y) is either empty or con- : 
nected for each y eB. 


(4.2) THEOREM, Let M be a locally connected continuum on a sphere 


A. 
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S and let f(S) =D be a continuous mapping of 8 onto a dendrite D. Then 
af f is non-alternating on M and for each complementary domain R of M with 
boundary B, f is monotone on B and f{R) — f(B), then f is monotone on S. 


Proof. By virtue of (4.1) we have only to show that f is non-alternating 
on S, because S is unicoherent. To this end, let z, ye D and let X = f? (v), 
F = f“ (y). Since f is non-alternating on M, there exists a component Q 
of M—Y-M containing X: M. Let K be any component of X and let E 
be any complementary domain of M intersecting X. Then by hypothesis if 
B = F(R), X- È is a continuum and f(Ř) =f{B). Hence there exists a 
point t«X-BCX-M; and since ze X- B, we have X¥-R-Q+0. Since 
this holds for all complementary domains À of M which intersect X it follows 
that X lies in the component of S—Y containing Q. Accordingly Y sepa- 
rates no two points of X on S; and hence f is non-alternating and thus 
monotone on S. | 


(4.3) THEOREM. Let A be a locally connected continuum on a sphere 
S. Any monotone mapping f(S) =K of S onto a dendrite K which is mono- 
tone on each complementary domain of À and on its closure is non-alternating 
on À. 


Proof. Let f(A) =B and z, ye B, X =f” (x), Y = f> (y). Then X 
is a continuum. Now for each complementary domain R of A with boundary 
F, since! f is non-alternating on F, there exists a component Q of F— Y- F 
containing X: F. Hence if in each such case we replace X- R by Q in the 
set X we obtain a connected subset D of À — A: Y which contains A- X. 
Accordingly it follows that the mapping f(A) = B is non-alternating. 


5. Monotone extensions of non-alternating transformations. It has 
been shown previously by the author (see p. 180 of [2]) that any non- 
alternating transformation f on a circle C can be extended monotonically to 
the interior F of C, i. e., so that the resulting mapping is monotone on C + I. 
Further, this extension can be effected in an extremely simple manner by 
decomposing C -+ I into the convex closures f“(y)c of the sets f*(y), for 
yef(C), together with individual points of J not in any one of these sets 
f*(y)c. Since other monotone extensions of f to Z would exist, we shall refer 


1 This is a consequence of an unpublished result of the author’s to the effect that 
a monotone mapping of the closure of a plane simply connected region R having property 
S onto a dendrite which is monotone on R is non-alternating on F(R). See a forth- 
coming note, “ Boundary alternation of monotone mappings,” in the Duke Mathematical 
Journal, 
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to this particular one as the monotone extension of f to I given by convexifica- 
tion of inverses. This extension will serve as a starting point for most of the 
extensions to be developed in this paper. In general this extension involves 
an enlargement of the image space. However, in most cases which will concern 
us, the image space remains unchanged as indicated in the following theorem. 


(5.1) THEOREM. Let f(C) = D be non-alternating where C is a circle 
and D is a dendrite and let & be the monotone extension of f to the interior I 
of C given by convexification of inverses. Then (C +I) =D. 


Proof. Let H==I-+C. Then since $ is monotone, (FE) is a hemi- 
cactoid with boundary curve D. Thus D is the base set of (#). Now if 


. CE) — D 0, there would exist a point yeD and a component R of 


DCE) — y containing no point of D. But then (R) would be a component 

of E— > (y) not intersecting C. Clearly this is impossible since $°'(y) is 

convex. a: ' 
We have the following interesting corollary of a geometric nature: : 


(5.11) CoroLLaRY. If f(C) =D is any non-alternating mapping of 
the circle C onto a dendrite D, any point within C is contained uniquely in 
the convex closure of f*(y) for some y eB. 


(5.2) Lemma. If A is a locally connected continuum which is the 
boundary of a plane (or spherical) bounded region R and f(A) =D is any 
non-alternating mapping of A onto a dendrite D, there exists a monotone 
extension > of f to R+ A such that $(R + À) =D and which is monotone 
also on R. 


Proof. By [VIII (9.8)], p. 161, of [2] there exists a non-alternating 
light mapping g of the circle C plus its interior J onto À + À, such that 
g(C) =A, g(I) = E and the mapping g(C) = À is non-alternating and the 
mapping g(I) = È is topological. By (2.2) the mapping fg(C ) == D is non- 
alternating. Let h be the monotone extension of the mapping fg to I given 
by convexification of inverses. Since D is a dendrite, we have h(C + I) =D 
by (5.1). 

Now for each te R + A, let us define 


p(x) = hg” (x). 


Then if ve A, we have 
$(x) = fgg" (x) = f(x), 
so that œ is an extension off. Further for y e D, p(y) = gh (y) ; and since 
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h*(y) is a continuum, it results that $ is monotone. Clearly $(R + A) 
= h(C + I) =D; and $ is monotone on R, since I- h-*(y) is connected ‘for 
each ye D and the mapping g(1) = R is topological. 

Since (5.2) effects the extension of f to the region R by reducing it back 
to the case where the boundary is a cirele and then uses the “ convexification 
of inverses ” method, we shall speak of the extension obtained in (5.1) also 
as the monotone extension given by convemfication of inverses. 


(5.3) THEOREM. Any non-alternating mapping f(A) =D of a locally 
connected continuum A on a sphere S onto a dendrite D is monotonically 
extensible to S—and indeed so that the extended mapping is monotone on each 
complementary domain and on tts closure and each such domain closure has 
the same image as the boundary of the domain. 


Proof. Let & be any complementary domain of A on S and let B be its 
boundary. By (3.1), f is non-alternating on B; and since f(B) is a sub- 
dendrite of D, by (5.2) there exists a monotone extension ¢ of f to E so that 
p(R) =f(B). Let ¢ be defined on S as the mapping obtained by extending 
f to each such R in this way. Then clearly ¢ is monotone on each Æ and on 
the closure of each such R and ¢(&) — (B). Further, since f is continuous, 
since ¢(x) == f(x) for te A and since the complementary domains of A on 
S form a null sequence at most, it results that the mapping ¢(8) = D is con- 
tinuous. Finally, ¢ is non-alternating on A since it is identical with fon A; 
and therefore, by (4.2), & is monotone on S. This completes the proof. 


Definition. Since other monotone extensions of f to S would exist, we 
shall refer to the particular one set up in the preceding theorem and its proof 
as the monotone extension given by the convexification of inverses method. 

g Results (4.3) and (5.3) yield at once 


(5.4) THEOREM. In order that the continuous mapping f(A) =D of 
a locally connected continuum A on a sphere 8 onto a dendrite D be non- 
alternating it is necessary and sufficient that f be monotonically extensible to S 
so that the extended mapping œ is monotone on each complementary domain 
of A and on its closure and so that (8S) = D. 


Thus if A is a locally connected continuum on a sphere S, the class [f] 
of all non-alternating mappings of A into dendrites D.is equivalent to the 
class [¢] of all monotone mappings on $ which map S into dendrites’ and 
which are monotone on the complementary domains of A and on their closures. 
For each such fe [f] is associated uniquely with a ẹ e [$] such that f(x) =$(z) 
for ve À. 


v: 
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Remark. The reader. may find it of interest to follow through the steps 
of the extension as it would be effected by.the procedure described in (5.2) 
and (5.3) in the case of the example of the lemniscate mapping into a cross 
as defined in (3. 

6. Monotone tensions of monotone E E Sines any mono- 
tone transformation is non-alternating, it results from the theorems in 5 that 
any monotone transformation of a locally connected continuum on a sphere 
onto a dendrite is monotonically extensible to the whole sphere and, indeed, 
so that the extended mapping satisfies the extra conditions in (5.3). How- 
‚ever, for monotone transformations the problem can be handled in a much 
simpler way. 

For let A be any compact subset of a separable metric space M. Then 
any monotone mapping f(A) == B on A can be extended monotonically to M. 
To do this it is only necessary to decompose | M into the sets f7 (y), yeB, 
together with the individual points of M— A; let W be the hyperspace of 
this decomposition and let (M) == M’ be the associated transformation. Then 
p is monotone and, since #f-1 is a homeomorphism À mapping B onto a subset 
B’ of M so that hf (x) = f(x) = (x) for ve A, ¢ is an extension of f to M. 

© Since any monotone image of a sphere is a cactoid, we have 


(6.1) THEOREM. Any monotone image oj a compact set on a sphere is 
topologically contained in a cactoid. 


For locally a coca A on a sphere S it is interesting to note 
that the method of convexification of inverses affords a.second—and in general 
different—method of effecting monotone extensions of arbitrary monotone 
transformations on A, whether the image of A is a dendrite or not. For if 
f is monotone on A it is.non-alternating on the boundary of each comple- 
mentary domain of A by (3.8). Accordingly the method of convexification 
of inverses affords a continuous extension ¢ of f to S as described in the proof 
of (5.3), except that it is no longer assured that each complementary domain 
closure will have the same image as the boundary of the domain. However, 
for any ye (SS), p(y) either intersects A or else lies entirely in a single 
complementary domain of A; and since f is monotone and ¢ is monotone on - 
each complementary domain closure, it follows in either case that ¢ is monotone. 

It may be noted that when the former (more general) extension method is 
used, A would be an inverse set under the extended mapping, whereas when , 
the method of convexification of inverses is used this;is not usually the case. 
Both methods in general involve enlargement of the image space. It would 
be of interest to compare the two methods of extension more fully. 
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Although we have been able, in the case of monotone mappings, to dis- 
pense with the restriction that the image set be a dendrite, this cannot be done 
in the case of non-alternating transformations in general. Further, no signif- 
cant assertion can be made concerning the structure of the non-alternating 
image of a locally connected continuum on a plane or sphere. These facts 
are exhibited by 


(6.2) EXAMPLE. There exists a non-alternating light mapping of a 
2-cell, or of a regular curve A on a sphere 8, onto a set containing the Qo which 
is topological on the boundary of each complementary domain of A and yet 
which cannot be extended monotonically to 8. 


For let A be either a hemisphere on S or the sum of two Sierpinski 
regular curves [4] on S having a common side J) but otherwise being disjoint. 
In the former case let J denote a non-degenerate arc lying entirely within A 
and in the latter let J be a subinterval of /, containing neither end point of Jo. 
In either case let f(1) = Qu be any continuous light mapping. Decompose A 
into the sets f> (y), ye Qo, together with the individual points of A — I and 
let B be the hyperspace and g(A) = B the associated transformation. Then 
B contains gf*(Qw) which is homeomorphic with Qu. Further, no set g™*(2), 
z e B, separates A so that g is non-alternating. 

Clearly in either case g is topological on the boundary of each comple- 
mentary domain of A since no such boundary intersects J in more than one 
point. In neither case can there exist a monotone extension of g to S. For 
let ye g{A) such that g“*(y) is non-degenerate. Then g“(y) is a totally 
disconnected subset of Z and there exists no continuum in S—A-+yg'(y)' 
containing two distinct points of g-*(y). 


7. Monotone extensions of interior transformations. In view of results 
already obtained the question naturally arises as to whether the monotone ~ 
extension we have obtained for a given non-alternating mapping of a locally 
connected continuum on a sphere will be interior provided the original 
mapping is interior. This section is devoted to developing conditions under 
which this will be true. 


(7.1) Tarorem. Let f(A) = B be interior and non-alternating where 
A is a plane’ (or spherical) locally connected continuum. Then for any cut 
point p of B, f*(p) intersects the boundary F of any complementary domain 
D of A in at most two points which are accessible from a given component Q 


of A — f7 (p). 
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Proof. For if three points 21, £2, £a of F- f(p) were accessible from ©, 
D+Q+a,+a.+42; would contain a 6—curve d=arıb + atb + ax:b, 
where ae D, beQ. But there exists a second component À of A—f*(p); 
and by the non-alternating property, R—f1f(R). Hence by interiority, 
F(R)=f"(p). Thus F(R) D x, +2 + x, and R-9=0; and clearly this» 
is impossible. | 

By an exactly similar argument we can prove 


(7.2) THEOREM. Let f(A) =B be interior and non-alternating where 
A is a plane (or spherical) locally connected continuum. Then for any point 
p of B which cuts B into at least three components, at most two points of 
f*(p) are accessible from each of two components of À —f*(p). 


Since if a region has property S all its boundary points are accessible, 
we have the following ONE [assuming the same situation as in (7.1) 
or (7.2) ]. 


(7.21) COROLLARY. If for each pe B, each component of A—f"(p) 
has property S, then 


(a) for any cut point p of B, F'(p) intersects the boundary of each com- 
plementary domain of A in at most two points, and 


(b) for any point p which cuts B into at least three components, f! (p) 
consists of at most two points. 


Now if f is light, the condition in (7. 21) is automatically satisfied. Hence 
we have Ze 


(7.22) COROLLARY. If f(A) = B is interior, non-alternating and light, 
where A is a locally connected continuum on a plane or a sphere, conclusions 
(a) and (b) or (7.21) hold. 


As a standing hypothesis for statements (1)-(11) which follow, let 
f(A) = B be interior, light and non-alternating where A is a locally connected 
continuum on a sphere 5 and B is a dendrite. 

(1) For any end point y of B, f(y) is a single point. 

(2) For any branch point y of B, f*(y) consists of at most two points. 

(3) For any ye B, f*(y) intersects the RT of each complementary 
domain of A in at most two points. 


Proof. By (1) and (2) we need only consider the case where y cuts B 
into exactly two components. Hence f*(y).cuts A into just two components: 
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E and Q and every point of f-1(y) is accessible from both R and Q. Accord- 
ingly at most two points of f#(y) could lie on the boundary of any given 
complementary domain of A. 

(4) IfC is a simple closed curve in the boundary of any complementary 
domain R of A, then f(C) is a simple arc ab and C- f> (a) and C-f-:(b) are 
single points, whereas C -f` (x), æeab —a—b, is a pair of points. ‘Thus 
f is interior on C. 

(5) If À is cyclic, f maps the boundary of each complementary domain 
of A interiorly and (8 — 1} onto an arc of B. | 

(6) If no pair of points disconnects A into more than two components, 
B is necessarily a simple arc. 


Proof. If B had a branch point y, by (2) f'(y) would be a pair of points 
in À cutting À into at least three components. 

Let #($) = B be the monotone extension of f to S, obtained by extending 
f monotonically in the complementary domain boundaries of A by the con- 
vexrfication of inverse sets process. 

(7) For each end point y of B, (y) = f(y) =a single point. 

(8) For each point y of B of order 2, (y) is a simple closed curve. 


Proof. Let R and Q be the two components of A — f* (y). Since ¢ is 
monotone, ¢7*(y) is a continuum separating À and Q on S. Further, since 
the part of ¢*(y) in any complementary domain of A is an open simple are 
and f(y) is totally disconnected, &”'(y) is locally connected. Also since any 
complementary domain of A containing an arc ab— (a+ b) of ¢*(y) is 
divided into two regions which are separated by $"!(y), it follows that > (y) 
separates 2 and Q irreducibly on 8. Accordingly ¢*(y) is a simple closed 
curve. 

(9) If the image of each complementary domain boundary of A is a 
free arc in B, then ¢ is interior. 


Proof. For if ae A, and U is any neighborhood of x, f(U - A) has f(x) 
as an interior point relative to B. Hence also (U) has d(z) — f(x) as an 
interior point relative to B, since ¢(U) D f(U-A). 

Also, if ze R, a complementary domain of A, then since R- #-l(x) is an 
open arc dividing & into two regions Æ, and À: mapping under ¢ onto opposite 
sides of $(z) in the are f[F(R)] and each having z on its boundary, it results 
that if U is any neighborhood of z, ¢(U) has (x) as an interior point 
` relative to B. 

(10) If B is a simple arc, ¢ is interior. 
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| (11) If the image of each complementary domain boundary of A is an 
" are, then f is interior ‚on each complementary domain boundary. 


Proof. It is non-alternating there and hence is interior, since any non- 
alternating light transformation onto an.are is interior. 


(7.3) THEOREM. Any light interior and non-alternating transformation 
f(A) = ab of a locally connected continuum A on a sphere S onto a simple 
arc ab can be extended to a monotone interior mapping (8S) =ab. Further, 
p> (a) and p> (b) are single FOURRA while p* m is & ARE closed curve for 
any y eab — a — b. 


l Now since any l-dimensional locally connected continuum A which is 

+ identical with its cyclic chain O (a,b), a,beA, can be mapped [5] onto an 
interval by a light non-alternating interior transformation, (7.3) yields the 
following result. 


(7.31) EXISTENCE THEOREM. If A is any 1-dimensional locally con- 
nected continuum on the sphere S which is identical with the cyclic chain 
O(a,b) in A, there exists a monotone interior mapping & of the whole sphere 
onto the interval [0,1] so that ¢ is light, interior and non-alternating on A 
and p7(0) = a, ¢7(1) =bandfor0<y < b, a (y) ts a AMEE closed curve 
separating a and b. 


The assumption of lightness is essential for the validity of (7.3) as is _ 
readily seen by a simple example. The extra condition needed in the absence 
of any lightness assumption is exhibited in the following theorem concerning 
monotone interior extensibility of the general non-alternating interior map- 
pings in the situation under consideration. 


(7.4) THEOREM. An interior non-alternating mapping f(A) = ab of a 
locally connected continuum A on a sphere S onto a non-degenerate simple arc 
ab can be extended to a monotone interior mapping g(S) — ab of the whole 
sphere onto ab if and only if each component of S——X intersects A, where X 
is any component of a set f(y), y e ab. 


Proof. To establish the sufficiency of the condition, let f(A) =B be 
interior and non-alternating and let 


à f= ffo J1(4) = 4 monotone, f(A) = ab light, 
be the monotone—light factorization of f. Let 


91(8) == K, KDA’ 
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be the monotone extension of f, to S given by decomposing S into the sets 
f(y), ye A’, and single points of S — A and considering A’ as imbedded in 
the hyperspace K of this decomposition (see 6). Then K is a cactoid. Further, 
since f'(a) and f*(b) are connected, a’ == g;f (a) and b’ = gf > (b) are 
single points; and it results at once from our hypothesis that K is identical 
with the cyclic chain C'(a’, 5’) in K. 

For suppose there is a component R of K—C(a’,b’). Then if p = F(R), 
gi*(p) is a component X of f-1fg: 1(p) ; and since g, is monotone, g. *(R) 
contains a point s of A. But this means that g, *(R) contains either f+(a) 
or f*(b), say f> (a), because every component of A —f“fgi7(p) contains 
either f-*(a) or f!(b). Clearly this is impossible since then À would contain 
gif (a) = a’ which is absurd. 

Now consider the mapping f.(A’) = ab. This mapping is non-alternating, 
interior and light. Further, if C; is an arbitrary true cyclic element of 
_ K=C (a, b’), fe is non-alternating, light and interior on A’: Ci. 

Thus since the image f.(A’-C;) is a subarc siy: of ab, the mapping f 
admits of a monotone interior extension to all of C; as given in (7.3). Let 
this extension be effected in each true cyclic element C; of K and let 9(K) 
= ab be the resulting extension of fz to K. Since H(a’, b’) C A’ and since 
the arcs z;y: can overlap only at their endpoints, clearly 9, is single valued, 
continuous and monotone. Further, since #(a’, b’) maps topologically ? under 
fe, it results at once that it also maps topologically under g, and thus that g2 
is interior, since gə is interior on each Ci. 

Finally, let the decomposition of $ into the sets [g,%g.7*(y)], y eab, 
generate the mapping g(S) — ab. Then g is monotone, since both g, and ge 
are monotone. Also g is identical with f on A, because f = ff, and g, and ge 
are extensions of fı and fs respectively. Finally, g is interior. For since 
g(A) = ab = g(S), g is interior at any point of A, and if v is in a component 
R of S— A, g, is topological and g, is interior on R so that g is interior at 2, 
since g = g2g,. This completes the sufficiency proof. 

To prove the necessity, suppose that the mapping f(A) — ab admits a 
monotone interior extension g{S) == ab to the whole sphere S but that for some 
component X of f(y) for some y eab, there is a component R of 8 — X with 
S:A-==0. Since g is interior, g (B) y. Letzeg(R) —y. Then g*(2) E 
Æ 0 since g(X) =y; and g*(z) : (A— X) & 0 since g(A) Oz. But this 


2 This statement is easily verified. Also it is a consequence of a much more general 
result concerning non-alternating interior mappings. See the author’s paper, “On 
uniqueness of the inverse of a transformation,” Duke Mathematical Journal, vol. 12 
(1945), pp. 317-323. 
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is impossible since g*(z) is connected and does not intersect X. This com- 
pletes the proof. 

It should be noted that in case the given mapping f is light, the condition 
in (7.4) is automatically satisfied. Hence (7.4) includes (7.3) as a special 

case. | 

| The following examples shed light on questions which arise in connection 
with extensibility of interior transformations on various curves lying on a 
sphere or on a plane. 


(7.51) EXAMPLE. There exists a light interior mapping of a 9-curve 
onto: an interval which is not interior on the boundary of one of the comple- 
mentary domains to the curve. 


For let A be a circle C together with the horizontal diameter aos of C. 
Let the upper semicircle of C be lettered a0,b,02 and the lower one ao:b:02 by 
choosing points in the indicated orders. Let a’o’b’ be an interval. Then map : 
A into a’o’b’ by sending a into a’, 01, 02 and 0, into o’, b, and b, into b and 
sending the residual open intervals of A topologically into either a’o’ — (a’ + 0’) 
or ob’ — (o + b’) so as to obtain a continuous mapping f of A into d'ob. 
Then f is light and interior but is not interior on C. 


(7.52) EXAMPLE. There exists a light interior non-alternating map- 
ping of a 8-curve into a dendrite (indeed a T-curve) T which admits no mono- 
tone interior extension to the whole sphere so that the image ts still T. 


For let A consist of a circle C together with the horizontal diameter 0,702 
where y is the center of C. Let xo,2 and soaz be the right and left semicircles 
respectively of C and let À be the upper region into which 0,90, divides the 
interior of O. Let f map A into the part T of A to the right of and on the 
line xyz by reflection of the part of C to the left in this line. 

Then f is interior, ight and non-alternating but admits no extension ¢ 
of the sort described above. For if so then since À is connected and has x 
and y on its boundary, its image under ¢ must contain 0;. Hence there is a 
point u in R with ¢(w) = 0,. By interiority of ¢ there is a point v in R with 
p(v) = v € 0,2—0, But 8° (v’) then intersects both R and 0,20, but does 
not intersect the boundary 01205 +4 0:y02 of R, contrary to the fact that it 
must be connected. 


8. Conclusion. It may be remarked that nearly all our extensions in 
this paper have been effected by the “ convexification of inverses ” method and 
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in only a few cases is the image space augmented. Other means of securing 
extensions could surely be applied and would doubtless yield interesting and 
significant conclusions even for the. types of transformations considered here. 
A study of the general extension question from this viewpoint is under way 
and will probably be dealt with in a later paper. 
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A THEORY OF CRITICAL POINTS.* 


By MAGNUS R. *HRSTENES, 


1. Introduction. Let f(x) =f(z,° - ', 2na) be a function defined on a 
neighborhood of a closed set S in euclidean n-space. Suppose that the points 
of S at which fz, = 0 are interior to S and that the determinant | fox, | is 
different from zero at these points. A point at which fs, = 0 is called a critical 
point and its index is defined to be the negative index of the quadratic form 
frenéié at the point. Let me be the number of critical points on S of index k 
and let * be the k-th connectivity of S. Then the numbers hy = Mk — Tk 
satisfy the relations 


CL 1) hy = hs Sure hg- + re + (— 1 PR, = 0 


if the outer normal derivative of f(x) on the boundary of S is positive. This 
result, which is due to Morse (III),' has. been generalized by Morse (XVII) 
to functions on a metric space and, in particular, to functions of curves appear- 
ing in the simple problems of the calculus of variations. The special cases 
where k = 1 were treated earlier by G. D. Birkhoff (II) and Poincaré (I). 
In the earlier papers the relations (1.1) were obtained by observing the 
variation of the connectivities of the sets f = c as e increased through critical 
values. More recently, a second method of approach has been used. This 
method is based essentially on a maximum-minimum principle and seems to 
have its beginning with G. D. Birkhoff in 1927 in his book on Dynamical 
Systems (V, p. 135). Here Birkhoff establishes the existence of closed ex- 
tremals of index k > 0 with the help of a concept which, in the terminology 
of Morse, is the inferior limit of a k-cycle. Birkhoff treated only a special case. 
Later Morse (X, p 272) showed that the relations mx = ra could be obtained 
by the use of inferior limits of absolute k-cycles. Birkhoff and Hestenes (XI) 
then pointed out. that.the complete relations (1.1) could be obtained if one 
used the inferior limits of modular k-cycles as well as those of absolute %-cycles, 
They did not use the term “inferior limit” but used an equivalent concept. 


* Received June 8, 1940; Revised January 25, 1942. “ Presented to the American 
Mathematical Sous April 11, 1936, under the title “ Minimax principle in the Caleulus 
of variations”; April 9, 1938, under the title “A theory of critical points of functions 
in the calculus of variations.” : 

+ Roman.numerals in parentheses refer to the list of papers.at the end of this paper. 

Further references on the theory of critical points are found in these papers. 
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Moreover deformations were used where homologies should have been used. 
Later Morse (XII, XVII) introduced the notion of superior limit of an 
absolute k-cycle. One readily sees that the superior limit of an absolute k-cycle, 
if finite, is in general the inferior limit of a modular (k + 1)-cycle. By the 
use of superior and inferior limits of cycles Morse has developed an elaborate 
theory of critical points of functions on a metric space. An interesting book 
on the theories of Morse has been written recently by Seifert and Threlfall 
(XVIII). References to the various writers on this subject are found in the 
papers of Morse. | 

In the present paper a theory of critical points is developed on a metric 
space which is quite different from that given by Morse but is equivalent to it. 
The method used is basically the one outlined by Birkhoff and Hestenes (XI, 
XIV), modified in many ways. It consists essentially of a study of the 
properties of k-cycles u on F mod F”, where F and F” are restricted to belong 
to a given class % with prescribed properties. The properties assigned to à 
are ones enjoyed by the sets determined by inequalities of the form f(x) Sc, 
where f(x) is a real valued function and c is a constant. It is shown that the 
topological theory here developed is based only on these properties. In fact 
even critical points can be defined in a topological way without specifying the 
functions f(x) used to determine the class %, at hand. This development is 
made in Sections 2-11 below. It is pointed out in Section 12 that our assump- 
tions are not the most general ones that could be used and an indication is 
given how this extension can be carried out. The extension is not developed 
in detail in the present paper because in the first place the theory here de- 
veloped is sufficiently general for our purposes and in the second place it is 
simpler not to do so. 

The paper is divided into two parts; the first is concerned with the topo- 
logical aspects of the theory and the second with an application to the calculus 
of variations. Two topological definitions of critical points are given, the first 
by means of homologies (5) and the second by means of homotopic deforma- 
tions (7) in a manner similar to that given by Morse. Analogues of the 
critical point relations are given in 10 and 11 and applications to functions 
of n real variables’are given in 13 and 14. 


I. TOPOLOGICAL CONSIDERATIONS. 


2. Vietoris chains on a metric space S. The topological part of the 
present paper is based on the concept of Vietoris chains. It is the purpose of 
the present section to define Vietoris chains and to recall the properties of 
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these chains that will be useful in the present paper. In general, proofs of 
these properties will be omitted. The definition of Vietoris cycles here given 
is somewhat different from the one usually given but is equivalent to it. The 
author has found this definition to be a very convenient one. It emphasizes a 
property of k-cycles that is perhaps the most essential property, namely, that 
in an homology relation any sequence of vertex k-chains defining a Vietoris 
k-cycle can be replaced by a subsequence. F 

Vietoris chains are defined in terms of algebraic or vertex chains and 
these in turn are defined in terms of simplices. By an oriented k-simplez z 
on a metric space S will be méant a class composed of an ordered set P of 
k + 1 points on S and all ordered sets obtained from P by an even permuta- 
tion of its points. If two or more points of P are coincident, the simplex will 
be said to be degenerate. To every set of k + 1 points (k > 0) on S there 
correspond two simplices, one of which will be taken to be positively oriented 
and the other negatively oriented. They will be denoted respectively by the 
symbols z and ——z. If the simplex is degenerate, z and — z are identical. 
A single point on S will be said to define a positively oriented 0-simplex. 

Let A be an additive abelian group of elements A. Algebraic or vertex 
k-chains over A are defined in the usual manner as the formal sum 


(2.1) = BAste = Asti b+ * + Anz) 


where A1,°°°,Am are elements in A and the 2’s are positively oriented k- 
simplices, not necessarily distinct. We identify with u the k-chain obtained 
from u by replacing the sum Aix: + Az; by (A: + X;)2; when z; = z; and the 
k-chain obtained from u by deleting a term Az; in which à; = 0 or z; is 
degenerate. A vertex k-chain therefore can be represented uniquely in the 
form (2.1) in which the simplices are non-degenerate, distinct and have non- 
zero coefficients. Such a form will be called the reduced form of u. Two 
k-chains are identical if they have the same reduced form. The vertices of the 
k-simplexes in the reduced form of u will be called vertices of u and the maxi- 
mum of the diameters of the simplices in the reduced form will be called the 
norm of u. The boundary wu’ of u is defined in the usual manner. We have 
(w) = 0. By the sum u -+v of the k-chain (2.1) and v = 3A*,z*; will be 
meant.the k-chain 31:2; + SA*;2";. It is clear that (u + vY =w +v. 

An infinite sequence (un) of vertex %-chains, whose norms converge to 
zero as n becomes infinite, will be called a Vietoris k-chain u on S if the closure 
of the point set composed of the vertices of the vertex k-chains Uz, 4,” 
forms a compact set U. The points in U will be called vertices of u. If U is 
null, we say that u is null and write u—0. Let.u= (un), v= (vn) be two 
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Vietoris k-chains. The sequences (un + Un) and (w,—1) define Vietoris 
k-chains which we shall call the sum u + v and the difference u — v of wand v. 
We say that w==v in case u—v= 0. By the boundary w of a k-chain 
u = (tm) will be meant the (k—-1)-chain defined by the sequence (Wa), 
where w’n is the boundary of un. We have the relations (w Y = 0, (u +)’ 
=u ty, l 

A k-chain u will be said to be on a subset F of S if its vertices are on F. 
The null k-chain is on every subset of S and, in particular, is on the null set. 
Let u be a k-chain on F and let F” be a subset of F such that w’ is on F”. We 
shall say that the k-chain u is homologous to zero on F mod F”, written u ~ 0 
on F mod F”, if there is a (k + 1)-chain w on F such that the k-chain w — u 
is on Æ”. Two k-chains u and v on F will be said to be homologous on F mod F”, 
written u~v on F mod F’, if u—v-~0 on F mod F. When F =S the 
phrase “on F” will be omitted. Likewise when F” = 0 the phrase “mod F” ” 
will be omitted. 

By a subchain v of a k-chain u — (un) will be meant a k-chain defined by 
an infinite subsequence (Vn) of (un). Consider now two sets F, F’ on S such 
that FF’. By a k-cycle u on F mod E” will be meant a k-chain u on F 
whose boundary w is on F’ and which is such that the relation, u~v on 
F mod F’, holds for every subchain v of u. Itis easily seen that if u is a k-cycle 
on F mod F’ and v is any &-chain satisfying the relation, u ~v on F mod F”, 
then v is also a k-cycle on F mod F’. In particular, every subchain of a 
k-cycle on F mod F” is a k-cycle on F mod #’. The k-cycles here defined are 
Vietoris k-cycles, as can be seen by interpreting the result described in the 
following lemma in terms of e-homologies. 


LEMMA 2.1. Let FD F’ be subsets of S and let u = (tm) be a k-chain 
on F whose boundary u’ is on F’. Then u is a k-cycle on F mod F’ if and 
only if it is homologous on F mod F’ to the subchain v of u defined by the 
sequence (Uns). | 


It is clear from the definition of k-cycles that if u is a k-cycle on F mod F”, 
then u —v on Fmod F, where v== (Uni). Conversely, suppose that this 
homology relation holds. Then there isa (k + 1)-chain w = (wn) on F such 
that the k-chain w — u + v is on F”, and hence such that the vertex k-chains 
Wan — Un + Un (n= 1,2," + +) are on F. Consider now a subchain 7= (un) 
of u = (un). Set w:=—=0 if n; =i and set Wi = wit Win +: * + Wn- 
otherwise. Then ij — u + un = 0 when n = 41 and when n; > t the vertex 
k-chain 


_ | jan-l ; 
Wi — Ui + Un, = 2 (wi — U + Un); 
j= 
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is on F. Setting W = (w,) it follows that the Vietoris %-chain Ww — u + U 
is on #” and hence that w—7 on F.mod W. This completes the proof of 
Lemma 2. 1. | 

In order to insure that our k-cycles have the properties described in the 
next two lemmas, we make the following 


Assumption. Let F and F’ C F be compact sets and let k be a positive 
integer. Given a constant e > 0 there is a positive constant e < e such that 
if u is a vertex k-chain on F of norm at most e with w on F and e” is a 
positive constant, there exist on F a vertex k-chain v of norm at most e” and a 
(k + 1)-chain w of norm at most e, such that w —u + v and v are on K. 


This assumption holds for the cases in which we are interested. In 
particular it holds when A is a field. 
The following lemma will be used frequently. 


LEMMA 2.2. Let u be a k-cycle on F mod F” and let G be a subset of u 
such that u— 0 on F mod FE" + G. There is a k-cycle v on F + G mod E 
such that u— von F mod F. In fact, if F and G are closed, there is a k-cycle 
von G mod F'G such that u— von F mod F. 


In the proof one can assume, without loss of generality, that the sets 
F, F, F + Gare compact. The Jemma can be established by an argument like 
that used by Morse (XVII, Theorem 3.1, p. 396) for the case in which A is a 
field. In a similar manner (cf. Morse XVII, pp. 396, 392, Theorems 3.2 and 
‚8.38 and Lemma 2.2), one obtains the following: 


Lemma 2.3. Let FE and G be closed subsets of S and let u be a 
k-cycle on F mod F”: 


1. If GF and u—0 on G mod F’, there is a (k + 1)-cycle w on 
G mod F such that u~ w’ on F mod F. | 


2. If GCF and w ~0 on F mod G, where w is the boundary of u, 
there is a k-cycle v on F mod G such that u — v on F mod F. 


3. If F and F are compact and u — 0 on N mod N° for every pair of 
neighborhoods N of F and N’ of F, then u — 0 on F mod F”. 


3. Admissible classes % of sets F on S. Consider for the moment a real 
single valued lower semicontinuous function f(s) on S and let % be the class 
of all sets F on S determined by an inequality of the form f(x) Sc, where 
cis a constant or + ©. The topological part of the theory of critical points 

of f(z) on S here developed is essentially a theory of k-cycles on F mod F’, 
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where F and F” belong to %. It is based on the following properties of %: 
(1) Given two sets in %, one is a subset of the other; (2) the intersection of 
the sets belonging to a subclass of % is in Y, (3) the sets in à are closed; 
(4) the null set F = 0 and the set F = K are in %. In order to emphasize the 
dependence of our theory on these properties, we shall begin with an arbitrary 
class 75 having these properties. Such a class will be called admissible. The 
class % related to a function f(x) as described above will be called the ad- 
missible class determined by f(x). Since the results described below depend 
only on the four properties listed above, it follows that two functions f(x) 
and g(«), which determine the same admissible class %, give rise to the same 
. topological theory. They have accordingly the same critical k-sets (5), the 
same homotopic critical points (7), etc. Moreover, they are connected by a 
relation of the form f(x) = h[g(a)], where A(t) is a non-decreasing function 
of a real variable ¢. 

Consider now a particular admissible class %. In the sequel the symbol 
(u, F, F) will be used to denote a k-cycle u on F mod F for which F, F are 
in f and FDF. Two k-cycles (u, F, F) and (v, G, G°) will be said to be 
homologous, written (u, F, F) ~ (v, G, @’), if u~v on F + G mod FP + Ø. 
It is clear that either F + G = F or F + G = G in view of property (1) for 
the admissible class %. A k-cycle (u, F, F’) will be said to be homologous 
to zero, written (u, F, E) ~0,if u~0 on F mod K”. 

We shall center our attention on special k-cycles called minimizing k- 
cycles. By a minimizing k-cycle (u, F, E) will be meant one such that the 
relation F C G holds for every k-cycle (v, G, G’) that is homologous to it.‘ 
In view of this definition, the null k-cycle (0,0,0) is minimizing. This 
definition is a simple modification of one used by Birkhoff and Hestenes (XI, 
XIV) in a similar situation. In the terminology of Morse (XVII, p. 408), 
the k-chain u belonging to a non-null minimizing k-cycle (u, F, F’) would be 
called a k-cap. | 


LEMMA 8.1. À k-cycle (u, F, F7) is minimizing if and only if there ts no 
proper subset F” of F in 5 such that u — 0 on F mod E + F”. 


This criterion is obviously satisfied when F == 0. Suppose therefore that 
F0. I (u, F, E”) — 0, the relation u— 0 on F mod Æ + F” holds with 
F” = 0, In this case the k-cycle (u, F, F’) is not minimizing. We can assume, 
therefore, that (u, F, F”) #0. Then Fs£F. If there is a proper subset 
FP” of Fin % such that u~0 on F mod F + F”, then (u, F, F’) is homolo- 
gous to a k-cycle of the form (v, E”, FF”), by Lemma 2.2 with G = F7. 
Since F” is a proper subset of F, the k-cycle (u, F, F”) cannot be minimizing 
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in this event. Finally, suppose that the k-cycle (u, F, F”) is not minimizing 
and let (v, G, G’) be a k-cycle homologous to it such that FGF. Then G 
is a proper subset of F and the relation u~ 0 on F mod F” + G holds, since 
u—% on F mod F +. The homology relation described’in the lemma 
accordingly holds with F” — G. This completes the proof of the lemma. 


COROLLARY. If (u, F, PR ) is a minimizing k-cycle and G is a set in à 
such that u is on G, then FC G. 


For since u is on Fandon G itis also on FG. Hence u~ 0 on F mod F” 
+ FG. By the last lemma with W” == FG, it follows that FG = F, that is, 
FC G, as was to be proved. 

If 5 is the class of sets related to a function f(z), as described above, 
the corollary states that for a minimizing k-cycle (u, F, F”) the least upper 
bounds of f(x) on F and on the set of vertices of u are the same. 

In order to facilitate generalizations in 12 below and to avoid excessive 
repetitions of the phrase “a proper subset of F in % ” we shall define a proper 
subset of F in % to be a primary subset of F. With the definition in mind 
we can prove the following: 


LEMMA 3.2. Let (u, F, F’) be a non-null minimizing k-cycle. The set E 
is a primary subset of F. If (v, G, G’) ts a k-cycle homologous to (u, F, F”), 
at is minimizing if and only if F = G and @ is a primary subset of F. The 
k-cycle (u, F, F + F”) is minimizing for every primary subset F” of F. 


The set F’ is a primary subset of F, by virtue of the criterion described 
in the last lemma. Consider now a k-cycle (v, G, G’) that is homologous to 
(u, F, F”). If it is minimizing, then obviously F == G and G’ is a primary 
subset of F. ‘Conversely, if these relations hold, the k-cycle (v, G, G’) must 
be minimizing. Otherwise there would exist, by Lemma 3.1, a proper subset 
G” of Gin % such that v~ 0 on F mod @ + G”, Moreover the set F” === G” 
+ G” would be a proper subset of F = G, since G” is a primary subset, of F. 
From the relation u~v on F mod F” + G it would follow that the relation 
u~ 0 on F mod F + F” would hold with F” = G’-+ G”. This is impossible, 
by Lemma 3.1. Hence (v, G, G’) is minimizing in this case. The last state- 
ment in the lemma follows from the preceding one and the fact that the sum 
of two primary subsets of F is a primary subset of F. 


LEMMA 3.3. Two minimizing k-cycles (u, F, F) and (v, G, G’), not both 
null, are homologous to a third minimizing k-cycle if and only if. F — G and 
there is a primary subset F” of F such that u— v on F mod F”. 


528 MAGNUS R. HESTENES. 


S 


For let (w, H, H’) be a minimizing &-cycle that is homologous to two 
minimizing k-cycles (u, F, F) and (v, G, œ). Then F = H = G and u—v 
on Fmod P” with F” = F + @+H’. If F0, the set F” is a primary 
subset of F, by the last lemma.’ Conversely if u~ v on F mod F”, where F” 
is a primary subset of F, then (u, F, F”) and (v, G, G’) are homologous to the 
minimizing k-cycle (u, F, F + G+ F”). This proves the lemma. 


4. Existence of minimizing k-cycles. As a first existence theorem we 
have 


THEOREM 4.1. ` If the sets F549 in 5 are compact, every k-cycle 
(u, F, F) is homologous to a minimizing k-cycle (v, G, Œ) having G CF, 
In fact the k-cycle (v, G, G’) can be chosen so that the (k—1)-cycle (v’, G’, 0) 
is minimizing, where v’ is ihe boundary of v. 


In order to. prove the first statement in the theorem, consider a k-cycle 
(u, F, F7) having FAS. If (u, F, F) — 0, choose (v; G, G’) = (0,0,0). 
. Suppose, therefore, that (u, F, F) #0. Let 5” be the class of all subsets F7” 
of F in 5% such that the relation u-~ 0 on F mod Æ + F” holds. Let @ be the 
intersection of all sets in 3”. Then G is in %, by property (2) of &. In fact 
G isin 3”. To prove this result, observe that on every neighborhood N’ of G 
there is a set F” belonging to 3”. Consequently u—0 on F mod F + N’ for 
every neighborhood N’ of G. ‘By the use of part 3 of Lemma 2.3 it is seen 
that u~ 0 on F mod F + G and hence that G is in %. From Lemma 2.2 
it follows that there is a k-cycle of the form (v, G, F'G) that is homologous 
to (u, F, F’). We shall show that (v, G, F'G) is minimizing. If it were not 
so there would exist, by Lemma 3.1, a proper subset G” of G in % such that 
v~0on Gmod FG + G”. Hence u~ 0 on F mod I” + G” since (u, F, F”) 
and (v, G, F'G) are homologous. But this would imply that G” is in %” con- 
trary to our choice of G as -the intersection of the sets in 3}. The k-cycle 
(v, G, F'G) is accordingly minimizing and the first statement in the theorem 
is proved for the case in which #548. Suppose now that F == S and that 
(u, F, F”) is not minimizing.. Then there is a k-cycle (w, H, H’) with HAF 
and H’ C F that is homologous to (u, F, W). We have just seen that there 
is a minimizing k-cycle (v, G, G’) homologous to (w, H,.H’) such that CH. 
It is clear that (u, F, F) ~~ (v, G, G’). This completes the proof of the first 
part of the theorem. ' 

In order to prove the last statement in the theorem select a minimizing 
k-cycle (v, G, G’) homologous to (u, F, F) with @ C F’. If the (k—1)- 
cycle (4, G’, 0) is not minimizing, there is a proper subset F” of G” in Ẹ such 
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that v.~ 0 on @’ mod E”. Let.” be the class of all sets F” of this type and 
let @” be the intersection of the sets in %. Then, as in the last paragraph, 
v ~ 0 on Gmod G”, since @’ and G” are compact. By virtue of part 2 of 
Lemma 2. 3 there is a k-cycle (w, G, Œ”) that is homologous to (v, G, G’) and 
hence to (u, P, F’). From our choice of the set G” it follows that the (k —1)- 
cycle (w, @”,0) is minimizing. The k-eycle.(w, G, G’’),.being homologous to 
(v, G, G’), is minimizing. This completes the proof of Theorem 4. 1. 


THEOREM 4.2. Suppose that the sets F8 in & are compact, and let 
(u, F, F) be a non-null minimizing k-cycle such that u— 0 on S mod F. 
There exists a minimizing (k-+-1)-cycle (v,G@,F) such. that (v,F,0) 
~ (u, F, F’). where v' is the boundary of v. In fact (v, G, F). can be chosen so 
that, given a proper subset G” of Gin à, one has u 40 on G” mod F”. 
For let (u, F, F”) be a minimizing k-cycle such that u~ 0 on S mod F” 
and let 3” be the maximal subclass of % such that w~0 on F” mod F 
for every set F” in 3”. Then the intersection Œ of the sets in %” has the 
property that u~ 0 on G mod F’, by virtue of part 3 of Lemma 2.3 and the 
compactness of the sets F48 in %. Using part 2 of the same lemma one 
finds that there is a (k + 1)-cycle (v, G,F) such that u~ on F mod F, 
that is, such that (u, F, F) ~ (v, F,0). This proves the theorem. 


THEOREM 4.3. The conclusions described in Theorems 4.1 and 4.2 hold 
true if & has the property that given a set FS in % and a compact subset 
C of F there is a compact subset G of Fin 5% such that CC G. 


The proof is like that given above. One uses the additional fact that if 
u is a k-cycle on F mod #” there exist compact subsets G, r of F', E” respec- 
tively such that « is a &-cycle on G mod @. 

The hypotheses i in Theorem 4. 3 are satisfied, for example, when the class 3 
is the class of all sets determined by inequalities of the form f(x) Se or 
f(z) <c, where f(x) is continuous on S, provided the sets of the form 
f(x) Æ c are compact. In this case the assumption of closure of the sets in F 
is not satisfied. This assumption is not needed in the proof of Theorem 4. 3. 


5. Critical k-sets. In the introduction critical points of index % were 
defined for a function of n real variables. It is the purpose of the present 
section to define analogues of these points by means of homologies. The 
analogue of a critical point of index & here given is, in general, not a single 
point but a set of-points, which we shall call a critical %-set. . It will be seen 
in 14 below that a critical point of index # forms a critical k-set. 

Consider now a minimizing k-cycle (u, F, F’). In the study of the © 
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critical &-sets defined below, two special types of subsets of F play a basic role. 
These types will be designated by A and B, respectively. Briefly a set X is of 
type A if the minimizing properties of (w,F,F’) are unaltered when the 
points exterior to a neighborhood of X are disregarded. More precisely, by a 
subset of F of type A relative to (u, F, F”) will be meant a closed subset X 
of F with the property that, given a neighborhood N of X, there is no primary 
subset F” of F such that u~ 0 on F mod F” + YV, where V-=F—FN. A 
subset X of F of type A relative to (u, F, F”) will be said to be of type B 
relative to (u, F, F) if the set XX’ is of type A for every set X’ of type A. 
The phrase “relative to (u, F, FY” will be omitted when no confusion arises 
by so doing. The set X = F is of type B. Moreover if X’ and X” are subsets 
of F of type B so also is their intersection X’X”. For since X’ and X” are 
of type B, it is seen successively that the sets XX’ and XX’X” are of type A 
whenever X is of type A. Consequently X’X” is of type B, as was to be proved. 

By the critical k-set C determined by a minimizing k-cycle (u, F, F’) will 
be meant the intersection of all subsets X of F of type B relative to (u, F, F’). 
It will be seen in Theorem 5.1 below that the set X = C is a subset of F of 
type B and hence that the set X — C is the smallest subset of F of type B. 
In general, the critical k-set C is not a member of the admissible class % by 
which it is determined. . 

In order to understand more clearly the significance of these special sub- 
sets and of the definition of critical k-sets, consider the following simple 
example. Let S be the interval 0 S x 3a and let % be the admissible class | 
of sets determined by all inequalities of the form sin & = c, where c is a con- 
stant. Denote by F and Æ” the sets in % determined by the inequalities 
sins = 1 and sing = 0, respectively. Using the integers modulo 2 as coefti- 
cients, let u be the 1-chain defined by the interval OS z S 8r with z = 0 and 
x = dr as its boundary. The 1-cycle (u, F, F”) is then minimizing. A closed 
subset X of F is of type A if, and only if, it contains one of the points 2 == 7/2, 
x’ = br /2 at which sin s= 1. It is of type B if and only if it contains both 
x and x”. The set C composed of x’ and +” is the smallest subset of F of 
type B and is accordingly the critical 1-set determined by (u, F, F’). 

The following lemma will be useful. 


Lemma 5.1. Let (u, F, F) be a non-null minimizing k-cycle and let X 
be a subset of F of type A relative to (u, F,F’). If V denotes the set of 
vertices of the k-chain v belonging to a k-cycle (v, F, F”) homologous to 
(u, F,F’), there is no neighborhood N of X such that the set NV is on a 
primary subset of F. Moreover the set XV is non-null. 
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For suppose that there exists a neighborhood N of X and a primary subset 
G of F such that NV C G. Then VCG+Y, where Y = F— FN. Since 
the sum W +- F” G of primary subsets of F is also a primary subset of F, 
we can suppose that this sum is identical with G. Then GDF + F”. From 
the relations, u ~ v on F mod #” + F” and VC G + Y, it follows that u ~ 0 
on F mod G+ Y, contrary to our assumption that X is of type A. This 
proves the first part of the lemma. The second follows from the first, since 
if XV were null, the set NV would be null for a sufficiently small neighbor- 
hood N of X. ; 


THEoREM 5.1. The critical k-set C determined by a non-null minimizing 
k-cycle (u, F, F’) is a non-null subset of F of type B relative to (u, F, F’). 
If V denotes the set of vertices of the k-chain v belonging to a minimizing 
k-cycle (v, F, F”) homologous to (u, F, F’), the set CV is non-null. In fact, 
the closure C’ of the sum of all sets CV of this type ts identical with C. 


In order to show that the set CV described in the theorem is non-null, 
observe that, by virtue of Lemma 5.1, the set XV is non-null for every subset 
A of F of type A. The set XV is compact since V is compact. Since the class 
of subsets of F of type B is closed relative to intersections, the intersection CV 
of all sets of the form XV, where X is of type B, is non-null, as was to be 
proved. The set C is closed since it is the intersection of closed sets. 

The remaining statements of the theorem will be established by showing 
that the set X = C” is of type B. For then C and C’, being subsets of each 
‘other, must be identical. Suppose, therefore, that the set C’ is not of type B. 
Then there exists a subset X of F of type A such that the set YC’ is not of 
type A. We may accordingly choose a neighborhood N of XC’ such that u — 0 
on F mod F” + Y, where Y =F—FN. By virtue of Lemma 2.2 we can 
suppose that the set U of vertices of u is on F” + Y. The set NU is then on 
a primary subset of F. Moreover, C'U == CU in view of our definition of C’. 
Since U is compact and the set XC’U == XCU is the product of all sets of the 
form XX’U, where X’ is a subset of F of type B, there is a subset X’ of F of 


_ type B such that XY'U C NU C F”. The set XX’U is, therefore, on the 


primary subset F” of F, which is impossible, by Lemma 5. 1, since the set XX’ 
is of type A, in view of the fact that X is of type A and X’ of type B. Our 
assumption that the set C’ is not of type B is false and the theorem is 
established. | 


COROLLARY 1. If C ts the critical k-set determined by a minimizing 
k-cycle (u, F, F) and E C E = F— O, then u 40 on FmodE. The rela- 
tion E C E holds if no primary subset of F has a point in common with C. 
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For if u—0 on FmodE one could suppose, by Lemma 2.2, that u is 
on W + E = E and hence would have no vertices in C, contrary to the second 
statement in Theorem 5.1. 


COROLLARY 2. Homologous minimizing k-cycles determine the same 
critical k-sets. In fact, if two minimizing k-cycles are homologous to the same 
minimizing k-cycle, they determine the same critical k-set. 


The critical k-set C belonging to a minimizing k-cycle (u, F, F’) is 
determined completely by the k-cycles on a neighborhood of C, as is shown 
in the following: 


THEOREM 5.2. Let N be a neighborhood of the critical k-set determined 
by a non-null minimizing k-cycle (u, F,F’). There exists a primary subset F” 
of F such that u~ 0 on F mod F” + FN. In fact, there exists a k-cycle v on 
FN mod F”N such that the system (v, F, E”) defines a minimizing k-cycle 
homologous to (u, F, F’). If V denotes the set of vertices of a k-chain v of 
this type, the closure C’ of the sum of all sets of the form CV is identical 
with C. 


In order to prove the first two conclusions in the theorem observe that 
the set XY = F— FN, having no points in common with C, cannot be of 
type 4. There exists accordingly a neighborhood N’ of X and a primary sub- 
set F” of F such that u~0 on F mod F” -+ Y, where Y = F— FN’. By 
Lemma 2.2 there exists a k-cycle'v on Y mod Æ”Y such that u~v on 
F mod F”. Since Y C FN the k-chain v is a k-cycle on FN mod F”N. More- 
over, the system (v, F, F”) is a k-cycle homologous to (u, F, F’) and, by 
Lemma 3.2, it is minimizing. In view of the fact that v is on FN and u ~v 
on F mod F” it follows that u~ 0 on F mod F” + FN. 

It remains to prove the last statement in the theorem. As in the proof 
of Theorem 5. 1 it is sufficient to show that the set C’ described in Theorem 5. 2 
is a subset of F of type B. Suppose that the contrary is true. Then there is 
a subset X of F of type A such that the set CX’ is not of type A. Let N’ be a 
neighborhood of XC’ and let G be a primary subset of F such that u~ 0 on | 
F mod G+ Y’, where Y’ = F— FN’. By Lemma 2.2 we can suppose that 
the set U of vertices of u is on @ + Y’. The remainder of the proof is like 
that of Theorem 5.1 provided that we can show that the k-chain.u = (un) 
can be chosen so that u is a k-cycle on FN mod F”N, where F” is a primary 
subset of F. To this end let v == (vn) be a k-chain related to u as described 
in the last paragraph. Then there is a primary subset F” of F such that v is 
a k-cycle on FN mod F’N and u~v on F mod F”. We can suppose that 
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F’DP+G. Let w= (wn) be a (k—+ 1)-chain on F such that the k-chain 
w — u + v is on F” and select a neighborhood N” of C’ such that the closures 
of N’ and N” lie respectively in N” and N. From the definition of k-cycles 
the sequence u = (un) can be replaced by any infinite subsequence. Con- 
sequently we can suppose that every simplex in the vertex chains tn, Un, Wn 
(n= 1,2,+ :) having a vertex in N” is in N and that every simplex having 
a vertex in N’ isin N”. Let ü= (iin) be the k-chain obtained from u — (un) 
by deleting the %-simplices in w, that are exterior to N”. Similarly let 
w = (Wn) be the (k+ 1)-chain obtained: from w == (w,) by deleting the 
(k + 1)-simplices exterior to N”. The chains t, Ùw are on FN, are identical 
with u, w on FN’ and are such that the k-chain W —ū -+v is on F” + B, 
where E == F(N — N”). Let 7= (Ta) be the k-chain obtained from W — à 
+ v be deleting all k-simplices of Wn — ün + un having no vertex in Æ. The 
k-chain 9 has no vertex in N’ since, by construction, no simplex of the vertex 
k-chains Un, Un, Wn has vertices in N’ and in Æ. It follows that the vertices 
of ü+ in N’ are vertices of & and hence of u. Since u is on G+ Y’ and 
F” D G it follows that &4+7 is on F”N -+ Y'N. Moreover, the k-chain 
w — (1-3) +v is on FN. Hence &+5—v on FN mod F”N. The 
k-chain- %i-+-3 is accordingly a k-cycle on FN mod F’N since v has this 
property. It is clear that u~ t +5 on Fmod W. Replacing u by ü -+U 
we obtain the desired result, namely, that u can be chosen to be on a set F” + Y 
in such a way that u is a k-cycle on FN mod FN and F” is a primary subset 
of F. This completes the proof of Theorem 5. 2. 


THEOREM 5.3. No neighborhood N of a point x in the critical k-set O 
determined by a minimizing k-cycle (u, F, F’) is such that the set FN ts on a 
primary subset F” of F. 


This result follows from Theorems 7.1 and 7.2 below.. A direct proof 
can be made as follows. Let æ be a point of F for which there exists a neighbor- 
hood N of æ such that FN is on a primary subset F” of F. If X is a subset of 
F of type B, it is easily.seen that the closure X” of the set X —F’X is also 
of type B so that CC A’. Taking X =Ç one has X’—C. The point x 
therefore cannot be in C and the theorem is proved. 

As an application of the last theorem we have the following: 


COROLLARY. Let % be the admissible class of sets f(x) Sc determined 
by a real single valued lower semi-continuous function f(x) on S, as described 
in 8. Let C be the critical k-set determined by a non-null minimizing k-cycle 
(u, F, F) and denote by b the least upper bound of f(x) on F. The upper 
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limit of f(x) on F at a point x’ in C is equal to b. If f(x) is continuous, then 
f(x) =b on C. If f(a)=b on C, then FC E == F— O and u0 on 
F mod E. 


The first conclusion in the corollary follows at once from Theorem 5.3 
since if the upper limit of f(x) on F ata point +’ in C were not equal to b there 
would exist a neighborhood N of z’ and a constant ce < b such that FN would 
be on the primary subset F” of F determined by the inequality f(z) = c. The 
last statement in the lemma follows from Corollary 1 to Theorem 5.1. 

It is desirable to obtain simple criteria for a point to form a critical k&-set. 
To this end we have the following: 


THEOREM 5.4, A point x’ forms a critical k-set if and only if there exists 
a k-cycle (u, F, F) such that given a neighborhood N of x’ then (1) there is a 
primary subset F” of F such that u — 0 on F mod F” + FN; (2) there is no 
primary subset F” of F such that u—0 on F mod F + FE” 4 Y, where 
Y = F— FN. 


The necessity of condition (1) follows from Theorem 5.2 with C = z’. 
The condition (2) is the condition that the set C — x” be of type A and hence 
also is a necessary condition. To prove the converse observe that when condi- 
tion (2) holds the k-cycle (u, F, F”) must be minimizing, by Lemma 3.1. 
This condition also implies that any closed subset X of F containing 2’ is of 
type A. On the other hand every subset X of F of type A contains z’. If this 
were not so, one could select a neighborhood N of x’ and a neighborhood N’ 
of X having no points in common. By condition (1) it would follow that 
there exists a primary subset F” of F such that w~0 on F mod F” + FN 
and hence such that u — 0 on F mod F” + Y’, where Y’ == F— FN’. This 
would contradict our choice of X as being of type A. Hence X D x’ and the 
set C = v’ is of type B. It is accordingly the critical k-set determined by 
(u, F, F} and the theorem is established. 


COROLLARY. In order that a point x’ form a critical k-set it is sufficient 
that there exist a k-cycle (u, F, F) such that (1) given a neighborhood N 
of x’ there is a primary subset F” of F such that u~0 on F mod FP’ + FN; 
(2) there exists no primary subset F” of F such that # is on P + F”; 
(3) u +0 on F mod E, where E is the set obtained from F by deleting the 
point ©. These conditions are necessary conditions for the point x’ to form 
the critical k-set determined by a minimizing k-cycle (u, F, F’) if there is no 
primary subset of F containing v. 


The conditions in the corollary obviously imply those in the last theorem. 
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The last statement in our corollary follows from Corollary 1 to Theorem 1 
since our hypotheses imply that F C E. 


6. Sum of two critical k-sets. Let C, and Ce be the critical %-sets de- 
termined by two minimizing k-cycles (u, F, F’) and (v, Œ, œ) with F— G. 
If the k-cycle (u + v, F, F + G’) is also minimizing, one might expect that 
its critical k-set C would be a subset of C, -++ Ce. That this is not always the 
case can be seen by an example. It is true, however, that C — C, + C2 when 
Cı and O; are at a positive distance apart, as is seen in the following: 


LEMMA 6.1. Suppose that the critical k-sets Cy and Ca, determined by 
two non-null minimizing k-cycles (u, F, EF’) and (v, G, G’) with F = G, are 
at a positive distance from each other. Then the k-cycle (u + v, F, P + G’) 
is minimizing and its critical k-set C is identical with Ci + C2. 


We can suppose, for convenience, that F = @. Let N, and N, be 
neighborhoods of C, and (,, respectively, whose closures have no point in 
common. By Theorem 5.2 we can suppose that u is on N, and v is on N. 
If the k-cycle (u+ v, F, F) were not minimizing, there would exist, by 
Lemma 3. 1, a primary subset F” of F such that u + v~ 0 on F mod F”. The 
k-cycles (u, F, F”) and (—v,F,F”) would be homologous minimizing k- 
cycles determining disjoint critical k-sets Cı and C2, contrary to the result 
described in Corollary 2 of Theorem 5.1. It follows that the k-cycle 
(u + v, F, F’) is minimizing. 

' Asa second step in the proof of Lemma 6.1 it will be shown that a set X 
is of type A relative to (u +- v, F, F’) if, and only if, it is of type À relative 
to (u, F,F") or (v, F, F’). To do so let N be a neighborhood-of X and set 
Y = F— FN. If there is a primary subset F” of F such that u— 0 on 
F mod F” + Y and v~0 on Fmod + Y, then u+v—0 on F mod 
E” + Y. Consequently, if X is not of type A relative to either (u, F, F’) or 
(v, F, F’) it cannot be of type A relative to (u + v, F, F’). Conversely sup- 
pose that X is not of type A relative to (u + v, F, F’) but is of type A relative 
to one of the two other k-cycles, say (u, F, F). Then since C, is of type B 
relative to (u, F, F), the set XC, is of type A relative to (u, F, F) and we 
can suppose that X has been replaced by XC,. Since X is not of type A 
relative to (u + v, F, F’) there is a neighborhood N of X and a primary 
subset F” of F such that u + v— 0 on F mod F” + Y, where Y = F— FN. 
Since XY C C, we can choose N so that N is interior to the neighborhood N, 
described in the last paragraph. But since v is on Y, it follows that u — 0 on 
F mod F” + Y, contrary to our assumption that X is of type A relative to 
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(u, F, F’). This proves the statement made at the beginning of this 
paragraph. = l 

In order to prove that C C C: + C consider a set X of type A relative 
to (u + v, F, E). Then X must be of type À relative to either (u, F,F”) or 
(v, F, F’), say the former. Since C, + C4 is of type B relative to (u, F, F’); 
the set X (0, + C2) is of type A relative to (u, F, F”) and hence relative to 
(u +v, F, F’). Consequently the set Cı -+ C2 is of type B relative to 
(u + v, F, F) and CCC; + C2 In order to show that C D C, let X be a 
set of type A relative to (u, F, F'). Then XC, is of type A relative to 
(u, F, F) and hence also relative to (u -+ v, P, E”). The set XCiC must 
accordingly be of type A relative to (u -+ v, P, I’) and hence relative to 
either (u, F, B) or (v, F,F’). Being in N, it must be of type A relative to 
(u, F, F’), that is, the set C is of type B relative to (u, F, F’). Consequently, 
CDC, By symmetry CDC, so that C = 0, -+ Ce. This completes the 


proof of Lemma 6. 1. 


LEMMA 6.2. Let C be the critical k-set determined by à non-null mini- 
mizing k-cycle (u, F, F) and suppose that C is the sum of two non-null Sets 
Cı and O, at a positive distance from each other., There exist minimizing 
k-cycles (v, F, F”) and (w, F, F”) whose critical k-sets are Cy and C2, respec- 
lively, and are such that (u, F, F) ~ (w + w, F, F”). 


In order to prove this result let N, and N, be neighborhoods of C, and C2 
whose closures have no point in common. Let N==N,+ N.. By Theorem 
5.2 we can suppose that u is a k-eycle on FN mod E'N. Then u is the sum 
of two k-chains v + w such that v is on N, and w is on No. Since wis a 
k-cycle on FN mod F’N and Na, N2 are disjoint it follows that v is a k-cycle 
on FN, mod #’N,. Similarly w is-a k-cycle on FN, mod F’N.. Consequently 
these systems (v, F, F) and (w, F, F) are k-cycles. Suppose that one of 
them, say the latter, is not minimizing. Then there exists a primary subset 
F” of F such that w — 0 on F mod F”. Let X be a subset of F of type. A 
relative to (u, F, F). The set C1, being a proper subset of C, is not of type B 
relative to (u, F, F). Consequently we can select X so the set C,X is not of 
type A. There is, accordingly, a neighborhood N” C N, of C,X and a primary 
subset #7 of F such that u~ 0 on F mod #” +- Y’, where Y’ = F — FN’. 
Consequently v ~ 0 on F mod F” + Y, where Y == Y’ — FN. But this im- 
plies that u =v + w~ 0 on F mod F” + F” + Y, contrary to the fact that 
XC is of type A relative to (u, F, F’). The k-cycles (v, F, F’) and (w, F, F’) 
are accordingly minimizing k-cycles. The fact that C, and ©, are the critical 
k-sets determined by (v, F, F) and (w, F, F”) follows readily from Lemma 
6.1. This proves Lemma 6.2. 
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T. Homotopic critical points. In Section 5 critical points were defined 
by means of homologies. In the present section it will be seen that these 
critical points are instances of a larger class of critical points that are de- 
termined by a special class of homotopie deformations, which we. shall call 
F-deformations. In order to define F-deformations let us first recall the 
definition of homotopic deformations. Let P be a subset of 8. To each point 
v in P and each value t on 0S!1 let there correspond a unique point 
y(z,t) on S. The point function y(z,t) (0 StS 1) will be said-to define 
a homotopic deformation A of P on Sify(xz,0) == x for each point x in P and 
the function y(x,{) is continuous in its arguments. It will be called an 
F-deformation A of P if it has the further property that given a point zin P 
and a value # on 0S tS 1, the points y(z,t) (ES t& 1) belong to each 
set F in % that contains the point y(x, t). In the sequel it will be convenient 
to call the set formed by the points y(z,1), where x is in P, the image AP 
of P under the deformation A. Similarly, for a fixed value ofton0=i£]I1, 
the set of points of the form y(x, t), where x is in P, will be denoted by the 
symbol A:P. 

Consider now a set # in x. A point a in F will be called a homotopic 
critical point of F if there does not exist, for any neighborhood N of +, an 
F-deformation A of FN such that for each value # on 0 < t & 1 the image 
A:(FN) under A belongs to a primary subset F” of F. The primary subset 
of F to be chosen depends on the value of t. This definition is analogous to 
one given by Morse (XVII, p. 419) and was suggested by it. The homotopic 
critical points of F are determined completely by F-deformations of the whole 
i set F, as is readily seen by the use of the following: 


LEMMA 7.1. Let x’ be a point on a set F in $ and suppose that x’ is not 
a homotopic critical point of F. There exists a neighborhood N’ of x’ and an 
F-deformation A of F under which the points ‘exterior to N’ are held fast, 
while for each value t on 0 < t& 1 the image A:P under A of a compact 
subset P of FN’ is on a primary subset F, of F. 


In order to prove this result je N be a neighborhood of the doi an! io 
which there exists an F-deformation A of FN such that the set A: (FN) is on a 
primary subset of F for each fixed value of t on 0 < ¢1. Such a neighbor- 
hood exists since z’ is not a homotopic critical point of F. Let N’ be an 
e-neighborhood of + whose closure is in N and select a real single-valued con- 
tinuous function A(s) such that A(z) = 0 exterior to N and 0 < h(x) X1 
on N’. For each value of ¢ on 0S tS 1 set 2(2,t) =x exterior to N’ and 
let z(z, t) = ylz,h(z)t] on FN’, where y(x, t) is the point function defining 
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the F-deformation A. It is clear that the function z(z,8) (0 S tS 1) defines 
an F-deformation A’ of F in which the points exterior to N’ are held fast. 
Consider now a compact subset P of FN’ and let m be the minimum of h(s) 
on P. Since A(z) > 0 on P we have m > 0. Given a value ton 0<i<1 
let F” be a primary subset of F such that A,:(FN) is on F’. For each point x 
in P, the point y(x, mt) must be on F since PC FN. From the definition 
of F-deformations and the relation A(s) = m on P it follows that for each 
point v in P the point z(z,t) = y[x, A(æ)t] is also on F’. Consequently, the 
set A’;P is on F and the lemma is established. 


COROLLARY. The neighborhood N’ of x’ and the F-deformation of P 
described in Lemma %.1 can be chosen so that for each value of ton 0=t=<1 
the set Ar( FN’) is on a prescribed neighborhood N of x’. 


It is clear from the proof of Lemma 7.1 that the neighborhood N” can 
be chosen so that its closure is in the prescribed neighborhood of 2’. Moreover, 
the function h(z) there used can be replaced by ri (x), where r is a positive 
- constant less than unity. When this has been done, it follows from continuity 
considerations that, for sufficiently small values of r, the F-deformation A will 
have the property described in the corollary. 


THEOREM 7.1. If O is the critical k-set determined by a non-null mini- 
mizing k-cycle (u, F, F), then each point of C is a homotopic critical point 
of the set F belonging to (u, F, F’). 


In order to prove this result suppose that there exists a point æ in C 
that is not a homotopic critical point relative to F. Let N’ be a neighborhood 
of z’ and let A be an F-deformation of F related to 2’ as described in Lemma 
7.1. Let N” be a neighborhood of z’ whose closure is in N’ and set X —C 
— ON”. In view of the definition of C, the set X cannot be of type B relative 
to (u, F,F’). Consequently there exists a subset X” of F of type A such that 
the set XX’ is not of type A. There exists, accordingly, a neighborhood N* 
of XX’ and a primary subset F” of F such that w~0 on F mod F” + Y*, 
where Y* == F— FN*. By Lemma 2.2 we can suppose that the set U of 
vertices of wis on F” + Y*. Let N be a neighborhood of CX’ whose closure 
is interior to the neighborhood N* -+ N’ of CX’. We shall show that there 
exists a primary subset G of # such that the image AU of U under the 
_ F-deformation A is on @+-Y, where Y = F—— FN. To this end let 
U” = FU and let U’ be the closure of U— U”. Since A is an F deformation 
AU” C FP”. The points of Q = U’— U’N’ are held fast under A and are at 
a positive distance from FN since Q is exterior to N* + N’. There is, accord- 
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ingly, a neighborhood N, of Q such that A(U’N,) C Y. Finally the compact 
set P=U’—U’N, is on N’ and, by Lemma 7.1, there exists a primary 
subset G of F such that AP C G. We can suppose @ D F”. Then AU = AU” 
+ A(U’N,) + AP is on G+ Y, as was to be proved. Since the boundary w’ 
-is deformed on F’ under A it follows from the theory of homotopic deforma- 
tions that u ~ 0 on F mod F + G + Y, contrary to the fact that C is a subset 
of F of type A, by Theorem 5.1. Our assumption that there exists a point 
x in C that is not a homotopic critical point relative to F is accordingly false 
and Theorem 7. 1 is ‘established. | 


THEOREM 7.2. There is no neighborhood N of a homotopie critical point 
X of a set Fin® such that the set FN is on a subset of F. In particular a 
point x’ in the critical k-set determined by a minimizing k-cycle (u, F, F”) has 
this property. 


For suppose there is a neighborhood N of a homotopic critical point ôf F 
such that FN is on a proper subset F”. of F in %. Let A be the F-deformation 
of Fin which all points of F are held fast. Then for each value ton0={t=1: 
the image A, (FN) of FN is identical with FN and hence is on P”. This 
contradicts the definition of homotopic critical points of F. The first state- 
ment is accordingly established. The second follows from the fact that each 
point of the critical k-set C of a minimizing k-cycle (u, F, F’) is a homotopic 
critical point of F. ` 

. Recalling the definition of admissible classes determined by a function 
f(x), one obtains from the last theorem the following further result. 


COROLLARY 1. Let F be a set in the admissible class % determined by a 
real single valued function f(x), as described in 3. Let b be the least upper 
bound of f(x) on F., At each homotopic critical point x’, the upper limit of 
f(x) on F is equal to b. If f(x) is continuous'at x’, then f(x’) =b. 


" COROLLARY 2. Let be the admissible class determined by a real single 
valued lower semi-continuous function as described in 3. Let C be the critical 
k-set determined by a minimizing k-set (u, F, F) and let b be the least upper 
bound of f(x) on F. If there exists an F-deformation A of F such that f(x) 
is continuous on AF, then f(x) =b on Č. 


8. Two lemmas. In the present section further properties of F-deforma- 
tions will be developed. The results obtained will be useful in the next section. 
Let PC Q be subsets of S and let A be an F-deformation of P defined by func- 
tions y(x, t) (O=t=1). The set P will be said to be deformed on Q under A 
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if the point y (z, t) is on Q for each point x in P and each value t on0 StS. 
The following lemma will be useful. 


LEMMA 8.1. Let F be a set in à and let P be a compact subset of F 
containing no homotopic critical points of F. Given a neighborhood N of P 
there exists a neighborhood N* of P and an F-deformation A of F having the 
following properties: The points of F exterior to N* are held fast under A. 
The points of FN* are deformed on FN under A. Finally, the image AP of P 
under Ais ona primary subset F” of F. 


In order to prove this result let N be a neighborhood of P. To each point 
a’ of P let there correspond a neighborhood’ N’ of x’ and an F-deformation A 
related to x’ and N’ as described in Lemma 7. 1 and its corollary. Since P is 
compact we can select a finite number of these neighborhoods Ni,’ : +, Na 
covering P. Let A,’ > -, A, be the corresponding F-deformations of F. Let 
A be the F-deformation of F obtained by applying successively the F-deforma- 
tions A;,,-.-:, A4 The F-deformation A and the neighborhood N* == N, 
-+--> - +--+ N, of P have the properties described in the lemma. -The points 
exterior to N* are held fast under each of the deformations A;,- © -, A, and’ 
hence also under A. Moreover, the set FN” is deformed on FN under A since 
each of the deformations A;,: : +, Ag has this property. It remains to show 
that AP is on a primary subset F” of F. To do so we recall that under the 
F-deformation A, the points of P— PN, are held fast. There exists, accord- 
ingly, a neighborhood N,” of P— PN, such that the closure Q, of the image 
A (PN) is on N? = N2+---+ N. By Lemma 7.1 with P replaced by 
P == PN,” there is a primary subset F, of F such that the set Qı = A, (P 
— PN”) is on F The set P, = A,P is accordingly the sum of two compact 
sets Q- and Q, such that Q, is on a primary subset F, on F and 0, is on Ny’. 
Repeating the argument made in the last four sentences with P replaced by Qz, 
A, replaced by A,, and N’, replaced by N’: =N: +: -+ Ng, it is found 
that the set A,Q, is the sum of two compact sets Q’, and 9°, such that Q’, is 
on a primary subset F’, of F and 9’, is on N’,. The set AQ: is on F since 
As is an F-deformation. In the next repetition replace P by Q’2, Aa by A: and 
N’, by NN, -© -+ Na Proceeding in this manner it is found that 
the image AP of P under A is on a primary subset F” = F,-+ Fr, +: - of F. 
This completes the proof of Lemma 7.2. 


The proof of Theorem 9.2 is based on the following: 


LEMmMA.8.2. Let F be a non-null set in % and let H be an isolated set 
of homotopic critical points relative to F. Let N be a neighborhood of H 
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containing in its closure no homotopic critical point of F that is not in H. 
Consider a k-cycle u on FN mod F’N, where F is a primary subset of F. If 
u— 0 on F mod F, there is a primary subset F” of F such that u — 0 on 
FN mod (E! + F’)N. The k-cycle (u, F, F) is minimizing if and 
only if there is no primary subset F” of F such that u— 0 on FN mod (E 
+ FN. 


In order to prove the first conclusion in the lemma let N’, N” be neighbor- 
hoods of H such that the closures of N’, N” are in N”, N respectively. Set 
E = F(N” — N’). Given a k-cycle u — (un) on FN mod F°N such that u — 0 
on F mod F”, we shall show first that there is a k-cycle v on FN mod FN such 
that u — v on FN mod F’N and vis on FPN 4+ E. To this end let w = (wn) 
be a (k + 1)-chaïn such that w’— u is on W. We may replace the sequences 
(un), (Wn) by subsequences, if necessary, so that every simplex of Un or of 
wt, having a point in N’ is on N”. Let w= (wn) be the (k 4 1)-chain 
obtained from w by deleting all (4 + 1)-simplices having no point in common 
with N’. Then the k-chain v = w —u is on FN-+E and u-~v on 
FN mod WN. Moreover, v is a k-cycle on FN mod F’N since u has this 
property. Let V be the vertices of v and let P be the closure of the set 
V — VE. If P is null, then u~ 0 on FN mod FN and the first conclusion 
in the lemma holds with #’=0. If P=£0, then P is compact and contains 
no homotopic critical points since PC N— N’. Let A be an F-deformation 
related to P and N as described in the last lemma. . Under A the points of F 
in a neighborhood N’ of P are deformed on FN while the remaining points 
are held fast. Hence the set V is deformed on FN under A. Moreover, by 
Lemma 8. 1, there is a primary subset F” of F such that AP C F”. The set 
A(V—P) is on F’ since V — P is on F”. Hence the set V is deformed under 
A on FN onto the set FN + FN. Consequently, v— 0 on FN mod FN 
+. FUN and since u ~v on FN mod F’N we have also u ~ 0 on FN mod FN 
+ FN, as was to be proved. 

The last statement in the lemma follows from the one just established. 
If the k-cycle (u, FP, F) is not minimizing, there exists, by Lemma 3.1, 
a primary subset F” of F such that u~ 0 on F mod W + F”. We have just 
seen that in this case F” can be chosen so that u~ 0 on FN mod (CF + FEN. 
Conversely if there is a primary subset of F such that u-~0 on FN mod (F” 
+ FN then w~ 0 on F mod F + F” and (u, F, F”) cannot be minimizing. 
This completes the proof of Lemma 8. 2. ; 


9. F-homology classes and groups. Two minimizing k-cycles will be 
said to be F-homologous if they are homologous to a third minimizing k-cycle. 


R 
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In view of Lemma 3.3 a minimizing k-cycle (u, F, F) with F0 is F- 
homologous to a k-cycle (v, G, G’) if, and only if, the k-cycle (u —v, F+ G, 
F + G’) is not minimizing, that is, if, and only if, F= G and there is a 
primary subset F” of F such that u-~v on F mod F”. This last criterion 
suggests the term “ F-homologous.” 


LEMMA 9.1. The F-homology relation of minimizing k-cycles is reflexwe, 
symmetric, and transitive. 


It is clear that the F-homology relationship is reflexive and symmetric. 
In order to prove that it is transitive let (u, F, F), (v, G, G’) and (v, G, Œ), 
(w, H, H’) be pairs of F-homologous minimizing k-cycles. Then F = G = H. 
Ti F = 0, then (u, F, F) = (w, H, H’) = (0,0,0). Suppose, therefore, that 
F 0 and select a proper subset F” of Fin % such that u ~v on F mod F” 
and v—w on Fmod F”. Then u~w on Fmod F” and (wF,F’) is F- 
homologous to (w, F, F). This proves the lemma. 

A class x composed of a minimizing k-cycle (u, F, F”) and all mini- 
mizing k-cycles that are F-homologous to it will be called an F-homology class. 
The F-homology class composed of the minimizing k-cycle (0,0,0) will be 
called the zero F-homology class My = 0. Let My be an F-homology class and 
let (u, F, F) be an k-cycle in Mw. The class containing (— u, F, E”) will be 
denoted by — Mp and we set My + (— My) =0. If Mr — My is a second 
F-homology class and (v, G, G’) is in Mr, then the k-cycle (u +v, F + G, 
F + G”) is a minimizing k-cycle belonging to a class which we define as the 
sum Mr + My of M; and Wr. It is easily seen that this definition of the 
sum My + Al’, is independent of our choice of the k-cycles (u, F, F) and 
(v, G, Œ). We have accordingly the following result. 


THEOREM 9.1. Under the above definition of addition the F-homology 
classes M, define an abelian group Dis, called the k-th F-homology group of à. 


It is interesting to observe in passing that if F is composed only of the 
set F = S and F = 0, the k-th F-homology group My of % is identical with 
the k-th homology group $x of S. An admissible class of this type is de- 
termined by the function f(z) = constant on $. A relation between Yi and 
Sx when % is arbitrary will be found in Theorem 10. 2 below. 

The k-th F-homology group Wy is completely determined by the k-cycles 
on a neighborhood of the homotopic critical points, as is seen in the following: 


THEOREM 9.2. Let H be the set of all homotopic critical points on 8 
determined by %. Let N be aneighborhood of H and 8’ the closure of N in 8. 
The class % of all sets of the form FS’, where F is in Ÿ, forms an admissible 
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class relative to S. Moreover, the k-th F-homology group Mr of 5 is t80- 
morphic to the k-th F-homology group Dh, of à. 


To prove this we note that every critical k-set C determined by a mini- 
mizing k-cycle (u, F, F’) belongs to H, by virtue of Theorem 7.1. Hence N 
is also a neighborhood of C. By Theorem 5.2, with N replaced by 5”, there is 
a k-cycle v on FS’ mod F’S’, such that u~v on F mod F”. The system 
(v, FS’, FS’) is accordingly a minimizing k-cycle determined by the class 3’. 
Let (w, FS’, F’S’) be a second minimizing k-cycle determined by F” such 
that uw on F mod FP + F”. Then v~w on F mod F” + F” and by 
Lemma 8. 2 with u =v — w, there is a primary subset G of F such that v ~ w 
cn FN mod GN. The k-cycles (v, FS’, F’S’) and (w, F8, F” 9) belong, 
therefore, to the same class M% in DY; Let the class My correspond to the 
class Mz in My containing (u, F, F). Thus to each element My in Di, there 
corresponds a unique element Ms in Wz. Consider next a k-eycle (u, FS’, E'S’) 
in a class Ma of Ws. Then by Lemmas 8.2 and 3. nthe k-cycle (u, E, F’) 
is also minimizing. It follows that each class Af’, in DY; is the image of one 
in Mt. The correspondence is obviously an isomorphism. 

By virtue of Corollary 2 of Theorem 5.1 each homology class My de- 
 termines a unique critical k-set C, namely, the critical k-set determined by one 
of its members. As a further result we have 


THEOREM 9.3. Let H be the set of all homotopic critical points on 8 
and H, an isolated subset of H. Set H, = H -— Hı. The F-homology classes 
‚whose critical k-sets are in H, form a subgroup Via of Vi. Similarly the 
F-homology classes whose critical k-sets are in H, form a subgroup Mr: and 
Wty is the direct sum of Mix: and Me. The groups My, and Mix, are completely 
determined by the minimizing k-cycles over neighborhoods N, and Nz of H: 
and H, respectively. 


_ This result follows readily from the last theorem by taking N so small 
that S’ is the sum of two sets 8}, Sa containing H, and H, respectively. 


10. Analogues of the critical point relations of Morse. The analogue 
of the critical point relations of Morse given in this section consists of relations - 
between groups Ox, Mre, Me and Br (k= 0,1," > -), where Sr is the k-th 
homology group of S, Yt is the k-th F-homology group of %, and Nyk, Bz are 
the subgroups of Me described in Lemma 10.1 below. More specifically, 
relations between the group 9, and the difference groups Ny —. Pr and between 
the groups Pr and Dts — xs, are obtained. It will be seen in the next 
section that in case the.group A used in defining chains is a field and My is 
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of finite dimension, these relations imply that the groups 9, and Ny — Py are of 
the same dimension. Similarly, the' groups x and My — Nw are of the : 
same dimension. The equality of the dimensions of these groups constitute the 
critical point relations of Morse, as will be seen in Theorem 11. 1 below. 


LEMMA 10.1.. The set of all F-homology classes My in Wy containing a 
k-cycle of the form (u, F,0) forms a subgroup Ry of Mix. Moreover Mo = No. 
The set of all F-homology classes My in Np containing a k-cycle (u, F, E”) 
such that u~ 0 on S mod F” for a suitably chosen proper subset F” of F in 
forms, with My = 0, a subgroup Rx of Ma: 


This result follows at once from the definition ‘of the classes N, and By 
It should be observed that every k-cycle (u, F, F) belonging to non-null class 
My in Br has the property that u ~ 0 on 8 mod F” for a suitably chosen proper 
subset #7 of Fin $. In fact every class My in Mi containing a k-cycle with 
this property is necessarily in By. ` p 

' The set F belonging to a minimizing k-cycle (u, F, F’) will be called a 
minimizing k-set. ‘Two k-cycles in the same F-homology class Ma determine 
the same minimizing k-set, which we shall denote by F (My). We have the 
following: ` u 


THEOoREM 10.1. Let F be a set in %. The non-zero F-homology classes 
in Dir, Nr, Br having F( Mz) = F form, with Ma = 0, groups MF). Ru), 
Pr(F) respectively. The groups Mr, Kr, Br, Me — Nr, Nr — Br are direct 
sums over % of the corresponding groups V(F), JF), BF), Ve (PF) 
— NP), Ne( F) —Pr(F). In fact the direct sums need to be taken only | 
over the class x of all minimizing k-sets F. 


This result is an immediate consequence of the definition of the sum of 
F-homology classes given in the last section. 

‘In view of the fact that the difference group Ny — Py is the direct sum 
over % (or over Fr) of-the difference groups Y(F) — Pı(F), one can obtain 
a satisfactory relationship between Ny — e and 9. by obtaining a relation 
between N (F) — Bı(F) and 9; for ea set F in Ẹ (or in %). This will 
be done in the DORE 


THEOREM 10.2. Let F be a set in D. Denote by Sx(F) the set of all 
homology classes Dy in the k-th homology group Os of S that contain a k-cycle 
u on F. Similarly denote by $*.(F) the set of all homology classes in Sr 
that contain a k-cycle on a proper subset of F in %. The sets Sx(F) and 
Hn(F) are subgroups of Ox and the difference group. Dx( F) — O*n(F) is 
isomorphic with the difference group Ru{F) — Pr(F) determined by the 


— 


u 
t 


"A THEORY OF CRITICAL POINTS. 545 


groups Nr(F'), Br(F) described in Theorem. 10.1. The difference group 
HrlF) — H"r(F) contains only the zero element of u when F is not a mini- 
mizing k-set. l 

Tt is clear that the sets Sı (F), $*.() form subgroups of Sr. In order 
to prove the remaining result consider first: two homology classes Hy and H’, 
belonging to the same non-zero coset of S:(F) — H*r(F). Let u, v be k-cycles 
on F belonging to Ox, On, respectively. The k-cycles (u, F,0), (v, F,0) are 
minimizing. Suppose, for example, that the k-cycle (u, F;0) is not mini- 
mizing. Then it is homologous to a k-cycle (w, F”,0) such that F” is a proper 
subset of Fin %. The-k-cycle w is in Hy and hence Hw belongs to $*.(F), 
contrary to our choice of H; as belonging to a non-zero coset of Hr(F') 
— §%,(F). It follows that the k-cycle (u, F,0), and hence also (v, F; 0), is 
minimizing. In view of the fact that the class Hy — H’. is in $*,(F), there 
exists a proper subset F” of F in such that u— v~ 0 on S mod F. From 
this result we conclude that-the F-homology classes Mz, M's containing the 
k-cycles (u, F,0), (v, F,0), respectively, belong to N,(F) and are such that 
Mr — Mr is in Br(F). The classes My, Mr accordingly belong to the same 
coset of (FF) —-B.(/"). Moreover, this coset is not the zero coset Br(F). 
Otherwise there would exist a proper subset F” of F in Ẹ such that u~0 on 
S mod F” and the class Hy would be in S*(F), contrary to our assumption 
that Hay belongs to a non-zero coset of (F) — - GĦ, (F). Since the classes 
Hr, Hr need not be distinct, it has. been shown that to each non- zero coset of 
(F) — $*:(F) there corresponds a unique non-zero coset Ne (F) — T.(F), 
related in the manner just described. 

In order to show that this cor respondence is one-to-one consider two F- 
homology classes My, My belonging to the same non-zero coset of N.(F) 
— Pe(F) and let (u, F,0), (v, F, 0) be k-cycles in Mx,.M'r, respectively. 
Since My is not in P(F) the relation u- 0 on S mod Æ holds for every 
proper subset F” of F in §. Consequently the k-cycle u belongs to an homology 
class Hy in Sx(F) which is not in S*,(F). Similarly, the k-cycle v belongs 
to a second homology class H’, of this type. From the fact that Mr — My 
is in Pa(F), the relation u — v ~ 0 on S mod #” holds for a suitably chosen — 
proper subset Æ” of Fin 3. It follows that Hy, — H's i is in $*%(F) and hence 
that Hr, H'x belong to the same non- zero coset of HF) — H"r(F). The 
correspondence between the-non-ero cosets of the difference groups (F) | 
— (F) and JF) — Pa(F) is therefore one-to-one. If the zero cosets 
are mace to correspond, an isomorphism is obtained, as one readily verifies. 
This proves Theorem 10. 2. 

It should be observed that the group ‘Gx iy Sy (F) is essentially the 


$ 
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group of homology classes determined by k-cycles u on F which are non- 
bounding modulo every proper subset of F in à. 


COROLLARY 1. Suppose that the sets FS in Y are compact. Let 
F = G be two subsets of % such that F D G and every minimizing k-set that is 
a proper subset of F is a subset of G. Then $*x(F) = (G) and H(F) 
— GE) = GP) — (G). Moreover Gr — Gr(S). 


THEOREM 10.3. Suppose that the sets F 8 in à are compact and let 
G be a set in %. Let Wı(@) be the set of all F-homology classes My con- 
taining a k-cyele (u, F, E") such that FC G and u— 0 on. G mod F” for a 
suitably chosen proper subset F” of F in . Let Pk (G) be the set of all 
F-homology classes Mz containing a k-cycle (u, F, E") for which there exist 
proper subsets E”, Œ of F, G in % such that u — 0 on Œ mod F”. The sets 
Br (G), Pr’) are subgroups of Pr, Br (G) respectively. Moreover, the 
difference group Pr (G) — Br’ (G) is isomorphic with the difference group 
Menal O) — Nra (G) determined by groups Mru(G), Neu(G@) described in 
Theorem 10.1. These difference groups consist only of the zero coset when G 
is not a minimizing (l + 1)-set. 


The first two statements in the theorem are immediate. In order to prove 
the last statement in the theorem let Mz, Mx be F-homology classes belonging 
to the same non-zero coset of Bx’ (G) — Pr (G). Let (u, F, F’) and (v, H, H’) 
be k-eycles in My, Mg, respectively, such that u~ 0 on G mod F”, and v — 0 
on @ mod H”, where F”, H” are proper subsets F, H in %. By part 1 of 
Lemma 2.3 there exist (k + 1)-cycles wi, we on G mod F such that u ~ w,’ on 
F mod F”, and v~ wzy on H mod H”. We can suppose that u = wy’, v == wy. 
The (k + 1)-cycle (wı, G, F) is minimizing, since otherwise there would exist 
a proper subset @” of G in such that wı —0 on G mod @”. This would 
imply that u~ 0 on G” and hence that My is in Wx” (G), contrary to our 
choice of Me. The F-homology class Mw containing (w, G, F) is in Mau (@) 
but not in Nz (G). If it were in Nr (G) one could select a proper subset G” 
of G and F” of F in %, such that wi = u~ 0 on @” mod F”, contrary to our 
choice of u. Similarly the (k + 1)-cycle (we, G, H) is a minimizing (k + 1)- 
cycle belonging to an F-homology class M'ka in Maa (G) which is not in 
Nz (G). Since the class My — Mx is in R’ (G) there exist proper subsets F’” 
of F + H and G” of G in § such that u—v — 0 on G” mod F’”. From this 
property it follows readily that the classes Mau, Mr belong to the same non- 
zero coset in Miral) —Ner(G). Thus, to each non-zero coset of Pr (G) 
— Pr” (G) there corresponds a unique non-zero coset of Wir, (G) — Nra (G). 


` 


In order to show that this correspondence is one to one, consider F-homology 
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classes Misa, Mrs belonging to a non-zero coset of Myn (G) — NR (G) and 
let (wı, G, G’), (we, G, G”) be minimizing (k + 1)-cycles in Miss, Wrs re- 
spectively. By Theorem 4.2, with G = §,.one can assume that the k-cycles 
(wy, G’,0), (w7, G’,0) are minimizing. These k-cycles then belong to F- 
homology classes Mr, My in Bi (G). Tf Mr were in Br” (G), there would exist 
a proper subset G” of G in % such that w, ~ 0 on G” mod @ and Mr» would 
be in Nz ( G), which is not the case. Similarly, Mx does not belong to P” (G). 
On the other hand My — My’ is in Br” (G) since otherwise Mas — Mr: could 
_ not be in Nu. (@), as one readily verifies. The correspondence between the 
groups Vteu(G) —Meu(G) and Pe (G) — Pe” (G) is accordingly one to one, 
when zero cosets are made to correspond. It is easily seen that the corre- 
spondence is an isomorphism. This completes the proof of Theorem 10. 3. 


COROLLARY. Let QD @ be sets in 3 and suppose that every minimizing 
(4 + 1)-set contained in G is in @. Then B”’(G) = Pe (C) and the group 
Ve (G) — Pr (C) is isomorphic with the group Man (G) —Vr(G), provided 
the sets FES in % are compact. Moreover, Br (E) = Pr. 


11. The case when A is a field. In this section it is assumed that the 
group À is a field. The critical point relations of Morse can then be obtained 
in their original form. This is done in Theorem 11.1 below.- First we make 
the following definitions and observations. If u == 3X:2; is a vertex k-chain, 
we set Au — S(AX)z. Given a Vietoris k-chain u = (un) we define Au = (Aun). 
If (u, F, F”) is a minimizing k-cycle, so also is (Au, F, F) when à s40, and 
they determine the same critical k-sets. Let My be an F-homology class con- 
taining (u,F,F’). By \Mx (A540) will be meant the class containing 
(Au, F, PF’). If A=0 we set AM; == 0. The relation A(Mr + Wr) = AM 
+ AM’, holds for every pair of classes My and My in tx. The groups described 
in the last two sections, as well as the k-th homology group §x, are distributive 
with respect to A in this manner. The number of linearly independent ele- 
ments (coefficients in A) in Piy in a maximal set will be called the dimension 
mx of My. The dimensions of the groups Py and Ny — Py will be denoted by 
Pr, rx respectively. Suppose that mx is finite when k = q. Then for a fixed 
value of k Sq for which mx > 0 there exists a finite number of non-zero 
minimizing k-sets FA C Fo’ CP. The groups PF), Ba( Fi), We (2) 
— Px(F;) have dimensions Mri, Pui, Txt, respectively, and: +. 


Mz = Mis + ot Min, Dk = Pa +’ ° “+ Din; Te == Pa et +b Tan 


By Theorem 10.2 and its corollary the dimension of the group (Fi) 
— Qr(Fiı) (> 0) is equal to rx; and the dimension of §x(F'1) is rxı provided 
the sets PS in % are compact. Consequently, the dimension of the k-th ho- 
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mology group is equal to fri + fra + + "+ Tim = rk Similarly, by Theorem 
10.3 and its. corollary the dimension of the difference group Pr-ı (Fi) 
— Nyi (F is) (ic = 0) is equal to the dimension Ski = me; — Pri — Tki of 
Mr (Fi) — (Fi) if i > 1 and the sets F 48 in % are compact, as we shall 
assume. Moreover, the dimension of Px.ı(Fı) is equal to Sey = Mkı — Pri 
— Ty. It follows that the dimension Pr- of Pr is equal to the dimension 
Ser + mm — pe — Th OÙ Va — Ne Hence mz = Tr + Dr + Pra 
(0<k&q). Since Mo we have mMa= Ts- po This proves the 
following. 


THEOREM 11.1. Suppose that the sets F8 in F are campact, Let 
q be a positive integer and suppose that when k = q the dimension mx of the 
k-th F-homology group My is finite. Then the dimension py of the subgroup Br. 
of Mr (k = q) is finite and is equal to the dimension of the difference group 
Mier — Misr. Similarly the dimension ry of the k-th homology group Ox 
(k = q) is finite and is equal to the dimension of the difference group 
Nz — Pr. Moreover. the relations 


(11.1) Mo = To + Po Mr = Te + Pr + Pr- (k= 1,: > +,q) 
hold and the differences hr = my — ry satisfy the inequalities 
(11.2) hy — hra + + 1yh 20 (b= 05152 = 59). 


By the use of equation (11.1) it is found that the first member of (11.2) 
is identical with px and is accordingly non-negative, as was to be shown. 


COROLLARY. The number of isolated critical k-sets does not exceed ny. 


In fact the number of isolated critical k-sets may equal mz, as will be seen 
in 14 below. 

Consider now an isolated set H of homotopic critical points and let M*, 
be the class of all F-homology classes My whose critical k-sets are in H. As 
was seen in ‘Theorem 9. 3, the class Yi"; is a subgroup of My that is completely 
` determined by the &-cycles on a neighborhood of H. Let m*, be the dimension 
of Mt. If m", > 0 the set H will be said to be a homotopic critical k-set of 
index k of order m“. The order m*; of H may be considered to be the number 
of critical k-sets in H. The set H may be of index k and index f Æ k at the 
same time. By.the use of Theorem 9.3 one obtains the following: 


THEOREM 11.2. Suppose that the dimension mx of the k-th F-homology 
group is finite. The number of isolated homotopic critical sets of index k 
does not exceed my and the sum of their orders is equal to mx. 


With a suitable interpretation this result is also true when mx is infinite. 
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12. Extensions of admissible classes %. A theory analogous to that 
given above can be developed when the definition. of admissible classes % is 
modified in a number of ways. , We shall give some examples and indicate 
briefiy the modifications that have to be made. In the first place the assump- 
tion that the st F = § is in Fisa trivial one. This assumption was used 
essentially to identify the dimensions of the groups 9t,— and Sr in 
Theorem 11.1. Similarly the assumption that the null set is in % can be 
discarded if the set F —0 is interpréted as the intersection of, all sets in à. 
The assumption that the sets in % are closed is not always essential. For 
example, for a continuous function f(x) on $ the set determined by inequalities 
of the form f(z) Sc and f(x) < c form a class for which the above theory 
is readily applicable. The theory so developed in analogous to one recently 
given by Seifert and Threlfall (XVIII). 

A more significant modification is obtained if one replaces the hypothesis 
that given two sets in % one is a subset of the other by the assumption that 
the sum of two sets in Ẹ is in 5. In this case we define a primary subset of F 
to be a subset F” of Fin § for which there exist no proper subset F” of Fin J 
such that F + F” =— F. . The results described in 3 and 4 then hold with 
slight modification in their proofs. The results in 5 are also true although 
the sets X of type A relative to (u, F, F”) can no longer be interpreted as those 
preserving the minimizing properties of (u, F, F’) when the points exterior to 
a neighborhood of X are disregarded. However a set X of type A can be 
associated with the minimizing properties of a k-cycle (u, F, F”) if one observes 
that the set Y appearing in the definition of such a set plays a role analogous 
to that of F” in Lemma 3.1. The results described in 6 are not valid without 
further modification. However, those described in 7 and 8 hold true. In 9 
the only modification that needs to be made is in the definition of the sums 
of F-homology classes. This modification is based on the fact that if (u, F, F) 
and (v,G,G’) are minimizing k-cycles and H is the intersection of all sets 
in % containing F + G— FG as a subset then there is a minimizing k-cycle 
(w, H, H’) wit H = H(F + @-+ FG) such that utovu~w on F+ 
G mod F + G+ FG. Moreover every k-cycle related to (u, F, F’) and 
(v, F, F”) in this manner is homologous to (w,H,H’). If F= G, then 
(w, H, H) = (0,0,0). Thus if (u, #, #’) is the F-homology class My and 
(v, F, F’) is in the F-homology class Mr, the class containing (w, H, H’), will 
be defined as the sum Mz + M's of the classes My and Mr. With this modi- 
fication the results described in 9 are found to be valid. Similarly the results 
described in the last two sections also hold, although the proofs need to be 
modified. 
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There are many exemples of admissible classes of the type just described. 
For example, the class of all closed sets on S, or the class of all compact sets 
on & with the set F = 8 adjoined are of this type. In this case the mini- 
mizing k-sets are minimum carriers of k-cycles. Similarly, given a homotopic 
deformation A of S the class of all closed sets F in S such that AF is deformed 
on F under A is a class of the type here considered. As a somewhat trivial 
but suggestive example of this case, let S be the lemniscate in the Euclidean 
two-dimensional space E defined by the equation 7? = cos 28. We use the metric 
of E on S. Let O, A, B be respectively the points whose polar coordinates 
(7,6) are (0,0), (1,0), (1,7). Let D be the class of all homotopic deforma- 
tions A of § on S which do not diminish the distance r of a point (r, 0) from 
the origin O. Let % be the class of all closed subsets F of S such that AF C F 
for every deformation Ain D. The class % consists of the set S, the -null set 
and the sums of the following sets: the points O, A, B; the closed subares of 
S having A or B as the initial point and O as the final end point; the closed 
subsets of S which have A or B as their initial point but do not pass through 
the point O. The points O, A, B are the only homotopic critical points. The 
minimizing k-sets are those for which AF = F for every deformation A in D. 
The points O, A, B and their sums are the minimizing 0-sets and critical 0-sets. 
The sums of the closed subarcs of S having A or B.as their initial point and 
O as their final end-point are minimizing 1-sets and have the point O as their 
critical 1-set. Let A be the integers modulo 2. Then the connectivities 7; 
of S are given by the set ro = 1, rı = 2, rn—=0 (k Z2) and the numbers 
Mk, pr corresponding to those in 11 are m = 3, m, = 4, m—0 (k Z2), 
Po = 2, Pr = 2, pe = 0 (k 22). The relations (11.1) and hence also (11. 2) 
are accordingly satisfied. 


13. Saddle points of functions. In this section we shall consider a real 
single valued function f(x) =f(2,' + *,n) defined over a neighborhood of 
the closure S of an open set in Euclidean (zı - -z,)-space. It will be 
assumed that a neighborhood N of a point æ on the boundary B of S can be 
represented in a one-to-one manner by continuous functions 


i (a, B) == Ti (4,° "+5 Ona, B) | Gl, n) 


such that a point of N is in S if and only if 8 S 0. The boundary points of $ 
in N are given: by the points z:(«,0). The function g(a) — f[s(«,0)] will 
be called the boundary function. The results described in this section hold 
also if S can be represented only locally by a Euclidean coordinate system. 

Let x, be an interior point of 8. The point x will be called a saddle 


+ 
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point of f(x) of index k if a neighborhood of x can be represented in a one- 


to-one manner by continuous functions 


2(y2) = Li (Yi * `, Yks 15° * ‘> En) (i =1,:':,n) 


such that the point To corresponds to the point (y, z) — (0,0) and such that 
the function ¢ (y, 2) = flx(y, z) ] has the following two properties: (1) There 


exists a constant r > 0 such that for each point (y, 2) = (y, 0) satisfying the 


relations 
(13.1) mt HRS, wt tase 


the function $(y, hz) is an increasing function of h on the interval 0 SAS 1; 
(2) For each (hy, 0) s4 (0,0) on the set (13.1) the function ¢(hy,0) is a 
decreasing function of h. From these two properties it is found that &(0, z) 
> (0,0) > ¢(y,0) for points (0,2) # (0,0) and (9,0) >£ (0,0) on the 
set (13.1). 

À boundary point of 2 of 8 will be called a saddle point of f(x) of index 
k if a neighborhood of x, can be represented by coordinates (y, 2) as described 
above in such a way that the values (y,2) determine a point of S if and only 
if 2x = 0 and such that properties (1) and (2) described above hold when 
Zn -= < 0, 

The admissible class % of sets F here used is the one described in Example 
1 of 6, namely, the class of all subsets of S determined by an inequality of the 
form f(z) = c, where c is a constant or c == + œ. It will be assumed that 
the sets F 5 S in % are bounded. Since they are closed, they must also be 
compact and f(x) has a finite lower bound on SV. It will be assumed further 
that the coefficient group A is a field. 


THEOREM 13.1. Let x, be a saddle point of f(x) of index k and let F.be 
the set in à determined by the inequality f(x) Sf{zo). The point z, is a 
homotopic critical point relative to F and there is u neighborhood of To con- 
taining no other homotopic critical point. In fact the point x forms a homo- 
topic critical set of index k and order one and is not of index 1 k. The 
index of a saddle point is uniquely defined. 


In order to prove this result we shall restrict ourselves to a saddle point 
& that is interior to S. The saddle points on the boundary can be treated 
similarly by restricting the coordinate 2,:x to be of constant sign. Let a 
neighborhood of the point z, under consideration be represented by the coordi- 
nates (y,z) described above. Denote by c the minimum of the values $(y, z) 
on the set _ 
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Yaya = 0, Loto =% . , (a=l,:.',k; e= 1, - -,n—%). 


Here and elsewhere a repeated subscript will be used to denote summation with 
respect to that subscript. Choose a constant À such that (0,0) <A <c and 
let H be the set in § determined by the inequality f(z) Sh. Select a positive 
constant s < r such that the relation 4(y,z) > h holds on the set ` 


Yala = 5°, Loto = f’, 
and let N be the neighborhood of 2» determined by the inequalities 
Yala L 8’, Zoe < t’. | 


We shall show now that there exists an F-deformation A of H which 
deforms the set H — HN on H—HN and Gore the set HN on HN into 
the set determined by the relations 


(13.2) Yaya < SE, Zg = 0 Ce ee ee oe ee 


To do so let (y) be a real valued continuous function of y == (41,° * - , Yx) 
such that h(y) — 1 when yoyo = 8,0 = h(y) S1 when 3 S Yaya Zr? and 
h(y) = 0 elsewhere. Let A be the F-deformation of H defined by the follow- 
ing two properties: The points determined by the values of (y,z) on (13.1) 
are replaced by the points determined by the values (%, 2) according to the law 


Ja = Ya, Klik) (0SiS1); 


all other points of H are held fast. On N the values (y, 2) are replaced by the 
values (y, (1—i)z) which are also on N. Since the function fly, (1 -—t)z] 
is a decreasing function of ¢ for fixed values of (y, z) =£ (y, 0), it follows that 
there is no homotopie critical point on HN except possibly on the set (13.2). 
We shall see presently that the point (7,2) = (0,0) is the only homotopic 
critical point on N. It should be observed that if k—0 the points of HN 
are deformed into a single point under A. The conclusions of the theorem are 
therefore immediate when k = 0. In the sequel we shall suppose that k > 0. 

Let P be the set obtained by deleting the point z, from the set F described 
in the theorem. The points of the image AP of P under the F-deformation 
A which lie in N are determined by the relations 


(13.3) O < Yaya LS, Zu. 


Let A’ be the F-deformation of AP for which the points of AP that are not 
in N are held fast and such that a point (y,z) in N and hence on the set 
(13.5) is replaced by the point (9,2) determined by the relations 


Ya = Ya(1—t+ts/(yeys)*), 29==0 (O0S¢51). 
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The deformation A of P followed by the deformation A’ of AP defines an 
F-deformation A” of-P which carries the points of PN into the (k — 1)-sphere 


| (13.4) Yaja = $, zo = 0 (al, -,k; e= 1, ',n— k). 


It follows that there is no homotopic critical point on the set PN. The point 
To is accordingly the only possible critical point in ZN. 
We shall now prove that the point x, forms a critical k-set and hence aia 


a homotopic critical set of index k. To do so consider a j-cycle (u, F, F), 


where F is the set described in the theorem. Since the value of $(y, z) is less 
than $(0,0) on the set (13.4) we can suppose that the set (13.4) is on the 
set £” without disturbing the minimizing properties of (u, F, F). Under the 
F-deformation A described above the j-chain u is deformed into a j-chain v 
on AF such that u~v on F mod W. We can accordingly suppose that u is 
on the set AF since we can replace u by v. Let Y == F— FH. In view of 
the definition of critical 7-sets we are interested only in determining when the 
relation u~ 0 on F mod F + E” + Y holds for every proper subset F” of F 
in %. We can accordingly suppose that u is on the closure of the set A (FN), 
that is, on the set 


(13.5) . O YJE, 20 = 0. 


Under the deformation A” of F’ determined by the deformation A” of P the 
boundary w’ of u is deformed into a (k—1)-chain on the set (13.4). We 
can suppose, therefore, that w is on the set (13.4). If w’— 0 on the set 
(13. 4)-we can suppose, by Lemma 2. 8, that w — 0 and that u is a 7-cycle on 
the set (13.5). Since the j-th connectivity (7 > 0) of the set (13.5) is zero, 
we have u— 0 on this set and hence (u, F, F) — 0 also, in this case. It 
follows that the point x, cannot form a critical j-set (j4%). In order to 
show that the point x, forms a critical k-set we observe that there is a (4 —1)- 
cycle v’ on the set (13. 4) which is non-bounding on this set. This (4 — 1)- 
cycle bounds a k-chain v which is a k-cycle on F mod F”. In fact if P” is any 
proper subset of Fin $ containing 7”, then v +0 on F mod F”. For otherwise 


` 


we would have v~ 0 on AF mod AF” and hence v—0 on A(FN)modA(F”N). 


Under the deformation described above the set A(F”N) is deformed into the 
set (13.4). It would follow that we would have v~ 0 on the set (13.4), 
contrary to our choice of v’. The.k-cycle (v, F, F”) is, therefore, a mini- 
mizing k-cycle and x, is the critical %-set determined by it. Moreover there 
is an element À in the field A such that w ~ Av’ on the set (13.4). We have 
accordingly (u, F, F) ~ (Av, F, F”). The count of the point x, as a critical 
k-set is, therefore, unity. This completes the proof of Theorem 13.1. 


4 
554 . MAGNUS R. HESTENES. 


THEOREM 13.2. Suppose that the homotopic critical points of f(x) are 
all saddle points and let my be the number of saddle points of f(x) of index k 


on S. I T the numbers mx (k — 0,1,- - -,n) are finite, then the connectivities - 
To’ © +57 Of S are fimte and the u hy = me — rx satisfy the relations 
(2. A and 

(13.6) hun — hint + Ana" + (1) *h = 0. 


If S is bounded and closed and if no point of S is a limit point of homotopic 
critical points, these numbers are finite. 


14. Analytical critical points of functions, In the present section it 
will be assumed that the function f(z) described in the last section has con- 
tinuous second partial derivatives on a neighborhood of the closed S. It will 
be assumed further that the functions ti(@,- * * ,@n:) (¢=1,°°-,%) 
locally defining the boundary of S have continuous second derivatives and that 
the matrix of their first derivatives has rank n— 1. The boundary function 
g(a) =flr(e)] has continuous second derivatives. 

A point & at which the first partial derivatives of f(x) are all zero will 
be called an analytic critical point of f(x). Similarly the analytic critical 
points of the boundary function g(a) are those at which the first an 
derivatives vanish. 


THEOREM 14.1. Let x, be a homotopic critical point of f(x) on S. If 
x, is interior to K, ti is an analytic critical point of f(x). If x is on the 
boundary B of Sit is an analytic critical point of the boundary function g and 
the outer normal derivative fy of f(x) at x == z, satisfies the inequality fy = 0, 
the equality holding only in case the point x, is also an analytic critical por 


of fe). 


In order to prove the first statement suppose that one of the derivatives, 

say fo, is not zero at £ = To Replace 2, by — 2, if necessary, so that fe, > 0 
on a neighborhood N of To. Let A be the F-deformation of N defined by the 
system | 
| y-a—b, Yi) (j—=2,: n; 0Æt=1) 


where b is a small positive constant. The function f(y) thus obtained is a 
decreasing function of t for each point sin N. This contradicts our definition 
of homotopic critical points. The point æ is, accordingly, an analytic critical 
point of f(z). The second statement in the theorem can be proved similarly. 

An analytic critical point x, of f(x) will be said to be non-degenerate if 


=> 


a 
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the determinant | fa, | (t,1=—=1,:::,m") is different from zero at t= To. 
By the indez of a non-degenerate analytic critical point z, will be meant the 
negative index of the quadratic form fan, (t; J = 1, +n) at £= to. 


THEOREM 14.2. A non-degenerate analytic critical point x) of f(x) of 
index k, that is interior to S, is a saddle point of index k. 


For suppose that the point & is the origin and that the coordinate system 
has been chosen so that at  — x, we have 


(14. 1) ehe — En — + rt 

The n — k independent equations | 

(14.2) fl, an" mn) 0 + (f—k+1,-::,n) 
hold at z= 0 and hence Have unique solutions (m, + °*,%) (J =k +1, 


-+,”) which are continuous and have continuous derivatives near the values 
(%1,° © *,@:) = (0, * -,0). The function ¢(y,z) obtained from f(z) by 
setting 


ta = Yatro = Tmo = ha Yr,***, Ye) + 20 (a= 1, +, k; o= 1, +, n— k) 


can be shown to have the properties described in the definition of a saddle point 
of index k. In the first place we have 


(14. 3) Pro (Y, 0) = foro LY ST t y Ya, Th (y), es Zn (4) | = 0, 
By the use of Taylor’s theorem it is found that 


1 
(14.4) u) f (1— t) brez: ys ta) domed 


The integrand is positive at a point (7,2) = (y, 0) on a set of the form 
(14.5) Yaa S 7", ZoZo = T° (a == 1, °, k; e= 1, ,n—.k), 
by virtue of the formula derer = fomoswr and the relation (14.5) with 
é& =: -= é= 0. The function $(y, hz) is accordingly an increasing func- 


tion of À on the set (14.5). On the other hand the function #(y,0) has the 
continuous first and second derivatives 


bua = fag + Ferkiva— foalYrs* * ` > Yrs Ber (Y) * © n(Y), 

Puavg = frasg + foga,Viyg («, P = 1,: <- -,k; =k +1, +n). 
Differentiating the members of the equation (14. 39, with respect to ya it is 
found that 

fassa + fasz: = 0 (j,b==k-+1,:--,n). 
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We have accordingly 
| Puang T f sasg — f aye Plyalivg- 


It follows from this relation and formula (14.1) that the quadratie form 
Pravgéaës (% B—1,:::,k) is negative definite at (y,2) = (0,0). -From 
the formula | 


6(A9,0) = $(0,0) +R? f (1 — t) vava (tY, 0) ay di 


we conclude that the function ¢(hy, 0) is a decreasing function of h for each 
point (hy, 0) =Æ (0,0) on the set (14. 5), provided that r is taken sufficiently 
small. The point x, is therefore a saddle point of f(z) of index k, as was to 
be proved. | | 

By a similar argument one can establish the following: 


THEOREM 14.3. A non-degenerate analytic critical point of index k of 
the boundary function g(a), at which the outer normal derivative fx of f(x) 
ws negative is a saddle point of f(x) of index k. 


Combining Theorems 14.2, 14.3 and 18.2 one obtains the following 
result, first proved by Morse (III) in a simpler form and later extended to 
the present theorem by Morse and Van Schaack (IX). 


THEOREM 14.4. Suppose that the analytic critical points of f(x) on 8 
are non-degenerate and interior to S. Suppose further that the analytic critical 
points of the boundary function g(a), at which the outer normal derivative fy 
of f(x) is negative, are also non-degenerate. Let mx be the number of analytic 
critical points of f(x) of index k on K plus the number of analytic critical 
points of g(a) of index k at which fy < 0. If the numbers mo,- > >, Mn are 
finite, so also are the connectivities 1),---,1m of S and the numbers 
hy = ma — Tx satisfy the relations (2.3) and (12.6). If the set S is bounded, 
these numbers are necessarily finite. 


II. APPLICATIONS TO THE CALCULUS OF VARIATIONS. 


In the next two sections an application of the above theory will be made 
to a simple problem in the Calculus of variations. The present treatment is 
a brief one but is sufficient to bring out some of the essential processes and 
ideas that are useful in a more extensive treatment. For example, in order 
to show that every k-cycle is homologous to a minimizing k-cycle it is sufficient 


er 
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to show that the hypotheses of Theorem 4. 1 are satisfied, namely, that the sets 


fc are compact. The existence of absolute minima is usually established 


by imposing conditions on the function under consideration which will imply 
that the sets f = c are compact. Thus it is seen that the results obtained by 
the various writers on absolute minima can be applied here so as to obtain 
criteria for the existence of minimizing k-cycles and minimizing k-sets. More- 
over in 16 below it is shown that in the positive regular case critical arcs are 
extremal arcs. This is done by the use of the theory of short extremals. This 
theory played an important role in the earlier existence theorems for absolute 


minima. It was used by Birkhoff in order to establish the existence of ex- ' 


tremals of index unity. It plays a basic role in the earlier papers of Morse 
and in the abstract variational theory recently developed by Morse. 


15. The positive quasi-regular case. Let X be a bounded closed set of 
points s= (%,'**,%) in an Euclidean n-space. Denote by (2, p} 
= pts," * ‘En, Pip * `, Pn) à real single valued function defined for all 
elements (+, p) + (x, 0) with x in a neighborhood } of X. It will be assumed 
that for these values of (x, p) the function ¢(z, p) has continuous derivatives 
of the first three orders and is positively homogeneous of degree one in p. 


. It will be assumed further that for each set (x, P, q) with «in X and p Æ 0, 


q 3£0 one has 


(15.1) (s, p)>0, E(x, p,q) = (x, q) — id, p) 29, 


where (t == 1," +, r). These relations are the so-called conditions of positive 
definiteness and positive quasi-regularity ? for the integral 


te 
F(X) = fett), 2! (4) lat. 
Here X denotes an absolutely continuous curve 
(15. 2) wlt) (4 StS%,; +—1,---,2) 


on St. In this section and the following one the argument of the function f 
and hence the points of the space S of the preceding pages will be denoted by 
capital letters instead of small letters. 

Let S* be the class of all directed rectifiable curves x; in &. Curves con- 
sisting of a single point are admitted. Two curves in S* will be considered 
identical if they consist of the same points in the same order. We introduce . 
a Fréchet distance on S* in the usual manner (VII, p. 202). A metric space 


oe See for example, MeShane (VII, p. 204). Here references are found to the im- 
portant works of Tonelli, Graves, and others. 


Y 
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S* is thus obtained. Denote by S a subspace of S* that is closed relative to S* 
and let % be the admissible class of sets F on S determined by inequalities of 
the form f(X) = c, where c is a real constant or + œ. 


THEOREM 15.1. The sets F548 in 5 are compact. 


It is well known that the conditions (15.1) imply that given a finite con- 
stant c there is a constant N such that if X is a curve in S having f(X) Se, 
then L(X) = N, where L(X) is the length of X. Moreover the function f(X) 
is lower semi-continuous on the subset of curves X in S defined by the in- 
equality L(X) = N. These results follow, for example, from the proofs of 
Theorem 1 and Lemma 3 of McShane (VII, p. 209). Consider now a sequence 
of curves {X,} in S having f(X,) Sc. In view of the relations L(X;) SN, 
the sequence has a rectifiable accumulation curve Xo, by Hilbert’s theorem 
(cf. VII, p. 210). The curve X, is in 8 since S is closed in S*. Moreover 
f(X.) Slimf(X,) Se, by virtue of the lower semi-continuity of f(X) on 
the set of curves X having Z(X) = N. This proves the theorem. 

In view of the last theorem it is seen by Theorems 4.1 and 5.1 that 
critical k-sets exist whenever modular %-cycles exist that are not homologous 
to zero. Further properties of critical %-sets are yet to be determined. For 
example it is not known whether the above hypotheses are sufficient to show 
that on the critical k-set C corresponding to a non-null minimizing k-set F 
in %, the relation f(X} = c holds, where c is the least upper bound of f(X) 
on F. This result is true in the positive regular case as will be seen in the 
next section. 


16. The positive regular case. In the present section we shall make the 
additional assumption that at each element (a, p) = (2,0) with z in % the 
inequality i 
(16. 1) pipir > 0 (a k= 1, ::,n) 


holds for every set (A) (bp). This is the so-called positive regular case. 
In this case extremals exist. We shall show that every homotopic critical 
curve, and hence that every critical curve of index k, is an extremal arc. _ 

An arc X on $ that can be represented by functions (15.2) having con- 
tinuous first and second derivatives with v'iz: +4 0 will be called an extremal 
arc if it satisfies the Euler equations 


Pa, — (d/dt) dp, = 0. 


An extremal X will be called a minimizing extremal if it affords a minimum 
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to f(X) in the class of all rectifiable curves on À joining its end points and is 
similarly directed. It is well known that the hypotheses made above insure 
the existence of a constant e > 0 such that every pair of points in X within 
an e-distance of each other can be joined in either direction by a unique 
minimizing extremal on M. These extremals vary continuously with their 
end points and the integral f(X} is continuous on this class of extremal arcs. 
We suppose that a constant e has been so chosen. 

In the present section it will be assumed that the subclass S of S* de- 
scribed in 15 has the following. additional property: Let Y be a subare of a 
curve X in S such that the diameter of Y does not exceed the constant e chosen 
above. The space S contains the arc obtained from X by replacing the subare 
Y of X by the unique minimizing extremal joining its end points and simi- 
larly directed. This assumption is essentially an assumption of extremal con- 
vexity of our space &. 

In setting up the #-deformations described below we shall use a special 
parametrization of curves due to Whitney and Morse (XV). They have shown 
that a curve X in S can be defined by points: 


. (16. 2) v(t X) (OSSI; il, a), 


where the functions a(t, X) are continuous in t and X for alléonO0 Stl 
and X in S. Moreover for each fixed curve X, not a point curve, the func- 
tions (15.2) are not all constants on any subinterval of = tel, 


Lemma 16.1. Let P be a compact subset of S and suppose that the arcs 
of S have been parameterized in the manner described above. For every con- 
stant e > 0 there is a constant 8 > 0 such that if FS tS’ is a subinterval 
of 0O& tS i1 of length at most 8, the diameter of the subarc of a curve X in P 
determined by the subinterval Y St = Y” cannot exceed e. 


This lemma follows readily from the fact that the functions a;(¢,X) im 
(16.2) are continuous on the compact set of elements (#,X) with t on 
0<t< 1 and À on P and hence are uniformly continuous on this set. 

The results describe below are obtained by the use of two F-deformations 
A(t, t”) and A of a compact set P on S. To define the first of these, consider 
a compact set P of S and suppose that the arcs of P have the special para- 
metrization described above. Let e be the constant chosen at the beginning 
of this section and choose $ related to « = e as described in Lemma 15.1. Let 
t StS be a subinterval of 0 == 1 of length at most 3. Denote by 
Y(r,X) (S&S r S t’) the curve obtained from a curve X in P by replacing 
the subare of X determined by # SiS r by the minimizing extremal joining 
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its end points and similarly directed.. We have Y(t, X ) =X. Since these 
short minimizing extremals vary continuously with their end points, the func- 
tion Y(r,X) is continuous on S for all values (7, X) with r on !Sı St” 
and X on P. The function Y(7,X) (# S7rSt”) therefore defines a homo- 
topic deformation A(¥, 0’) of P on 8. 


Lemma 16.2. The deformation A(P,t”) of a compact set P on S is an 
F-deformation of P on S. Under this deformation the subarc of a curve X 
in P determined by the interval Y S t S E is replaced by a minimizing ex- 
tremal arc while the remaining points of X are held fast. 


By the use of the deformation A(7,?”) one can define an F-deformation 
A of a compact subset P of S as folliows: .Let q be an integer such that 
që > 1, where 6 is the constant used in the definition of A(t’, #”). Divide the 
interval OStS1 into q equal subintervals by values to = 0 < t < tz 
<: <t=1. We then have 0 < t;— bt, <8 (j—1,:::,q). The 
deformation obtained by applying the F-deformations A(t;1,t;) (j—1;::,q) 
simultaneously to the arcs of P will be called the deformation A of P on S. 
Under this deformation the subare of X determined by t;-ıt; is replaced by an 
extremal segment. The curve X is therefore deformed into a broken extremal 
with at most g—1 corners. On this class ef broken extremals the integral 
f(X) is continuous. Hence we have: 


LEMMA 16.3. Under the deformation A the compact set P is deformed 
into a compact set AP on which the integral f(X) is continuous. 


The least upper bound b of f(X) on a minimizing k-set F will be called a 
critical value of index k corresponding to F. The set F is accordingly de- 
termined by the inequality f(X) = 0b. As a first result we have: 


THEOREM 16.1. The set F= S is not a minimizing k-set, that ts, the 
critical values of index k which exist are finite. 


For consider a k-cycle (u, F, F’) with F = S and let (un) be a sequence 
of vertex k-chains defining u. Let w be a (k + 1)-chain defined by a sequence 
(wn) of vertex (k + 1)-chains such that Ur — Un — wn is on F’. The 
vertices of the chains in these sequences together with their limit points form 
a compact set P. Under the F-deformation A of P described above, the set 
P is deformed onto a set AP on which f is continuous and hence bounded. 
There is, accordingly, a proper subset G of Fin à such that AP C G. Under 
the deformation A the k-chain u is deformed into a k-chain von @. It follows 
that u~0 on F = 8 mod G. The k-cycle (u, F, FY is, therefore, not a mini- 
mizing k-cycle. This proves the theorem. 
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Trreorem 16.2. Let F be a non-null minimizing k-set and let b be the 
least upper bound of Zz ) on F, that is, the critical value. of index k corre- ` 
sponding to F. On the critical k-set O corresponding to F, f(X) =b. 


This result follows at once from Corollary 2 of Theorem 7.2 and the 
properties of the F-deformation A of F described in Lemma 16. 3. 


THEOREM 16.3. ‚Every homotopic critical curve corresponding to a set 
FS in à and hence every curve in a critical k-set is an extremal arc. 


For let X be a critical curve corresponding to a set F=£S in %. The 
curve X is therefore a fixed curve under the F-deformation A (v, #7) of P =F 
described above. The subare of X, determined by an arbitrary interval 
StSt of OS¢tS1 of length at most 3, is accordingly an extremal arc. 
It follows that X must also be an extremal, as was to be proved. 


THEOREM 16.4. Let S be the class of all rectifiable curves X on & joining 
two fixed points and let X, be an extremal in S on the interior of X. Suppose 
ihat the end points of X, are not conjugate and denote by k the number of 
points on X conjugate to its imtial end point, each conjugate point being 
counted a number of times equal to its order. The curve Xa forms a critical 
k-set whose count is unity and is not a critical curve of index j s4 k. For each 
set F548 in % containing Xo there is a ann N of X, relative to F 
containing no other homotopic critical curve. 


The proof of this result will be omitted. It can be established by argu- 
“ment like that used by Morse (XVII, p. 448) in the proof of a similar theorem. 
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THE FOUR-VERTEX THEOREM FOR SURFACES OF CONSTANT 
CURVATURE.” 


By S. B. JACKSON. 


1 Introduction. The Four-Vertex Theorem, first published by 
Mukhopadhyaya in 1909 [1], states that every plane oval of class C” possesses 
at least four extrema of the curvature, where an oval may be defined as a 
simple closed curve with non-vanishing curvature. This theorem has been 
extended to other classes of plane eurves by Graustein [2], Fog [6], and the 
writer [4], and to certain limited classes of space curves [3, 7, 8]. In 1940 
the writer extended the theorem in a slightly different direction by considering 
the extrema of the geodesic curvature on spherical curves [5]. The funda- 
mental result of this paper was that every simple closed spherical curve of 
class ©”, not a circle, has at least four extrema of the geodesic curvature. 
Such extrema are called geodesic vertices. The aim of the présent discussion 
is to extend the results of this earlier paper. to curves on any surface of con- 
stant Gaussian curvature. Specifically it will be shown (Theorem 4.1) that 
every simple closed curve of class C”, not a geodesic circle, in a simply con- 
nected region of a surface of constant curvature has at least four geodesic 
vertices. 

The technique of the paper is to establish the existence of a transforma- 
tion, called a transformation of type J, which maps the given simply connected 


. region of the surface into the plane in such a way that the geodesic vertices 


of the given curve are carried into the vertices of the corresponding plane 
curve. The desired result then follows readily from the properties of this 
transformation and the known facts about the vertices of plane curves:[4]. 
It is shown (5) by examples that the requirement that the simple closed curve 
lie in a simply connected region of the surface is essential. 

No four-vertex theorem can be expected for surfaces of variable curvature 
since it is shown (6) that all sufficiently small distance circles * about a non- 


‘stationary point of the Gaussian curvature have only two geodesic vertices. 


* Received February 2, 1945; Presented to the American Mathematical Society, 
April 27, 1945. | | 

t A distance circle is what Blaschke [11, $ 72] calls an Entfernungskreis, and is the 
locus of points at a fixed geodesic distance from a given point. On a surface of variable 
curvature distance circles are not geodesic circles as defined in this paper (2). 
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One type of stationary point is considered (7) and is characterized in terms 
of the geodesic polar coordinate system with center at this point. 


2. Geodesic vertices and monotone arcs. A geodesic vertex of a curve 
on a surface, 3, is a point or an are of constant geodesic curvature for which 
the geodesic curvature is a relative extremum with respect to the neighboring 
arcs on either side. The term “-relative extremum” is to be understood in 
the following sense. If 1/a is the geodesic curvature at the vertex and 1/p the 
geodesic curvature at an arbitrary point, then either 1/p — i/a = 0 or 1/p 
— 1/a = 0 in a neighborhood of the vertex. ‘The equality sign may hold at 
any number of points on the adjacent ares but it must not hold at all points 
of either of them. 

An are for which the geodesic curvature is monotone non-decreasing or 
monotone non-increasing has no geodesic vertices, and conversely an arc with 
no geodesic vertices has this property. For brevity such an arc will be called 
monotone. All ares and curves in the following discussion will be understood 
to have continnous geodesic curvature unless the contrary is stated. 

The curves which have constant geodesic curvature are called geodesic 
circles? We shall seek to characterize vertices and monotone arcs according 
to their behavior with respect to their osculating geodesic circles. It will be 
convenient to refer to points as lying to the left or right of a given directed 
curve. In such a statement it is understood that the surface is viewed from 
the tip of the directed normal to 3 and that the surface trihedral forms a right-. 
handed system. Thus, in a coordinate system on 3, the v-curves are always 
directed toward the left of the u-curves. 


THEOREM 2.1. Let Cı and C be curves of a surface Z which are tangent 
in the same direction at po, and consider the correspondence established be- 
tween the curves by the family of geodesics orthogonal to Cy. If, for all 
corresponding points sufficiently near po, 1/p2 = 1/pı, where 1/pi is the geo- 
desie curvature of Ci, then, in some neighborhood of Po, C2 lies on or to the 
left of C,. The two curves either meet only at po or coincide along a single 
arc, which necessarily contains po. | 


Consider an orthogonal coordinate system on 3 with C, as the curve u == 0, 
` and the geodesics orthogonal to C, as the u-curves. If u denotes arc length 
along these geodesics and v denotes arc length along C, measured in the 
positive direction from po, the first fundamental form is 


ds? — du? + G dv’, 


2 These are what Blaschke [11], § 72] calls Krümmungskreise as distinguished from- 
Entfernungskreise. Geodesics are thus special geodesic circles. 
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where G(0,v7) =1. Since Cz is tangent to C, at po, its equation can be 
written in the form u = u(v), or equivalently, $ (u, v) =u —u (v) = 0, where 
u(0) =u (0) = 0. The geodesic curvature of C2 is readily found, by Bonnet’ s 
formula,? to be 


(2.1) 1/p2 = [—2Gu" + 2Guu? + Gaul! + GGI/LRV G (ul? + G)??]. 
The geodesic curvature of Cı, whose a is u = 0, is 


where the bar denotes that the functions are evaluated for u==0. The 
hypothesis of the theorem is that for sufficiently small v, 1/p: = 1/pı- The 
result of substituting (2. 1) and (2.2) into this relation may be written in 
the form 


u” < Gut? /G + GAG + Gu/2 — (WE + OREN G. 


If the right hand side of the above inequality, which is formally a function 
of u since it contains G (u, v) and its derivatives, is expanded in a finite Taylor 
series of two terms, the relation assumes the following form | 


u S Gw 2G + [ur /EH1— (1+ UE) IG /2 + Au 


where the function A is bounded. The expression a + w?/ ayer may be 
expanded in a convergent binomial series since, for small values of v, 


|w®/@| <1. If this is done the first two terms above have a common factor 
w. By inserting absolute values on the right hand side, the inequality above 
thus implies that 


(2.3) WwEK|w|+Liul, 


where K and L are sufficiently large positive constants. 

Recently R. P. Boas, Jr. has established the following result 19]. Let 
f(x) be a real function possessing a second derivative, with an absolutely con- 
tinuous first derivative, and satisfying the following two conditions. 


i. #00) —P(0) — 0 | 
ii. (2) S (a) |f (x) | + ety(e) | f(x)| in the interval [0, a] 


where (x) and y(x) are positive and integrable. Then either f(x) =0 in 
some interval [0,5] or f(x) <'0 in the interval (0, ae c)] where 


ia rd. 


3 An inspection of the derivation of this formula [10, pp. 157-158] shows that the 
ambiguous sign is to be taken negative in this case. 
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This result applies immediately to the function u(v) if we take o=—K 
and y = Lu. Thus either w==0 in some interval 0 =v =D or u < 0 in 
0 < v = b, whence C, either coincides with Cy in [0,5] or lies to the left of it 
in (0,b], with po as the only common point for non-negative values of v. 

For negative values of v, reverse the direction on the two curves, similarly 
reversing the coordinate system. This will change the sign of both curvatures, 
whence in this direction 1/pı = 1/p2 or, equivalently, — 1/pz Z— 1/pı. Sub- 
stitution as above yields the inequality —u”=K|w|+ZLlul, from which 
we conclude as before that —u=0 or u = 0. Thus when it is directed in 
this way Cə lies on or to the right of Ci. As above the arcs from po in this 
direction either meet only at p, or coineide along a single arc. This completes 
the proof of the theorem, since, as originally directed, C2 lies on or to the left 
of Cy in some neighborhood of po, and the two curves meet only at po or coincide 
along a single arc which contains po either as an endpoint or an interior point. 


= COROLLARY 2.1.1. In the neighborhood of a geodesic vertex, a curve lies 
entirely to the left or entirely to the right of the osculating geodesic circle 
according as the geodesic curvature at the vertex is a minimum or a maximum. 


COROLLARY 2.1.2. At an interior point of a monotone arc (or at an arc 
of constant geodesic curvature interior to a monotone arc) the arc crosses its 
osculating geodesic circle from right to left or from left to right according as 
the geodesic curvature 1s monotone non-decreasing or monotone non-increasing. 


Both corollaries are immediate consequences of the theorem. For Corol- 
lary 2.1.1 it is only necessary to take the curve and its osculating geodesic 
circle as the curves Ci. For Corollary 2.1.2, let one of the curves, Ci, be the 
path traced by a point which follows the arc as it approaches the vertex and 
follows the geodesic circle as it leaves it, while the other curve is the. path 
obtained if the point follows the geodesic circle as it approaches the vertex 
and the arc as it leaves it. 


LEMMA 2.1. A necessary and sufficient condition that an arc be monotone 
is that it cross every osculating geodesic circle at the point (or arc) of contact, 
the geodesic curvature being monotone non-decreasing or non-increasing ac- 
cording as the crossing is from right to left or from left to right. 


The necessity is precisely Corollary 2.1.2. The sufficiency follows from 
the fact that if the arc were not monotone there would be a vertex, which is 
impossible by Corollary 2.1.1. By exclusion we obtain at once the following 
characterization of geodesic vertices. | | 
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LEMMA 2. 2. A point (or an arc of constant geodesic curvature) of a 
curve in the neighborhood of which the curve lies entirely on one side of the 
osculating geodesic circle is either a vertex or a limit point of vertices. If itis 
a vertex, the geodesic curvature is a maximum or a minimum according as the 
curve lies to the right or the left of the geodesic circle. 


It maybe noted that if a point is a limit point of vertices there are in- 
finitely many vertices of both kinds in any neighborhood of it. 


3. Transformations of type I. A transformation of class C” of a surface 
3 to a surface X’ is said to be of type J if it (a) is locally one-to-one, (b) pre- 
serves sense, and (c) carries geodesic circles into geodesic circles. 


THEOREM 3.1. A transformation of type I carries arcs of monotone non- 
increasing (non-decreasing) geodesic curvature into arcs of monotone non- 
increasing (non-decreasing) geodesic curvature. It carries geodesic vertices 
into geodesic vertices of the same kind or into limit points of such vertices. 


This theorem is an immediate consequence of the definition of transforma- 
tions of type / and the characterizations of monotone arcs and geodesic vertices 
contained in Lemma 2.1, Lemma 2. 2, and Corollary Redes 

In this discussion we shall be concerned entirely with the case where 3 
is the Gaussian plane, and this will be understood without further statement 
in the following development. 


Lemma 3.1. Every sufficiently small neighborhood of a point on a surface 
of constant Gaussian curvature, K, admits a one- We -one transformation of 


type I. 


. If K > 0, a sufficiently small neighborhood of any point is applicable to 
a sphere of the same curvature, which in turn can be mapped into the plane 
by inversion. This transformation is of type I if the plane is suitably oriented. 
If K ==0, a neighborhood of any point is applicable to the plane, and this 
transformation is surely of type Z. If, finally, X < 0, the familiar mapping 
of the neighborhood of a point into the Poincaré half plane is of type I 
[11, pp. 156-161], and the lemma’ is proved. 

A neighborhood, où a surface of constant curvature, K, sin admits a 
one-to-one transformation of type I into the plane will be termed a “ special 
neighborhood.” Throughout the remainder of the paper - 3 will denote a sur- 
face of constant curvature unless the contrary is stated. 


LEMMA 3.2. The one-to-one transformations of lone I of a region R 
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in a special neighborhood of X are obtained as the product of any particu- 
lar one and the general direct circular transformation of the plane, 


w = (az + b)/(cz + d), (ad — be 40). 


Such transformations are all clearly of type I. Suppose now that T, is 
any one-to-one transformation of type I of R, and T is a second such trans- 
formation. . Then T,T, is a transformation of a region of the plane into å 
region of the plane which carries circles and lines into circles and lines and which 
preserves sense. It is well known that the only such transformations are the 
direct circular transformations. Thus ToT,” == P and 7, == FT, where F is 
a direct circular transformation, and the proof is complete, | 


Lemma 3.3. A one-to-one transformation of type I of a region Rina 
special neighborhood of X is uniquely determined by three pairs of correspond- 
ing points. 


This is an immediate consequence of Lemma 3. 2 and the fact that a direct 
circular transformation is a complex linear transformation and is thus uniquely 
determined by three pairs of corresponding points. 


Lemma 3.4. If two transformations of type I (not necessarily one-to- 
one) on a region R of X coincide on a neighborhood of R, they coincide for 
all points of R. - | | 


For otherwise there would be a point p of R, every neighborhood of which 
would have infinitely many points where the transformations coincide, and 
also points where they do not. By taking a special neighborhood of this point 
where both transformations are one-to-one, a contradiction to Lemma .3. 3 is 
obtained. | 


Lemma 3.5. The transformations of type I (if any) of a region R on & 
are the products of any one such transformation and the general direct circular 
transformation. 


For in a special neighborhood where two transformations are one-to-one, 
one transformation is the product of the other by a direct circular transforma- 
tion by Lemma 3.2, whence by Lemma 3.4 the relation is true for all points 
of R. 


Lemma 3.6. Ail the transformations of type I of any region R of a special 
neighborhood N are one-to-one. m | 


pa 
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_ For a transformation of type I on R is one-to-one in a sufficiently small 
neighborhood of any point p. By Lemma 3.3, there is a one-to-one trans- 
formation of type I for all N which coincides with the given transformation 
near p. By Lemma 5. 4 the transformations then coincide’on R and thus the 
given transformation is one-to-one on R. 


LEMMA 3.7. If R, and R, are two regions in a special neighborhood N 
of 3, and if R is contained in Rs, a one-to-one transformation of type I on R, 
uniquely determines a transformation of type I on R: which must also be 
one-to-one. | 


Three points from À, together with their plane images uniquely determine 
a one-to-one transformation of type I for all of N, which coincides with the 
given transformation on R, by Lemma 3.3. Thus there is defined -on Rz a 
one-to-oné transformation of type Z which coincides with the given one on Fi 
The uniqueness of the transformation follows from Lémma 8. 4. 


Lemma 3.8. Let S’ be any closed set interior to a simply connected 
region S of a surface. Then, for any positive number e, 8’ can be covered by 
a finite sequence, Ci, * * , Om of simply connected sub-regions satisfying the 
following conditions. 


` (i) The diameter of every Ci ts less than e. 


(ii) = C; is simply connected, 1S k S m. 


(iii) The intersection of Cua with > C; is simply connected ii 1=k 


= m— 1, and is contained in the union of | a suitably chosen intersecting pair 
of the preceding Ci. 


. Since S is simply connected, it is, by definition, the topological image of 
an open square, R; i.e. the correspondence is one-to-one and continuous in 
both directions. If R’ is the set corresponding to 8’, then R’ is closed and 
thus is contained interior to some closed square R” in R. Since R” is closed, 
the transformation of R” into S is uniformly continuous, so that for any 
positive e there exists a ô(e) such that if two points of R” have a distance 
less than 8 their images in S have distance less than e. | 

Let E” be divided into a network of squares by equally spaced lines parallel 
to the sides so that the diagonals of the small squares are less than 8/2, and 
let the vertices of the net which are interior to Æ” be ordered starting at the 
upper left hand corner and taking in order the points of the first row, then 
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‘the second row and so on. Let these points be p:,: - -,p». Corresponding 
_ to each p; consider the open square C”; whose center is p; and which consists 
of the four small squares of the net meeting at pi. These. squares all have 
diagonals less than 8. This sequence of squares C’; clearly satisfies conditions 
(ii) and (iii) above, for the regions obtained by adding the squares in order 
are all surely simply connected, and the intersection of any square with the 
previous ones consists of its intersection with the square above and the square 
on its left or either alone. Let C; be the image of O”; under the transformation. 
Conditions (ii) and (ili) are satisfied by the C: since these properties are 
topological, while condition (i) is satisfied by construction. This completes 
the proof of the lemma. 


THEOREM 3.2. There exists a transformation of type I, not necessarily 
one-to-one, taking any simply connected region S ys) a surface of constant 
curvature X into a region of the plane. 


Consider a sequence of closed regions Sa (n = 1,2,- > +), contained in S 


such that Si D S; and > S;—$. The images of a sequence of closed 


squares like R” of Lemma 3. 8 would serve the purpose. Let Sw be any one 
of these regions. Every point of S+ has a special neighborhood, and by the 
Heine-Borel Theorem a.finite number of these neighborhoods N; (i==1,: ,r), 
cover Sx. For any point p of 8x let p(p) be half the radius of the largest 
distance circle? about p contained entirely in the closure of some N;. The 
function p(p) is continuous on the closed set Sz, and thus takes on its smallest 
value which is some positive number b. Thus the circle of radius b about any 
point of Sx is a res neighborhood. 

Let C,:--,;Cn be the finite sequence of regions whose existence was 
established in Tennis 3.8, where e is taken as b and the closed set S’ as Sy. 
Any two intersecting ( are thus contained in a special neighborhood since 
they are contained in'a circle of radius b about any point of their intersection. 
Since C, is a region of a special neighborhood, it has a one-to-one mapping 
of type J into the plane. We shall show that this mapping can be extended 
successively to all the other C; in such a way as to be one-to-one on each Cj. 
The proof is by induction. Suppose the mapping has been extended to > Ci, 

4=1. 


1<7r< mand consider Cr. The intersection of Cr with = Ci, by Lemma 


8. 8, is connected and is contained in O; u Cw, where C; and Ch, are a suitably 
chosen intersecting pair of the preceding Ci. It may happen that C; = Cr. 
Since C; v Cy is contained in a special neighborhood, the given mapping must 
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be one-to-one on Oju Or by Lemma 3.6. The transformation of type I is 


EE one-to-one on the region common to Or. and S Ci. Inasmuch as 


4=1 
Cra is contained in a special neighborhood, Lemma 3.7 shows that the 
mapping of type I can be extended to all of Cm and is one-to-one on Crit. 


Thus the mapping is extended to > 6; and the induction is complete. There 


"exists therefore a transformation of type I on any Sx. It will be noted that 
in this discussion the terms transformation and mapping have been used 
interchangeably. 

Let T, be any transformation of type J on Sı. We shall show that this 
transformation can be extended to all Sn. It has just been shown that there 
is a transformation T, of type J on 82. Since T, and T, are both transforma- 

= tions of type J on S, it follows from Lemma 8. 5 that there is a direct circular 
-transformation F such that Tı = FT, on S;. The transformation FT, is 
thus a transformation of type I on S which coincides with the given trans- 
formation on 8S, The given transformation has thus been extended to S2. 
Proceeding by induction, the transformation can now be extended to all Sx. 
But since every point of S is in some Sw, the transformation can be extended 

to all points of S and the proof is complete. 


4. Transformation of type I of a closed.curve on 3. Let C be a closed 

differentiable curve in a simply connected region S of 3, and let S be mapped 

~ into the plane by a transformation of type. T as is possible by Theorem 3. 2. 

F Jet 8” denote the closed set of points consisting of C and the simply con- 

nected regions of S bounded by C, and let S be the set of points in the plane 

into which S” is carried by the transformation. In a sufficiently small neighbor- 

hood of any point p of ‘8’ the transformation of 8’ to the corresponding points 

of S is one-to-one. The transformation need not be one-to-one in the large 
since a point in $ may have several inverses in S”. 


LEMMA 4.1. A point of S has at most a finite number of inverses in 8’. 


For if any point ÿ in $ had an infinite number of inverses, then by the 
Weierstrass-Bolzano Theorem the inverses would have a limit point p which, 
by continuity, would also be an inverse of 5. But then every neighborhood 
of p would contain points which map into p and the transformation would 
a not be one-to-one near p. Since this is impossible the lemma is proved. 


Lexma 4.2. In a sufficiently small neighborhood of any point ÿ of S 
there are no points with more inverses in S than Ñ. | 
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Let the number of inverses of p be k, which is finite by Lemma 4.1. If 
the lemma is false there is a sequence of points p; converging to p, each of 
which has at least % + 1. inverses. Consider the set of limit points of these 
inverses. By continuity these are all inverses of ÿ. About each of the k in- 
verses of ÿ let there be taken a neighborhood so small that no two points have 
the same image in 5. All but a finite number of the inverses of all ÿ lie in 
these'% neighborhoods. ‘Thus some 9; has at least k + 1 inverses in these 4 
neighborhoods, whence it has two inverses in some one neighborhood. Since 
this is false by construction we have a contradiction and the lemma is proved. 


Lemma 4.3. If a point 5 of S is not the image of a point of C, then 
there is a neighborhood of à every point of which has the same number, k, of 
inverses. These inverses make up neighborhoods of the k inverses of p and the 

‚mapping of each of these non-intersecting neighborhoods into the one about p 
‘as one-to-one and thus topological. : 


Let the & inverses of p be pi, 1=1< k, none of which lie on C. About 
each p; take a neighborhood N’; which is a special neighborhood, which has 
no points in common with C so that N’; is interior to S’, and so that no two 
N’; have a point in common. The mapping of each N’; into a neighborhood N’; 
of p is one-to-one. Take a neighborhood W of p interior to all the N’, and 
so that all points of N have not more than k inverses, as is possible by Lemma 
4.2. Every point of N has then exactly k inverses since there is one in each 
of the non-overlapping N’,. If N; denotes the set of points of N’; which go 
into N, these neighborhoods satisfy the conditions of the lemma and the proof 
is complete. 

Let the plane curve which is the image of C be denoted by ©. The curve 
C divides the plane into a certain number of finite regions and one infinite 
‚one (it is always possible to choose the mapping so that © does not contain the 
point at infinity itself). Considered in the Gaussian plane the infinite region 
is simply connected, as are all the finite ones, and in the following discussions 
we shall refer to them all as the simply connected regions of the plane 
bounded by C. 


- 


LEMMA 4.4. The number of inverses, k, is the same for. all points of one 
of the simply connected regions bounded by the image curve C. | 


By Lemma 4.3 the number of inverses in such a region is a continuous, 
integral valued function and is therefore constant over the region. This 
establishes the result. | 

Let R be any one of the simply connected regions into which C divides 
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the plane. The inverse set of À in 8’ is clearly open both in $ and S’. Let 
R be any one of the components of this inverse set. Since on the open set 
f the transformation is open, its image is an open connected subset of À, 
say ©. Suppose that © has a boundary point ÿ interior to À. Take a neighbor- 
hood N of. ÿ interior to À which has the property established in Lemma 4. 3. 
Then since N intersects ©, some one of the inverse neighborhoods N intersects 
R. : Thus N + R is an open connected subset of S’ mapping into R. But this 
is impossible for À was a component of the inverse set and hence already 
maximal. Thus no boundary point of Q is interior to À. But the only con- 
nected subset of À bounded entirely by boundary points of À is À itself, whence 
Q = À, and the component R maps into the whole of B. 

By Lemma 4. 3 every point ÿ of À has a neighborhood which is the topo- 
logical image of each of the & non-overlapping inverse neighborhoods. If T is 
any closed subset of R, it follows readily from the Heine-Borel Theorem that 
there exists an e such that the e-neighborhood of every point ÿ of T has the 
property stated above. Now let ĝ be any point of À and q any one of its in- 
verses in À. Ifa moving point ÿ traces out a path in À starting from g, there 
is defined by continuity a tnique path in # starting from q, for by the above 
discussion whenever the mapping has reached a point À of the path it can be 
extended throughout the e-neighborhood of $ and thus does not terminate. In 
order ‘to apply the argument it is only ee to take T as any closed set in 
R containing the path. | 

‘Finally we shall show that the trarisformation of R into À is one-to-one. 
Let ÿ be any point of À and q, and gz any two of its inverses in R. Let g, and 
qə be joined by a curve in À. The image curve. in À is therefore closed. Let 
this closed curve be drawn together to the point 7, which is possible since À 
is simply connected. Each point of this eurve will move continuously over a 
path in R, and thus this operation will, by the results of the last paragraph, 
generate a continuous deformation of the curve q:g: into a point. But this 
is impossible unless qı = qə, whence every point of À has exactly one inverse 
in À, and the transformation is one-to-one on R. 

The same argument applies to each of the other components of the in- 
verse of À in &°. There are clearly k of these components, since each one 
contains one inverse of each point. Since the transformation of any of these 
components R.on À has been proved one-to-one and continuous, it is topological. 
In view of this topological character of the transformation, we can conclude 
that the-components are all simply connected, like Æ. The results: of the last 
few paragraphs may be summarized.in the following lemma. 


Lemma 4.5. The inverses of any one of the simply connected regions R 
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of the plane bounded by Č are à finite set of disjoint simply connected regions, 
each of which is mapped re) on À by the gom en of 
ta ype I. Zr 


Lemma 4.6. The boundary of any one of he k inverses, By, of a simply 
connected region, À, of the plane bounded by C maps into the boundary of B. 


Any boundary point, b, of E; can be approached by a ‘sequence of points 
of R;, whose images in À converge to the image of b. If this image were 
interior to À the point b would necessarily be an interior point of some other 
Ri, whence R; and R; would overlap which is impossible by Lemma 4. 5. Con- 
versely, every boundary point of À can be approached by à sequence of points 
in À whose inverses in À; have one or more limit points in 8”. Any such limit 
point, by the continuity of the transformation, maps into the given boundary 
point of À. If such a limit point were interior to R; it would map into the 
interior of &. Since this is impossible, all these limit points are boundary 
points of #;. It should be clearly noted ae the mapping on ie boundary 
need not be one-to-one. 

An are AB of a closed plane curve © is called a simple loop if (a) it is 
simple except that A == B, and (b) one of the regions into which it divides 
the plane contains no further points of the cürve, This region is then one of 
the simply connected regions of thé plane bounded by C; and is referred to as 
the region corresponding to the loop. 

Up to this point C has been any closed curve of ¢lass C”” in S. Now let 
C be in particular a simple closed curve, positively directed, i.e. with its in- 
terior to its left. 


LEMMA 4.7. If Cisa re dir ni un closed curve of class O” 
in. the simply connected region S of 2, then under a transformation of type I 
the corresponding plane curve C.can contain no simple loop whose correspond- 
ing region lies to its left. 


Suppose that the lemma is false. Then there is a simple loop whose 
region À lies to its left. This region may be assumed finite since in any case 
it can be made so by a direct circular transformation. Since C is the image 
of C, there is some arc ab of C which maps into the loop, where both a and b 
map into the double point of the loop. The points close to are ab and to its 
left map into the points close to the loop and to its left, i.e. into À, since 
the transformation preserves sense. Thus ab is a part of the boundary of one 
of the inverse regions R; of À. Since ab is not closed it cannot be the entire 
boundary of R;. Let p be any other point of the boundary of R; which does 
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not map into the double point of the loop. Such points,.p.exist, since ab and’ 
all the inverses of-the double point together still do not bound.a region in $. 
By Lemma 4. 6, p maps into a point p of the loop. .Take a.neighborhood of p 
in S so small that the mapping in this neighborhood is topological. This 
neighborhood may include points of 8 not in 8” and the transformed neighbor- 
hood at 7 may include points of the plane not in $. Take a smaller neighbor- 
hood N if necessary about ÿ which is divided in exactly two parts by the loop. 
This is possible since the loop is differentiable. Since the mapping of N on 
its inverse neighborhood N at'p is topological, N is divided into exactly two 
half neighborhoods by the inverse of the arc. Some point in one of these half 
neighborhoods is in R;, and by hypothesis this maps into É, i.e. to the left of 
the directed loop at 7. All points of this half neighborhood are thus in R; 
since any two can be joined by a path whose image lies entirely in &. But 
there is also a point p’ of ab which maps into p, and the set of points to the 
left of ab near p’ also maps into the points of À near ÿ and to the left of the 
loop. Thus a point of & near ÿ has one inverse in R; near p and a second 
near p^. This is impossible, since by Lemma 4.5 the transformation of R; 


` on À is one-to-one. Thus we-have a contradiction, and the lemma is proved. 


op 


THEOREM 4.1. Every simple closed curve of class ©”, not a geodesic 
circle, in a simply connected region of a surface of constant curvature $ has 
at least four geodesic vertices. 


Let the simple closed curve O be mapped on the plane by a transforma- 
tion of type I as discussed above. By Theorem 3.1 the geodesic vertices of C 
go into the vertices of the plane curve C, and by Lemma 4.7 © has no simple 


‘loop having its corresponding region to its left. But it is known [4, Theorem 


5.1] that a plane curve having only two vertices has two simple loops, one of 
which has the corresponding region to its left. Thus C cannot have only two 
vertices, whence C and therefore C has at least four geodesic vertices and the 


. proof is complete. 


It may be observed that this discussion’ establishes the Four-Vertex 
Theorem for a very large number of curves which may, at first glance, appear 
to be outside the class under consideration. Many plane curves for example 
are not simple but become simple when viewed as lying on a many sheeted 


covering surface of the plane, and are thus covered by the above theorem by 


taking the covering surface for the surface 2. Similar remarks apply to curves 
on other surfaces, such as ‘cylinders and cones, which are not simple on these 


‘ surfaces but are simple on some covering surface. | | 


\ 
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5. Counterexamples. -This section is devoted to two examples showing 
that the restriction in Theorem 4. 1-that C lie ina simply connected. en of 
=. cannot.be dispensed with.. a RE eee 5 


Example 1° Consider, as the surface X , thie right circular cylinder with 
geherators parallel to ‘the Z-axis ‘and with de circle g= a COs 8, Y =asın 6 
in the zy-plane as directing curve, and let the curve C be the intersection of 3 
with the plane z = by. I S denotes the arc “length on the directing circle 
measured from the w-axis, ‘then sa. For the points of G we have therefore 
z = by = ba sin 9— ba sin(s/a), where 0S S < 2wa. U the cylinder is 
rolled out on a plane, C goes into the curve, yf = — basin(2’/a), 0 = a! < Ara. 
But in one period a sine ‘curve has exactly two ‚vertices, whence the same is 
- true of C. C'is thus a simple closed curve with ‚only two geodesic vertices on 
a surface of constant curvature. It will be noted that C cannot be deformed 
into a point and thus is not in a simply connected region ‘of 3. This shows 
that in general it is not possible to eliminate the requirement that Ç Lie in a 
simply connected region of 3, if Theorem 4. 1 is to hold. | 


Example, 2. This. in show furthermore.that. if heor 4 iis ` 
to be valid it is not even possible to allow a singularity of the surface in the 
simply connected region S. Let the surface ¥ be'a right circulär cone with its 
vertex at (0,0,h) and the circle 2==«c0s6, y= asin @ in the zy-plane for 
directing curve, and let C be the intersection of this cone with the pläne’z = by, 
where b < h/a so that the plane actually cuts all the generators of the lower 
nappe of the cone. C is then a simple closed curve on 3 with a ‘singular point, 
namely: the vertex, in its interior. If (r, 6, 2) are cylindrical coordinates of a 


general point of C, the following relations are immediate. a 
a T= r COs Â; > > y—rsind. + -::, 
D ie ha 2 7 | 


"Leis have the same e meaning as-in Example 1,3 be the slant height of the cone 
from the vertex to the zy-plane, ¢ be defined as s/l, I and p be the distance from 
the vertex to the general point of O. Tti is easy to verify that 


P = g Hh s= : a . 
d= (ayl)6, . p= (l/a)r. , 4 


Substitution from equations (5.1) and (5. 2) into the relation z = > by yields 
the following relation between p and $, for the equation of 0: 


(8.2) 


+ This example was first suggested to the writer by the late W. C. Graustein. It 
was also suggested by the referee. 
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seien ki = 
BT Lomé). 
If the cone is cut along the line 4 = 0 and flattened out on a plane, the quanti- 
ties p and œ of equation (5.3) become precisely. the polar coordinates of the 
points on the corresponding plane curve, and since geodesic curvature is pre- 
served by the operation, it is only necessary to seek the vertices of the plane 
curve having (5.3) as its polar coordinate equation. Straightforward com- 
putation shows that the. curvature is 


(5.4) K= [a—~ bh sin (16/a) 1[h + ab sin (Ip/a) }° . 
— al[h? Lab? F 62h? I 2abh sin (l/a) — bh? sin? (lo/a) 7. 
Consider now the case a = 1, b = 1 . h == ?.: Equation (5.4) 
becomes , M aii 


(5.5) De SE E 
| | Rare Vg) * 


b> ab, | ETES TES 


If dK/dp is equated to zero to find the extreme values of K, it appears that & 
must be a solution of one or the other of the following equations. 


(5. 6) 4 cos? V e -++52 cos? V56— 8'cos V 54 — 69 — 0 
cos V 5d = 0. 

The first, of equatioris (5.6), considered as a cubic equation in cos V 56, has 
only one real root and’ this is bigger than 1, so'no value: of ¢ will satisfy this 
equation. The second ‘equation has only. two solutions in the interval 0 = o 
< Rr/V 5, whence C has only two geodesic vertices Thus the conclusion of 
Theorem 4. 1 is invalid-for the curve'C. ` : a ma 

It is of some interest to note, in connection with Example 2, that, not all. 
the curves C, obtained.in the manner described ‚have just two vertices. . For 
example the curve C. obtained by taking a == 1, b—=1/2,.h=1.tums out to 
have six. geodesic vertices, as may be, readily. verified Bey ae out the com- , 
putation as indicated above. 


6. Surfaces of variable curvature, In this section. it will be shown that 
Theorem 4.1 cannot be extended to surfaces of variable Gaussian curvature. 
Specifically we shall-show that on such: surfaces sufficiently ‘small un 
circles + have-only two geodesic vertices. CT 

Let o be any. point of a surface; 3, of variable Gaussian rate and let 
(u,v) be geodesic. polar’ coofdinates-on 3 with origin at o. ‘The geodesic : 
curvature of the v-curves, that is, of the distance circles about 0, is given 
[10, p. 149] by — 

(6. 1) 1/p = (1/V G) (8V @/du). 
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We seek the zeros of 0(1/p) /üv for u = const. 7 0, as v varies from 0 to Am, 
for the geodesic vertices of this distance circle are ‘precisely : the points where 
0(1/p)/év changes sign. . After differentiation. (6. 1) sen; 


WAG) = 1 VE ‘1 IVE AVG" 


VER EG Où ai 


Since G - = 0 only at u= 0 it suffices to find the. Zeros of 


ones 


(6.2). 


1 PVE OVE IVE 
(928) Se . „m. Ei ~) - € ‚um ,. du DV 
Assuming silent differentiability for 3, we = expand VG in a power 
series in wu. It'is known [10] that (VG) ior) =, (OV G/0u) ww = 1. The 
other coefficients in the expansion may be computed from these by using the 
Gauss equation, ° V G/ou? =K WG G; and its derivatives at u= 0. The 


subseripts above indicate evaluation for u'= 0 but v arbitrary. By this methud 





we obtain. - 
(6. 4) VG= u— UK mu — Ya (8K /ðu) out | 
| FH Ao CEE — 30K / Out) u 
Differentiation of (6.4) and substitution in (6. 3) yields the result 
© GO (1/p) /Bv' =— Yy (0 2K/Oudv) cout — ma 4 0 (OK /u*00) co y + AS 
Since, for our purpose, u 0, it is enough to find the Zeros ‘of du v), where 
(6.5) (u,v) =% ee) (0,0) + Ag ee (0,0) ' 
for small fixed u and variable v. | dé | 
Let Ci and Ce be two perpendicular curves on the surface 3 meeting at o, 
with arc lengths Sı and Sy respectively, and let 9 bé the angle from C, to a 
curve C through o. Precisely as in the case ‘of ‘the plane, the directional 
derivative of a function F on X in the direction of C at o is given by | 
OF /ûs == (OF /as,) cos 6 + (68/082) | sin g` | 


4 


where 0F re is the directional derivative of F in the direction of Cj. ‘We shall 
apply this to the Gaussian curvature K on 3. Let C, and C, be the curves 
v= 0 and 0 — 7/2, respectively: Then ‘0F/08, = (0K/0u) 60), 07/08: = 
(0K/0ù ) co, zian ne = Mere) (o, à) We — Ys and the above a, becomes 


(6. 6) (0K ðu) (0,0) = (AK ou) (0,0) COS V ce (OK /ou) o (0, 7/2) sin, LEE 


ee ee a 
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By differentiating (6.6) the following relation is obtained. 
(6.7) (&°K/dubov) on = — (9K /0u) (0,0) sin v + (OK /ôu) rs 008 v. 


If (OK /Oudv) con = 0, then by (6. Y) (OK /0W) (0,0) = (0K/du) 0,772; = 0, 
whence, by (6. 6), (0K /êu) (0,0) = = 0, and oisa stationary point of K on 2. 
Let o now be a non-stationary point of K. Such points exist, for otherwise 3 
would have constant eurvature. There are then exactly two values of v on the 
interval 0 S v < 2r for which (PK /dudv) cv = 9, namely the solutions of 
the equation 

he A = (OK Ou) one) 
(6.8) 2 RE fan (K/du) 69 


These solutions may be denoted by vı and ve where vg = vı + v. 
Consider: first a point: (0,0), where v1, vo Then (0,0) = 
(1/4) (OK /du0v) ou) £0. By continuity there exists a neighborhood of the 


coordinates (0,0) for which ẹ (u,v) £0.° On the other hand consider the 


points 1 vi) „t= 1, 2. By definition = Vi (6. 8) holds, whence it follows that 


(OKO) or er ra (0K /du) «0,09 


= + 
(6.9) En m ==; 


where m? = (OK /8u)" 0,0) + (K/du (6,272) Z 0, since o is not a stationary 
point of K. Differentiation of (6. 7 ) with u to v and substitution from 
(6.9) yields thé Bun 


(6. 10) PEN = — (38K /ðu) (0,0) COS V — (0K /du) (0,7 /2) sin v 


= + m(cos v cos v; + sin v sin v;i) = = m cos(v — v). 
Hence (0K/Ou0v?) ov) = + M 0, and 


(6. ny | 7... en az | 
By (6. 11} and the implicit function theorem, there exists a neighborhood ‘of 
the coordinates (0, v;) * in which the equation ¢(u, v) = 0 can be solved for v 
uniquely and exhaustively. ‘Hence to ‘every point of the set (0, v), 0 Sv = 2r, 
has been ordered’ a neighborhood of this set ‘of coordinates. By the Heitié- 
Borel ‘Theorem’ there’ exists ‘a finite set of ‘these neighborhoods covering this 
set. A positive uo can theti' bé chosen so small that (uo, v) is always in one’ 


, 7 ‘ : 
5 This is a neighborhood of the coordinate pair (0,0), i.e., the set of pairs (#, 0) 
such that |u| <ô, |v—vo|< 8. It is not a neighborhood of o on 2. 
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of the neighborhoods selected. For such a uo there are only two zeros of 
$ (uo v). Hence u = u, has only two geodesic vertices. We have proved the 
following theorem. 


THEOREM 6.1. The distance circles of sufficientiy small radius about a 
non-stationary point of the Gaussian curvature on a surface & have only two 
geodesic vertices. 


This result makes it clear that no four-vertex theorem can be expected 
on surfaces of variable Gaussian curvature. : 

Theorem 6.1 makes it possible to establish the iloni characterization 
of surfaces of constant curvature. 


THEOREM 6.2. A necessary and suficient condition that a surface X be 
of constant curvature is that some neighborhood of every point admit a trans- 
formation of type I into the plane. ° 


The necessity is implied by Theorem 3.2. It remains to prove the suffi- 
ciency. Let p be a non-stationary point of the Gaussian curvature, and suppose 
a region containing p admits a transformation of type Z. Since the trans- 
formation is locally one-to-one, a sufficiently small distance circle about p will 
be carried into a simple closed plane curve, which therefore has four vertices 
or is a circle. But by Theorem 3,1 this means that the distance circle has 
four vertices or none contrary to Theorem 6.1. This is a contradiction, whence 
every point is a point of stationary Gaussian curvature, and the surface has 
constant curvature. | 


7. Stationary points of the Gaussian curvature. Among the stationary 
points of the curvature mentioned in 6, one type will be given further analysis. 
Let us consider a point o of a surface 3 for which all sufficiently small distance 
circles have constant geodesic curvature. Such points must have stationary 
Gaussian curvature, as was seen in 6. A vertex of an ellipsoid of revolution, 
for example, is such a point. Ä 

Using the coordinate system of 6, the condition that the distance circles . 
about o have constant geodesic curvature is expressed by the equation 6(1/p) /dv 
== 0 for all v and all sufficiently small u, where 1/p is the geodesic curvature 
of the distance circles. By (6.1) this is equivalent to 


(7.1) 
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whence there follows 
1 
(7. 2) —— — l/u + a(u) 


where a(u) has no singularity near u = 0. The form of the function on the. 


right side follows from (6.4). By integrating (7.2) we obtain the following 


equation 


(7. 3) VG= b(v) exp{ f [1/4 + a(u) |du} = ub (v) exp[A (u)1 E | 


where A (u) = fa(u)du. Asin 6, (ôV G/öu) ww = 1, whence it appears that 
b(v) =expl—4A(0)]. From this there, IE = 


(7.4) VG =wexp[A(u) — A1: 


that is, G is a function of u alone Moreover condition: (1; 4) is sufficient as 


well as necessary, for a VG G of form (7. 4) satisfies the. conditions for geodesic 
polar coordinates and an) an: KL a ue have thus e:ablished the 
following theorem. zz ~~ u 


THEOREM 7.1. A necessary and sufhcient condition that all distance 
circles of sufficiently small radius about a point o of a surface X have constant 
geodesic curvature is that the third coefficient, G, of the first fundamental 
form for the geodesic polar coordinate system about o be a function only of 
the geodesic distance from o. 


CoROLLARY 7.1.1. A necessary and sufficient condition that all distance 
circles of sufficiently small radius about a point o of a surface X have constant 
geodesic curvature 1s that these distance circles and the ganna through o 
form an isometric system. 


The corollary follows at once from Theorem 7.1 and the conditions that 
the parametric curves form an isometric system [10, p. 133], namely F = 0, 


and E/G = U(u)/V(v). 
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| ` By AARON FIALKOW | 
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beg tar ll 


“Introduction. an previous Papers 2 [2, 3, 4], we De developed ; a method 
for the study of those properties of a subspace Vn (1S n = m — 1) imbedded 
in any enveloping space Vin which remain unchanged under conformal trans- 
formations. of Vm.. The pictorial interpretation of the analytic: apparatus 
described..in these papers will appear elsewhere. ‘The present. paper applies 
some of these general rsults to a discussion of various classes of surfaces Ve 
in Euclidean 3-space À, which have a simple conformal character. The results 
also apply to conformally equivalent surfaces in any conformally Huclidean 
3-space. The reader is referred ‘to [4] for thé notation used as well as for a 
statement of the assumptions concerning the class ‘of’ the ‘functions ‘which 
occur in this paper. . 


+ 


‚2%. The analytic apparatus. N ee stated below are a summary 


Kin ne 


a hypersurface Vn (n > 1) in Bun. The details of this theory for the oo 
case of a Vn in any Vm and the proofs appear in [4]. Let aag, f ra 


be the metric tensor and Christoffel symbols of the second kind of a Euclidean 
space En in some coördinate system {y*}. Let | 


(2. 1) ye = y (x, eos 5a) 
be the equations of a Vn imbedded in Rau. Let gij, E jl + be the iidiaçed 


metric tensor and the Christoffel symbols of the second kind of V» in the 
parameter : system {ct}. Covariant differentiation -of : (2. 1) “with respect to 


j y t, ve E denoted by a comma, gives ¥,4;% a bast, ir the bas are 


the ee of the second fundamental form of Va and & is the unit 
normal to Vs. The mean curvature normal w “of Vn is defined by 


(2.2) ee Yis Lu 


- Its length is the mean es 80 that 


Mai Received June 20, 1944. l 
E The numbers refer to ‘the bibliography at the ood oi the paper 


: ` 
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ee CE = ua > Br 


The ..,d are the n 2 a ee of. Vn. 

Let {9°} be another coördinate system in Rng and suppose that the point 
transformation 9° = y* is a conformal mapping of Rn: on itself. Since the 
differential elements of distance at corresponding points of Enn are related by 
the equation l 
(2. 8). “= | d3 = eds 


it follows. that dag = RR The conformal mapping Vn <> Vu used by the 
parametric. equations Æî==#t is such that Qi; = eg The tensor’ @;* ` 
defined by - RE Br ' | SEE ET 
(2.4) > ge ' DC we 
is unchanged by conformal ne Biss, The relative conformal | 
curvature e? is defined by eds 
(2. 5) e? = (1/n) ag 9 Gas" Ga? = a/ n) > (mb ay 


It is the standard deviation of the statistical population consisting of the n 


principal normal curvatures b, b," > mb. The gauge function $ has 
the transformation law | 
(2:6}7 DE $ = $ — o. 


The gauge vector në given by `` | 
(2.7) 9° = pag y + né 


has the transformation law eos 
(2. 8) I cea ae 


ee n ee maps.of Ras. The: ee measure tensors. Aap, Gir .' 
and the confor mal coefficients of connection Tay, Tin! are defined ‚by 


(2. 9) | Aa dap, Gi hg 


Te = 1; By \ + Sy + In — apa ns. - 
(2.10) f a | 
Tat = { it l + jh p mes — gng es 


and remain unchanged by conformal Paks raisons of Ken. The Tyt are 
the Christoffel symbols of the second kind formed. with respect to, Gy. i The 
şs in (2-10) are the Kronecker deltas. 
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Conformal length or conformal distance 8 is measured by means of Aag, 
Gi ; that is, for a displacement dy* from a point of. Vu, 


(2.11) dS? = Ausdyedyp. 


If dy“ lies in the tangent vector space of V» and its surface components are dx’, 


(2.12) "AS? = G;;dzx'dxi. 
It is clear that 
de z ds — ds 


en si is ie en of. dien of un defined LL ds? — asia or on 
Va, by ds? = gisdzdri. | 


Conformal differentiation, denoted by a in is defined as covarlant 
tensor differentiation relative: u the conformal coefficients of connection. For 
example, . z E to p Boa 

ia > Le = OL Ca 0x? T T pa Te y, A T T pi Tig? 

ae TRS : n — PT psy i? K? EL — Ton a ite 
The a nie a a oniran taast Is a a tensor. Other 
tensors defined on Vn which are invariant relative to conformal- mappings of 


Fines are: . 
Conformal normal measure tensor Bij 


(2.15) nn Bic. a 


aos} 


BEN tensor Eiz’ 


Terre pr = gp sa] 943 
= Hates — buis — Piihi alee + Pb nd] Ga. 


Deviation vector F; 
(2.17) Fi = (1/ (n —-1)) 


e 18) 


(Surface) conformal Riemann tensor Km‘ 
(2.18) Kirt = (0/0) Tjı‘ — (0/d0")T jz + Dy Piet — DPn. 


The tensors G;;, Bi; Bi; ‚are called the first, second and third conformal 
fundamental tensors of Vn, respectively, and serve as the coefficients of the 
conformal fundamental forms of Vn. The tensor Bi; satisfies the algebraic 
relations RER ES CR D 
(2. 19) Bu = 0, BiB GG! = nN, 
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Differenti al conditions on the conformal tensors.are . 

(2.20).  BixBnj — Bij Bu = Kur + GE Galo Gaby Guli 
(2.21) Buy — Bus = Aw; — Gaj Pa 

(2.22) © Pan Kar = Buß BE. 

(2.28) Bis: — Ein: = BisPu— Bink. 


The basic theorems are: 


(1) Equivalence theorem: If the conformal fundamental forms of two 
hypersurfaces Vn and V4 are equal, then a conformal transformation of Bess 
on itself exists so that Vu i is mapped on Fn. 


_» (2). Haistence Maorin A hypersurface in- Rai always exists having 
prescribed conformal, fundamental forms, provided the tensor coefficients of 
these forms satisfy equations (2.19) to (2. 2): 


3.. The case n ==2. In surface theory n = 2, m= 3. In this case, we 
may choose the lines of curvature of Va as parametric. We write the surface 
parameters z', 2” as U,V, u? 'and the Rn of the conformal 
measure tensor as i 7 | 


N‘ 


gh ce = X Gre = 0 Goo = 


(3. 1) GU == Pen Aa G? == 0 ki ER 


According to (2.15), the principal directions determined by Bi; relative to 
Gij are the lines of curvature. (This fact establishes the conformal invariance 
of the lines of curvature. ) It follows from (2.19) that the a as of 
Bij are 


L 


(3. 2) Bu, —Y Ba —0 Ba —=—Y. 
The Christoffel symbols T;x° defined by (2.10) become 


(3 3) I, = Xy/ 2X Pre = K/RX i Pea = — Fı/RX 
i Ty? = — X,/2Y To? SSE Fan / 2Y To? = si hale 


From (3.8) and (3.3), 


Bn: = Buio Bros = Bar: = 


3.4) | 
( ) | Ba: = — Xo Bioio = Yu. 


Also, from (2.17), (3.1), (3.3) and (3.4), Eo e 


KT 
> 
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E, = [log Fe... Fao [log Xo ee . à. 


(3.5) | 
( ) Fiz = [log Y Jw Ey: TE PRES Llog A lon 


Using the above equations, it is easy to show: that equations (2.21) are: true 
identically when n —?. Equations (2.20) ‚are equivalent to _ : 
(3. 6) n , K=9—RE e i s un 
where K and E are defined by | 
(3.7) | K = Kta = 1/2 (XYY 

X R + Yun) — Yu XY )u er 


(8.8) nen Bu, 


Since the conformal Gaussian curvature J of V2 is defined by’. 
(3.9) . J = Kino/ XY 
it follows from (8. 7) and ( 3. 9) that ` 
(3.10). rer. 
so that (3. 6) may be written as 

(3.11) T B=J41. 
Equation (2.22) becomes | u a 
(8.12) Dog VAT Joo + Bam 


“and (2.28) becomes | 


(8: 13) 72 —0B../di + HE [log T/XV« + In B= = 


age 


EEE, See ie) NL Mantes ee ee 


Le then, according to (3. 1) and G 3. 2), Gui and Bi; have the édnonical 


representation é 


Gij = Li ay Lj +. bi 


3.15 
( ) Bij == arbi abi abi «Li. 


It follows from the known theory 1, pp. 107-113] that any symmetric eond 
order tensor T;; whose prineipal directions are fangent to the lines of line 


must have the canonical representation 
I 


(3. 16) ‚Tu = (10 abi bi en (270. er. ain "i : = 
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where (1)@ and (2,4 are the prineipal invariants of Tij. In virtue of (3. 15), 
(3.16) implies | 


(3.17%): Tiu = AGE + (20) Gi; = un (2%) Baz] 
and conversely. We also note that 
(3. 18) e= zlab + ab], e = 4 | ab — ob |. 
In view of our choice of parameters u, v, oS 
oli = X4 (oy Lg VAE k 


e where the &s are the Kronecker deltas.: The conformal (surface) principal 
normal vectors aj Ni, ç2,Nx of thè lines of curvature are defined as 


N = d iy Li/d ay — Ti" cola vl = — aN ay Ds 


3. 19 À 
( ; ) Ni = d (2) Ls /d 2S — Ti; co) La al? en N aLi 


where d «8 and d (2,8 indicates directional. differentiation with respect to.S 
in the directions (1,2; and (2, Li, respectively, and (N and (2)N are the corre- 
sponding conformal (surface) curvatures of the lines of curvature. („N and 
cN are the analogues of “ geodesic curvature.” From (3.19), we obtain 


(3. 20) aN == Xy/2XY% - wN — Yu/2VYX*. 


From (3.20), it follows that 


(3.21) FON /d w8 = 1/2V-XY {Dog X]w — 3 [log X]o[log Y Ja) 
d (a) N/d (58 = 1/2 V XY {Llog Y Jw — 3 [log X] [log Flu}. 
4. Gradient surfaces. The deviation of V> for the direction determined 
by the unit conformal vector Lf i is FLLI. Since Ei is a symmetric tensor, 
it follows from the known theory ‘that its principal directions relative to Gis 
are. two orthogonal directions at each -point of V}. These are the deviation 
directions and the corresponding curves are.the lines of deviation. The corre- 
sponding deviations are the principal deviations „EB and (2)H. They are the 
roots of the determinantal equation | Bi; — pGi; | —0. It follows from (3. 8) 
Fiji = 0. 
(4. 1) ‚Fe wh 7 ab. 


- Of course, the dodo directions. are ee Era When do 
the lines of curvature and the lines of. deviation of- V> coincide? Since the 
lines of curvature are parametric, the necessary and sufficient condition is 
Ey, = 0. It follows from (3.12) that this condition is equivalent to 
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(4.2) [log VXT lu = 
which leads to i 
X/P (u) = g°(v)/Y = Q (u, v). 


Consequently, after a parameter transformation 
(4.3) wW == Flu) du, v= fat) 
which preserves the De directions, 

8? = Q : du? + 1/0: dv”. 
Dropping the primes, we may suppose : 
(4. 4) X =Q Y =1/Q. 


Conversely, (4.4) implies (4.2) and hence E12 ==0. Now the conformal area 
of any curvilinear rectangle bounded by the lines of curvature of parameters 
Ur, Uz, Vis Ve 18 

f {VIY du dv == (ue — ts) (v2— v). 


. Hence the lines of curvature form a (conformal) equiareal pattern. This 
proves the following theorem: 


THEOREM 4,1. A necessary and sufficient condition that the lines of 
curvature and the lines of deviation of a surface coincide is that the lines of 
K curvature be am equiareal net (relative to the element of conformal area). 


According to (3.5), (4. 2) is also equivalent to 
(4.5) Fy. = Foie 
As is well known, (4.5) is the condition that P; be a gradient, that is, 
(4. 6) | Fi Pi 


where F is a scalar. It follows from (3.5) that F may be defined as log Y 
_ in this case. We call a V2 for which (4.6) is true a gradient surface. The 
preceding discussion proves 


2 THEOREM 4,2. The lines of curvature and the lines of deviation of a V2 
nC coincide tf-and only if the Va is a gradient surface. 


Finally, we note that in accordance with (3.17), if V2 is a gradient 
surface, 


Q 
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(4. 7) Fij = 9 $B Gi + E "Bi; | 
where 
(4. 8) E’ = SB 


5. Isothermic surfaces. In classical differential geometry, surfaces 
whose lines of curvature form an isothermal net are called isothermic. The 
isothermal character of a net is conformally invariant.since such a net is the 
conformal image of a rectangular net of straight lines. Hence isothermic 
surfaces remain isothermic under conformal transformations of Ra. We derive 
a conformal characterization of these surfaces below. u 

If V, is isothermic, it follows from (2. 9) and (3.1) that 


(5.1) w er 


in some parameter system for which the lines of curvature are parametric, and. 
conversely. It follows from (3. 5) that 


(5. 2) A Py se + Fou = 0. 


Conversely, (5.2) implies (5.1) after parameter transformations of the type 
(4.3). Equation (5.2) implies that the principal directions of the symmetric 
tensor Fi.; + F;.; relative to Gi; are tangent to the lines of curvature. The 
concluding remarks of 3 leading to x 17) then Drove 


THEOREM 5.1. The tensor Fy. ;+ Fi: is a ane re ed of the 
first and second conformal pendan ental tensor: of Ve T -and only if Ve ws 
isothermaic. = 


We also note that a g 
Fi: + fon = 2VXY{d aN /d (8 a asN/d a8] | 


as follows from (3.5) and (3.21). As a consequence of the preceding theorem, 
the equation : Se, A ks See 
d a N/d DS = d N /d «8 
is a characteristic property of isothermic surfaces. 

6. Surfaces of constant conformal Gaussian curvature. -A surface for _ 
which J is constant is called a surface of constant conformal Gaussian curva- ~ 


ture. Exactly as in classical differential geometry, such surfaces admit three- 
parameter groups of point transformations on themselves (conformal motions) 


a À 
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which preserve the element of conformal length. d8...They also. enjoy those. 
other properties of surfaces of constant curvature which are derivable from 
the first fundamental‘ form of the surface. A different kind of property of 
these surfaces follows directly from (3.11) and (4.1): The sum of the 
principal deviations of a Va is constant +f and only if the Va has constant 
oe Gaussian curvature. 

. The simplest of these surfaces are.those for which] is zero and ne 
et metric, referred to the lines of curvature, is Cartesian. In this case 
(6.1) UT Xe VS] = 
so that u: | | 
(6.2) ‚Gudatda! = du? =: dv? 

B;dzdz! = du? — dv. 


It follows from (3.12) that Z,2== 0: and from (3.13) and (3.14) that 


(6. 3) Bi = Pu (u), Ez = Ez (v). 
Since (4.1) is true, it follows from (3. 1) and (6. 3) that 
(6. 4) "Bue, Be=6, ale” | 


“where c is a constant. Also, according to (3.5) and (6.1), 


(6.5) : FF, == 0, F =Q. pe se Bea 


Conversely, (6.5) implies (6.1) in view of (3.5). Now it is shown in a 
forthcoming paper that the line of curvature, v = constant, is a circle if and 
only if F, —0 along ‘its length. ‘Hence (6. 5) implies that all the lines of 
curvature of Va are circular. Of course, this is a conformally:.invariant 
propery It.is a characteristic property of Pupi Te and proves- 


THROREM 6. 1. If ie lines of curvature of a Ve Porn a ua 
Cartesian. net relative. to the confor mal element si N on: Va, then Vo is a 
Dupin cychde, and conversely. DE EZ 


i The simplest Dupin cyclides are ‘the right circular cone, right, circular 
cylinder’ and proper torus. The, first and second conformal fundamental forms 
of each of these surfaces are given by (6. 2) after a suitable choice of para- 
meters, Below, we determine the third conformal fundamental form in each 
case, using the definitions, of 2 and 3. The equations and components. of the 
fundamental metric tensors of a right circular cone are , € 


yt = w COS & Ea =usin« LE = (io 
Jar = w* u ng dis . > fit gop 1 ee? 
bu = 0 Dir = 0 bee = aw/( V 1 + Tre). 
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After the parameter transformation : 
u = aa/ (2 VIF &) | ie (a/2) log o 
we find that (6.2) is true and that 
(6.6)  Bijdzidzi = ((3/2) + 2/a?) du? + (— (1/2) — (2/a?) ) dv. 


The corresponding equations and tensor components’ for a right circular 
cylinder are 


y =a cos g y? =asin« y? =w 
Ju =e 912 = 0 G22 = 1 
bii = 0 bio = 0 | boo = a. 


After the. parameter transformation 
= 10/2 v = lu/8a 
we obtain (6.2) and 
(6.7) E;sdatdai = (3du?) /2 — (1dv?) /2. 
The corresponding equations and tensor components for a proper torus are 
y` = (a + dcos 8) cosa y’—(a+dcoß)sina y„—dsinß, a>d 


Ju = (a + d cos 8)? Jı = 0 G22 = d’ 
bıı = (a + d cos B) cos B bis =Q | boo = d. 


After the parameter transformation 
| m aa/2d v= (a/2) f [48/ (a + dcos ß)] 
we establish (6.2) and 
(6.8) ` Budæidzt = (— (1/2) + 2d°/a)du? + ( (8/2) — (2d2jar) ) dor. 


In all the above equations, a, d are constants and &, ß, w are variables. 

À comparison of these results with (6.3) shows that every possible form 
Ei;dx*dx? for a Dupin cyclic is actually realized by the cone, cylinder and 
proper? torus. Now all Dupin cyclides have the. first and second conformal 
fundamental forms which appear in (6.2). Therefore, in accordance with 
the conformal equivalence theorem noted in 2, we have the following theorem: 


THEOREM 6.2. Every Dupin cyclide is conformally equivalent to a right 
circular cone, right circular cylinder or proper torus, and conversely. ` 


2 The improper torus for which a =d or a <d is conformally equivalent to the 
cylinder or cone, respectively, as may be seen by a comparison of H; dwidwj for these 
surfaces. u 
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As an example of a surface having-non-zero constant conformal Gaussian 


curvature we mention the catenoid whose equations are 


Y—=0c84 Y=osina y—alog (o + Vo — a’). 
From these equations we obtain 


gu = 0° gz =0 ` gz == w?/(w? — 0) 
Dy, es (l Gas = 0 bso m a/(a? — w’). 


After a straightforward caleulation and the parameter transformation 


u==& v= arc sec (w/a) 
we find that - ni 
Gisdzdzi = cos? v du? + dv? 
Bisdzidzi = cos? v du? — dv? 
E;;dxtdxi = | Aw.. 


From the last of these equations and (3.11) and (4. 1), it follows that J = 1. 
We note that, as is stated earlier, if 


(6.9) er es 


throughout a Va, then all the lines of curvature of V2, v — constant, are 
circles. Hence (6.9) is a characteristic property of any surface which is the 
envelope of an arbitrary one parameter family of spheres (if the lines of curva- 
ture are parametric). In any parameter system the corresponding condition is 


(6.10) Fi abt = 0. 
Since, from (3.15), 
Li li = 3l Eu + Bis] 


(6.10) may be written as 
| F; + BE = 0 
where Fi == G Fp. 


(¢ Isothermic: gradient surfaces. Accords to (4.5) and (5.2), iso- 
thermic gradient surfaces are characterized by the equations: - - - 
(7.1) | | Ai: 2 = Fu 0. 
Since F; = F; in this case, we may write the above equation in the form 
F.i cy Lt Li = Fi cyt ay bt = 0, 


This means that the principal directions of Py. :j are tangent to the lines of 
curvature so that Fi: .; 18 a linear combination of Gi; and Bij. 
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.. .We.now determine the distinctive character . of the. conformal funda- 
mental forms of such surfaces. Since Ve is a gradient surface, (4.4) is: true; 
The isothermic character of Va u (5.2) which, using (3.5) and (4.4), 
leads to: | 


(7.2) Q= Q2(v)/Q:(u)., . 


where Q, and Qz are, respectively, functions of u and v only. Conversely 
(7.2) implies.(%.1) which characterizes isothermic surfaces. 
It remains to meres the concn ioa 


5 1 


ar (0/0) + (Q./02) av" 


be the first conformal fundamental form of an actual surface. In' view’ of the 
existence theorem stated in 2, it is necessary and sufficient to impose condi- 
tions (3.11) to (3.14). Equation (3. 12) is satisfied identically since (4. 4), 
(7.2) and the equation Fyz-—0 are true. According to (3.7), (3. ae = 4) 
and (7.2), | 

(7.4) | FBP + D Qo]. 


where the primes refer to differentiation, with respect to the independent 
variable, of the functions Qi, Qə. From (3.11), (4.1) and (4.8), we obtain 


(7. 5) ~ | Ray ee RE = 1+ J HH, 
er since ‘: 2; — LR | Co 


By = o B(Q/0), Ba = oË); Bao 
(3.13) and (3.14) become | o, P 
(7.6) aBe=— (Q'2/Qs) (E/2 +1), wir (Q1/Q:)(E/2— 1). 
Differentiation of (7.5) yields 


Er = Ey /2 — $ (0/01 — Ql Q” / Q’) 
a BR — 40/9 90/0) 
after use is ade of-(7. 4). ‚Rom (7. 6) and G D, we do 
Ey = — (Q"2/Q2) (2 + E) + (02/01 — 02/1/02”) 
Bu = (QAQ) (B3 — E) — $ (0/92 — AAN). 
The integrability condition of ee equations is p vu = Lay or 
(7.8). 80/02/0930 +R” F rN 
+ Qi" Qi /01Q + QQQ = 0. 


(7.7) 
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Let us suppose that Q1’Q2’ ~0:. Then, multiplication of (7.8) by Q17Q2"/Q1’ Qr 
and successive differentiation with respect to u.and then v leads to the equation, 

= 0, which contradicts the hypothesis. The remaining possibility, 
g 0 — 0, is clearly a solution of (7. 8). Without loss of Ba (inter- 
changing : u and v if necessary) we may assume that 


Qi 0, Q, = 1, Q2 = Q (v). 
In this case, the form à (7 ” may be walls as 
(19) 8? = Qi (v) du’ + dv’ 
after the ide ARE = 
A ef GO 


and ohne: Or! ) for Q[v(v’)] and dropping primes. 

We have shown that the first conformal fundamental form of every iso- 
thermic gradient surface may be written as (7.9). Conversely, if Q(v) in 
(7.9) is an arbitrary function of v, the surface is isothermic gradient. Indeed, 
from (3.11) to (3.14), we find that, the only Æi; which are possible are the 
coefficients of the form 
(7.10)  Budatdei = [—(1/2) Q* — (1/2) Q” + c]du’ | 

1 É (da 9 
+ [3/2 +5 0 —O'/0—/Q"]do* 


where c is a constant. Then the existence theorem of 2 affirms the existencé 
of surfaces for which (7.9) and (7.10) are the first and third conformal 
fundamental forms. Of wu the second conformal fundamental form is 


(7.11) ETA == | Q? (v) du? — dv. 
It is‘clear that we may also choose u, v s6 that the lines of curvature are 
parametric and 
(7.12) dS? = Q? (v) [du? + dv?]. 
In this case, the second and third conformal fundamental forms are - 
Bi;datde = Q?(v)[du? — dv?) 
(1.18). Budeidei.— 1-95 ee 


2 Q? 


+ LG) +3 à D —0"/Q — cae" 


where c 1s a same: a de occurs in (7. 10). We also note, as follows 


r ¢ "Hr 
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‘from (3.5) and (7.12), that (6.9) is true. Hence all the lines of curvature, 
v == constant, are circles. We state some of these facts in the following 
theorem: Ä 


 Tæeorem 7.1. If Va is an isothermic gradient ‚surface, its first con- 
formal fundamental form is defined by (7.9) in some parameter system for 
which the lines of curvature are parametric, and conversely. The other con- 
formal fundamental forms are then defined by (7.10) and (7.11). 


The simplest isothermic gradient surfaces are those for which Q(v) in 
(7.12) is a constant. In this case, in accordance with Theorem 6.1, the sur- 
face is a Dupin cyclide. We now consider the problem of characterizing all 
isothermic gradient surfaces in an analogous manner. 

Let Vz be an isothermic gradient surface and suppose that its (metric) 
first and second: fundamental forms referred to the parameters u,v of (7.12) 
are 
(7.14) gisdadx? = 6? (du? + dv?) 

j bi;daetde! = e*(ydu? + ddv?) 


where a,y,ö are functions of u and v. In these parameters, the classical 
Gauss-Codazzi equations become 


(7. 15) y —— Cau + Oyy == 0 
Ci 16) ; Yoru Ay = 0 


Now, according to (3.18), 


e°% == (ety — 6-98)? 
so that, from (2.13), 
(7.18) AS? == 4(y— 8)? (du? + dv’). 


A comparison of (7.12) and (7.18) shows that ` 

(7.19) y =8 + 20. 

Then integration of (7.17) leads to. 

(7.20) § + 20 = ef (v) 

where f(v) is an arbitrary function of v. Substitution of (7.19) and (7.20) 


in (7.16) and integration results in the equation ° 


3 Since the geodesie curvatures of the lines of curvature of a V, satisfying (7.21), 
y = constant and u = constant, are —h’(v) and —g’(u), respectively, each line of 
curvature has constant geodesic curvature, 
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j (7.21) g= glu) +h(v) 
where 
(7.22) W (v) = f(v) /2Q. 


If (7.19), (7.20) and (7.21) are substituted in (7,15), we obtain 
(7.23) [F — 20fh + h’? — hh”) 

| | + [9 — 997] ~ gf + K] — hg” = 0. 
If (7.23) is ferne successively with respect to u and v, we obtain 
(7. 24) PEF +R] rg” —0. 


(I) Suppose that 9’ =£0. Then division of (7.24) by g'h’ leads to 
two separate equations which when integrated yield the equations. 


(7.25) g” =agt ce 
(7.26) | 2fQ +h’ = — eh + 6 


where C1, C2, C3 are constants. We distinguish several cases: 
(I) cı=.0. The solution of (7.25) is 


(7.27) g = cou? + ca 


after a translation of u, if necessary. Substitution of this result and (7.26) 
in (7.23): leads to | 

(7.28) C1 = C3 

(7.29) f? —2fhQ + k? — hh” — coh — Rcacı = 0. 

Use of (7.26) permits us to write (7.29) as 

(7. 80) et F A? — Roh — Rezt, = 0. 


According to (7. 22), if = 0 then h’ = 0. Since this case has been excluded, 
f is not zero. Then (7. 26) is a consequence of (7.22) and (7.30) which are 
the final conditions on f(v) and A(v) in this case. 

(Iz) ce =—b?. The solution of (7. 25), is 


(7. 31) g = Ca cos bu + 62/6" 


after a translation of u, if necessary. Substitution of fe result and (7. 26) 
in (7.23) yields (7.28) and 


(7. 32) F — 2fhQ + h? — hh” + 64°b? = Coh er 02/2 =Q. 
‘By means of (7.26), (7.32) becomes 
(7. 33) P F W? — BPA? + cab? — Bosh — c? /b? = 0. 
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Since f differs from zero, (7.26). is a, consequence of (7.22) and (7:33). 
These are the final two conditions on f(v) and h(v) in this case. x 
(Is) +02 The solution of ee 35) is 
(Gi) g = dudosh bu — o/b? ` 
(7. 34) (i) g—csinhbhu—c2/b? : 
(ii) ,g = Ce?” — c,/b? 


after a translation of u, if necessary. If (7.34) is substituted in (7.23) and 
use is made of (7.26), we find that (7.28) is true and also obtain 


(7. 35) = 2fhQ + n° — hk” — «ad — ca + 09/6? — 0 


Ghee e == 44, =— Í, 0 in cases ane (i) éd (iii), ees Using (a. 26.), 
(7.35) becomes 


(7. 36) PA + bh — ecb? — eh Ioi = 0. 
As in the peeve two an (7. =. and a 36) are Ja final cond bons on 
f(u) and k(v). | i 


(II) We now assume that gw: == (), Then (7. 24) is true. We consider 
several cases: i 


(IL) g.==h.=0. We may assume, without loss-of generality, that 
(7.37) g=1 h= ce | 
Substitution of (7.37) in (7.23) leads to 
(7.88) ge 0 


which is also consistent with (x. 22). Hence 0 37) and (7. 38) are the 
final conditions in this case. 


(I), g =0, h0. Hence , _ 


(7.39) ig Giga - 
Then (7.23) becomes, after use of (7.22), 
(7.40) P + CEE 


Baon (7. 22) aa (7 40) are ike: final conditions. | 
(II;) A’=0, g9>#0. Taking account of (7.22),, 


(7. 41) h—=¢s, fon. 
so that (7.23) becomes Ä 


un nn — 


Y 


| 


} 


| 
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i (7.42) | Gé — Beata Pg — 9 re cg Q— oag Our ne Ce 


/ 


Ce 


Successive differentiation with respect to'u and v shows that te 0 since 
Q’40. Hence the solution..of. (7. 42) is 


(7.45) 2: 9 = 0a Coe 


The solutions shined andes the above six enous exhaust the possi- 
bilities for a given fanction Q(v). In all cases, the first’ and ‘second conformal 
fundamental” forms i are the same but the third conformal fundamental form 
(7.13) may differ in the additive constant c. We shall calculate. Ezi for each 
of the’ dbove solutions in order to distinguish the various conformally different 
types. From (7.19), (7.20) and (7.21), the’principal’ normal curvatures of 


` any ofthese surfaces are, Pe PORN 


(7.46) mb—f(v), tere HAT. 
According to (3.18), a ee ee 

(7.47) et = (9 +h); n=f— Ql +h). 
Also, from (7.12), ee 


. >} , 


BH o > zo 
= Tee 07/0... 
From these equations, we find that ` ` 


1 =g/(g+h)  p2=0Q/Q +h/(g 4h) 
oa = [g (g +h) — 9? V/(g +h)? + 07/Q? +2 Q’/(g +h). 


From the second set of equations (2.14) and the above equations, 


to: 


set Lu: 


(7.48) Ba =— Q2 — 5 Ir +4 (etu +1)? 
+ og + LAB — g (g +h) + 3h]. 
But, from (7.47), 


oe? oe we etn +1 1/09 HN. 
Substitution of this result in (7. 48) gives | | 
(7.49) EE E. PAET TOERIS a 


X [g gg” — 2hg” +h” + f]. 
Comparison of (7.13) and’ (7:49) shows that 
= [1/2(g FRI RR + WP HT 
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If the right member of this equation be evaluated by means of the conditions \ 
on f(v),4(v) in each case, we find that 


| (i) c—0 in cases L, IL 
(7. 50) (ii) c= 40? in cases I., II; 
(iii) ¢——4b? in cases I, IL. 


It follows from the equivalence theorem of 2 that all surfaces which come 
under cases I, and Ij, or cases I, and II; for the same b, or cases I; and Il; 
for the same b are conformally equivalent in Rs. It is only necessary to 
identify one of the surfaces in each category in order to obtain a complete 
classification of all isothermic gradient surfaces. This is done below: 


(i) c=0. For a surface belonging to II,, (7.14) becomes, after using 
(7.37), (7.38), (7.19), (7.20) and (7.21), 


ds? = du? + dv? 
bijdzidai = — 29 (v) dv’. 


It is clear from these forms that the surface Va is developable, that v denotes 
ordinary distance along one family of lines of curvature and that — 2Q(v) 
is the principal normal curvature of V, along each line of the family. 
Hence V, is a right cylindrical surface whose directrix is the plane curve 
defined intrinsically by 

(7. 51) = —?2(s). 


Here k and s are the curvature and arc length of the directrix. 


(ii) c==4b?. A surface of type II; has the fundamental forms : 


ds? == (1/h?) (du? + dv?) 
bisdatdat = (f/h?) du? + (f/h? — 2Q/h) dv® 


where f(v),k(v) obey (7.22) and (7.40). Since the coefficients in (7. 52) 
are all functions of v only, comparison with a surface of revolution is sug- 
gested. Now the equations of any surface of revolution are 


(7. 52) 


t 


y} == w COS @, y? = sin q, y? = v(w). 
From these equations, we obtain the following fundamental forms 


ds? = œ dg? + sec? 8 - do? 


(7. 58) b;;dxtdxi = w sin 9° da? + sec 4: (d0/dw) * dw? 


where 0(w) = arc tan (dv/dw). We introduce the isothermal parameter x by 
the equation 
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: (7.54) 0° il 


{ 


- If (7.52) and (7. 53) refer to the same ne 
(Y. 55) | | u= da, vd, 


where d is a constant. Equating the coefficients of the respective fundamental 
forms of (7.52) and (7.53), we obtain the equations 


(7.56) . h—d/à, f—sin0/w 
(7.57) a? cos 6(d0/dw) — d?(f/h? —2Q/h). 
From (7. 54), (7.55) and (7.56), we obtain 
dh/w = © Fa me. cos 6(dh/dw) = — cos 0/w 


(7. 58). df/dv = (1/c}e cos d(df/do) 
— (1/0) [cos? 6(d0/dw) — (1/0) cos 8 sin 6]. 


Now hand f satisfy (7.22) and (7.40). Substitution of (7.56) and (7.58) 
in (7.40) yields d= 1/b. Similarly (7:22) reduces to (7.57) which may 
be simplified by means of (7.56) to give 


(7. 59) | 24Q(dx) = sin 8 — u cos 0(d0/dw). 


If Q(v) is given, equations (7.54) and (7.59) may always be solved for 
A(«). Conversely, if 4(w) is given, (7.54) and (7.59) define Q(v). Hence 
the V, defined by (7.52) is a surface of revolution and every surface of 
revolution is of type IL. 


(iii) ¢==-—-4b*. A surface of type II; has the fundamental forms 
| ds? — ¢?™ (du? + dv?) 
(7. i) bi;detdaei = — 20 edy. 


By means of the parameter transformation : 


(7.61). uf == (1/b)e®®, of == by 
(7. 60) becomes 
(7.62) ds?” = du’? + u’”dv”? 


. biçdzidzi = — (2/b)wWQ(v’/b) dv”. 


The first form of (7. 62) is identical with that of the plane if the parameters 
are polar coördinates. Hence the surface V2 defined by (7.62) is a developable 
surface whose lines of curvature are applicable to a plane system of polar 
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coordinates. Here w’, v” correspond'to the length of the radius vector and the 
vectorial angle eier. This means that the Va defined by (7.62) must 
be a conical surface. The converse is also. true. ..The line of. curvature, 
w == 1/6, may be considered as the intersection of the conical surface Va and 
the sphere whose center is at the point W=0 and whose radius is 1/b. 
Classical results of..differential geometry. lead, to. the, conclusion that the -geo- 


desic curvature of the intersection curve. relative to-the sphere is-the normal 
curvature in its direction relative to the conical V2. But, using (7. 62), the 


normal curvature of w == 1 /b is given by 
=D ET, — 20(v). | 


Also, from (7.61), since dv’ is a small central angle, dv is an element of 
distance on the sphere. Hence V, is the conical surface whose vertex is at the 


center of the sphere of radius 1/ b and whose directrix on pur sphere is u 


by the intrinsic equation TE 


2) 


Here k.and s are the geodesic curvature and arc.length of the spherical curve. 
We summarize these results in, the following theorem: 

THEOREM 7.2. Every isothermic gradient surface is conformally equiva- 
lent to a conical surface, cylindrical surface or a. surface of revolution, and 
UT. 


| | ‚ The generators of a, | cylindrical surface may be considered, as circles which 


are all tangent to each other at the point, at infinity. Similarly, the. „generators, 
of a conical surface may be considered as circles which all have two common: 


points—the vertex and the point at infinity. Consequently an isothermic gra- 
dient surface is of type (1), (ii), (ii) of (7.50) according as the members 
of the family of circular lines of curvature have 1,0 or 2 common points. 
In particular, this topological « classification applies to Dupin cyclides. x 


8. Gradient surfaces of constant conformal Gaussian curvature. ..We 
consider a gradient surface V2 for which J i is constant. Let the lines of curva- 
ture be parametric. Since Vis gradient, in accordance with the results of 4, 
we may choose the components of its, conformal measure tensor as 


(8. 1) Xe, : Tori, 


ram ange PV Me 


The condition (3.12) is satisfied i in virtue of (8. 1). Using (4. 1) and (4. 8); | 


the remaining conditions (3. i, (3. 18) and (8. 14) ` may be written as 
(8.2) RTE au T a 38 ao + (ay df’ er re dm, T Soe ie 


\ 
| 


EN 
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(8. 3) (yy = — Qo(E +R) o 
(8. 4) Ry hy = Ou (EH! — 2}, 


From (4.8) and (8.2), fe te te aia 
(8. 5) wer HE = 31 4d ET, : ‚of = 3[1 pe A Er 


Since J is constant, if these values are substituted in (8. 3) and i 4) we 


obtain 
(8. 6) DS (pe Qo (E+ 2) ee as Se ex’ 
(8. 7) | y= Ru’ — 2). 


We'consider the possible solutions of (8.6) and (8:7). © 
(I) ‘Suppose that Q is a constant, Then, J — 0 and Vo is a —_— 
cyclide. 


(IT) See that Q. is a non- a o + Q (v) of v only. Then, 
from (8.7), E’=E’(v). Integration of (8.6) yields 


(8. 8) B= Oe — 2 
where cı is a constant. The oe condition, J = constant, leads to, 
(8. 9) = ten + cs 


where joe c’s are constants, after use of (3.7) and (3. 10). We consider three 
cases: 


a t ae 


(IL) J=0. We may suppose that Ce #0, the other alternative 
having been considered in (I). : Then the substitution of (8.9) in' (8.1) 
followed by the asi transformation 


mm Cott / 2, y = = (2/¢2). a 4 cs) 
permits us to write the first conformal fundamental form of V2 as 


(8. 10) 0 A8? = du? + dv’. 


DT 


The primes have been omitted in (8. 10). The deviation vector and the 
remaining conformal fundamental ‘forms: åre readily” found by ‘reference to 
(3.2), (3.5), (8.2) and (8.8). They are 
- F—=0 Fi 2/0 E 
(8.11) B;;da'dz’ = v?du? — dv” \ 
Hijdaidai = (— 50° +.d)du? + (8/2 — d/v?) dv, gt .... 


t 
« 
N 


à The case Q —Q{u) is equivalent to the one discussed here after e parameter 
transformation which inter STE the us of U ind’ Y. 
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en ES 
RER, u 


where d is an arbitrary constant. 
(IL) J=a?. In this.case, we may write (8.9) as 
(8. 12) e? — c? — (av + cs)’. 
If we'substitute (8.12) in (8.1) and employ the parameter substitution. 
w = csi, v= (1/a) arc sin [ (av + c6,)/ca] 
the first conformal fundamental form of V2 becomes ® 
(8.13) dS? = cos? awdu? + dv? 


after dropping the primes. The. other forms and F: are found as in (IL) 
and are 
B;;dridxi == cos? avdu? — dv? 
(3.14) Eisdatdzf = [4(a? —1) cos? av + d]du? 
+ [a +3) — d sec? av] dv? 
Fi = 0, F, = 2a tan av. 


(Il) J=—a*. We may now write (8.9) as 
(8.15) ` 620 == (av + es)? £ e. 
We substitute (8.15) in (8.1) and then use the parameter transformation 
(i) w = cu, v= (1/a) arc cosh [ (av + aal 
(ii) w = cau, v=— (1/a) are sinh [ (av + 65) /ca] 
(ii) © won v = (1/a) log (av + cs) 


according as (8.15) contains the plus sign or minus sign Or ca = 0. In this 
manner, we obtain three possible forms: 


(i) aS? = cosh? avdu® + dv? 
(8. 16) (ii) dS? = sinh? avdu? + dv? 
_ Gh) aS? = eu? + dv? 


# 


after ee the primes. ‘The other forms and F; are 


Byjdatdei = X du? — dv? 
(8.17) Eijdatdei = [—4(1 + @)X + djdu? + [4 (8 — a2) + dX] av 
Fi=0, F,=— (log X)v 


where X equals cosh? av, sinh? av, e’ in cases (i), (ii), (iii), respectively. 


$ Equation (8.13) may also be written . . 
dS* = sin? av. du? + dos, 


\ 
| 


J 


EN 
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A comparison of (7.10) with (8.11), (8.14) and (8.17): respectively 
reveals that 

k(2c—1),° J=0 

3(2e — a’), ` J =g 


(8.18) d= J $(2¢-+ a), = — a’, case (i) 
$(2¢ — a’), — — 4, case (ii) . 


Cs J = — a’, case (iii). 


_ (II) Next let us suppose that both variables u, v are effectively present 
in Q so that Qu: Qu 0. It follows from (8.6) and (8.7) that E’ cannot 
be 2.or —2% and indeed must be a function of both u and v. Integration of 
(8.6) and (8.7) leads to 

E’ 4-2 =g (lu) e, HB’ —2—h,(v) - e. ‘ 


Since we obtain 


= [gih + 4]% 
from these equations it = that neither gi. nor hı is constant. We also 
find that 


ee — æ — 2) /hı = gs/(B’ T 2). 


ins the first conformal fundamental ts of V2 may be written as 


| f — kB — 
(8.19) dS?= th taa du? + La TE ae dv? 
hy 1 


After the parameter transformation 


w = fg (u), ” v = $h (v) 


` (8.19) becomes 


JA kanie u? [uv +1]% +1 2. 
a gu) zu uh2(v) ae 


where we have written 
go(u’) = 49x"[u(w’) J, el ni elo) 
and dropped the primes. | | | 
' It remains to impose the condition that'the' Va having (8.20) as its first 
conformal fundamental form has a constant value for J (or K). We shall 
prove that it is impossible to satisfy this condition: From (3.7) and (8.20), 


(3u?2v? + 12uv +8): s (uv +R) "+, pr 
Mr Te (g3/u° haso ) Hm + 1)% (9"2/u? + 


+ 292/u® — 2he/v* — g’a/Ru? Le h'a /20? À 


Ke 
(8.21) 
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We define g(w), h(v) by : 


9 = g/w, h= hv. 
Then | ' 
g'2/w == 39 + ug, Kaft = 3h + vh’. 
Hence (8. 21) my be written as 
Buy + 2 uv + 2 , 
(8. 22) K =  4(wv + 172 J + 4 (uv + 1)% (ug T vh ) 
— = h — ug +Hok. 


The first wo expressions in | the right member of this un are a 
the form Ä 


ti 


| o (u,v) = (a) Lug” + oh] 
where (n) denotes n-fold differentiation and z = uv. Successive differentia- 
ton of this un gives | 


(8.28) ew = ("+ GO + n) f) urg G + mn) 
-+ Flug (n+1) + DENT, 
where the prime indicates differentiation with respect to z We differen- 


tiate (8.22) successively with respect to wand v and apply (8. u After 
multiplication by 16(2 + 1)”’?, we obtain 


(82? — 122) (g +h) — (32 +152? + 122) [ug® Pr Ro] 
— (22° + 42° + 22) Lug? + RP] = 0. 
lf we apply (8.23) to this equation three more times we are led to the linear 
differential equation 
72[ug®) + oh] + 228[urg(®) + vh] + 156[ug® i PRO] 
+ 33[utg@ + vh] + [us g p yp] = 0. 
From this equation, we conclude that 
W2ug + 228u%g() + 156u29(*) + 38utg® + ug = cı 
Quon) + 228v°h + 156v3h) + 3304h® + oh = 0 
Integration of these differential equations by the customary. methods 


leads to; | ee 
g(u) = (¢/6) log u 2 Co + Wr + cu + esw? + cout 


and a similar solution for A(v). But substitution of these solutions in (8. 22) 
readily ledds to a contradiction. Hence functions g(u),h(v) which satisfy 
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(8.22) do not exist. . This means that there are no surfaces which ‘obey the ` 
requirements of case (III). Since the first conformal fundamental form for . 
each surface which occurs under case (I) or case (II) satisfies (7. 9), it fol- 
lows from Theorem 7.1 that. these suïfaces are all isothermic gradient. We 
state these results in the following theorem: 


THEOREM 8.1. If a gradient surface has constant conformal Gaussian 


“curvature J, then it is isothermac. If dae == 0, the surface is a Dupin cychde or 


its conformal fundamental forms are defined by (8. 10) and (8.11) in some 
parameter system. If J equals + a? or —a? its conformal fundamental forms 
are defined by (8.18) and (8.14) or by (8.16) and (8.17), respectively, in 
some parameter system. | 


As noted in 6, it follows T (3. 11) ami (£. 1) that a surface V, whose 
principal deviations are each constant has constant conformal Gaussian curva- 
ture. Consequently if V is also a gradient surface, its conformal fundamental 
forms are defined by Theorem 8.1. In this case, unless V, is a, Dupin cyclide, 
the only constant values of aE and (2)H are obtained by equating d to zero in 
(8.11), (8.14) and (8.17). Hence a gradient surface having constant princi- 
pal deviations ts either a Dupin cyclide or its principal deviations. are 


(8.24) HE =— 1/2 + J/2, : mE = 3/2 + J/R. 


According to the results of 7, each of these surfaces is conformally equivalent 
to a cylindrical surface, surface of revolution or conical surface according as ¢ 
equals, is greater than or is less than zero. Since d = 0, it follows from (8.18) 
that a surface (which is not a Dupin cyclide) having constant principal devia- 
tions is conformally equivalent to a surface of revolution if J is zero or positive. 
If J is negative, the surface is conformal to a conical surface, surface of 
revolution or cylindrical surface in cases (ii, (ii) or (i) of (8.16) 
respectively. | i 

As an example of Arche a P we mention the catenoid referred to in 
6 for which J = 1. We also note the right cylindrical surface whose directrix 
is the equiangular spiral p == ¢/*)*, The intrinsic equation of the spiral is 
k =2/as. Comparison with (7.51) shows thet the first conformal funda- 
mental form of the en surface is 


= (1/a?0*) (du: + dv?) 


which is equivalent to (iii) of (8.16) after the introduction of isothermal 
parameters in the latter. 


9. Isothermic surfaces of constant conformal Gaussian curvature. If 
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V2 is isothermic, the first and second conformal fundamental forms may ‘be 
written as | | Zr À 
dS? —'e2 (du? + dv?) 
B;;dxdxi = 670 (du? Ge dv?) . 
In this parameter system, from (3. 7) and (3.10), 


(9.1) 


(9.2) | = — € (Quu + Qw). 
The conditions (3.11) to (3.14) become 

(9.8) Eat (J +1). 

(9. 4) | En = — 20 

(9.5) - IE 11/00 = — 2Quuv + PLI —1) 
(9.6) 02/00 = — 2Quvy + eQQu(J — 1) 


respectively. We also assume that J is-constant. Then, as a consequence of 
(9.3) and (9.6), we obtain 


(9.7) E 11/00 = Qum + eLa (J + 3). 
The integrability condition of (9.5) and (9.7) may be written as 


[Que Ap Qu Juv T 2672 (2 QuQo + Quv) = 0 
or, using (9.2), 


(9. 8) ' e2@ (1 — J) (2QuQ0 + Quv) 0. 
We first suppose that J 41. Then (9.8) yields 
(9.9) el — Qı (u) + Q2 (v). 
By virtue of (9.9), (9.5) and (9.6) may be integrated. This gives 
Tona LIT — 2Q |. 
(9. 10) | g Ei RQuu + SJ — Det + g(u), 


Hoo = — 2Qw + (TJ —1)e + hv). 
Substitution of these results in (9.2) and use of (9.9) leads -to 


D UD, Azad, 
If these values are substituted in (9.10), we obtain 
(9. 11) En = — 2Quu + 3(J — 1) (Q2 — 3Q1) +c 


Es = — 2Qu + ¥(J — 1) (Qi — 392) — C. 
It only remains to satisfy (9.2). In this way, from (9.2) and (9.9), 
(9.12) 97% — Q F 07:9 9:91” + Ga = — ICG + Qa)" 


Fi! 
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where the primes indicate differentiation, with respect to the independent 
variable, of each function. If Q’1Q’2 — 0, we may suppose, after a parameter 
change, that Qı —0. Then (9.12) becomes 


(9.13) Qa — (2? + 2790 = 


In accordance with Theorem 7.1, the surfaces for which Q, = 0 must be iso- 
thermic gradient surfaces with constant J. They are discussed in 8. The first 
conformal fundamental forms of these surfaces, when the parameters are 
isothermal, may be derived from (9.18) or, more simply, by restating 
(6.1), (8.10), (8.13) and’ (8.16) in an isothermal parameter system. If 


Q’,Q’. 0, successive differentiation of Se 12) with respect to u and v and. « 


an by 9’10’z gives 
91/91 + RIQ + Q” + RIR: = 
which, after separation and integration, leads to 


i Q” = — 6JQ1 + cQ1 + cı 
(9. 14) Q” 2 = — 6S Q2 — cQ: + C2 | 


where the c’s are constants. 
We consider various cases : 


(I) J=0. The solutions of (9.13) define first conformal fundamental 
forms which are equivalent to (6.1) and (8.10). These forms are 


dS? = du? + dv? 


(eta) dS? = e” (du? + dv?) 


respectively. 
We now consider the solution of (9.14) and assume that c == 0. Then 
Q1 = (61/2) U? F Ct + Ca; Q2 = (c2/8)0° + csv + Ce. 
Substitution of these results in (9.12) gives the additional conditions 


Cı = Co  Rcılca+ Ce) = Cs" + Cs”. 
Hence 


e? == (0/2) [ (u + 61)? + (v + 08)?]. 


After the parameter transformation 


w = (01/8) "4 (u + cr), v = (61/2) 4(v + ex) 
and dropping primes, (9.1) becomes 
(9.16) ` dS? = (u? + v?) (du? + dv’). 


610 AARON FIALKOW, 


Now suppose that c40 in (9.14). If c=b#?, integration of (9.14) gives 
cs cosh (bu + c4) — cı/b? 
i= l 6; sinh (bu + c4) — c/b? 
Cet — ¢,/b? 
Oe Cs COS (bu Ce) + C2/b° 
Cs Sin (‘bv + ce) + c2/ 07. 


The solutions for Q- are equivalent to each other while those for Qı are not. 
If the first (or second) solution of each set is substituted in (9.12), we obtain 
Cy = C2; Ca == + a 

After the parameter transformation 
w = bu + eu, v == bu + Ce 


and writing cs/b? =a? and dropping primes, the forms (9.1) corresponding 
to these solutions are 


dS? = a? (cosh u + cos v) (du? + dv?) 


(9. 17) dS? = a? (sinh u + sin v) (du? + dv?). 


If the third solution for Q, and either solution for Q, is substituted in (9.12), 
we find that cs == 0. Hence this solution is excluded since Q, must actually 
involve v. Finally, we note that if c = — b? in (9.14), u and v interchange 
röles so that the resulting solution is equivalent to (9.17) after a change of 
parameter. 


(I) Ja. The first conformal fundamental form defined by the 
solutions of (9.13) is equivalent to (8.13). In this way, we obtain 


(9.18). dS? = sech? av (du? + dv?). 
We now consider the solution of (9.14). Integration leads to 


32 == — 4a’ Q: -+ cQ” + 261034 + C3 
= — 4a’ Q — cQ? + RCaQ + Ca 


where the c’s are constants. If these equations and (9.14) are substituted in 
(9.12), we find that 


(9. 19) 


C1 = Co, Og == me Ca 
so that, after the substitution 
Qu—Qs+c/12a, Qa = Q, — c/12a? 


an? 


CONFORMAL CLASSES OF SURFACES. 611 


(9.19) may be written as 
ee rn a? 1403? - — g2Vs nn ga] 
ee — P [4 — 929s H gs] 


where the g’s are constants. The solutions of these equätions, after translation 
of u and v, if necessary, are 


— P (iau | go, e + c/12a? 
ve P (iav.| g2, — gs) — 6/120? | 


where P (a |: g2, gs) is the Weierstrass P -function of x with the invariants 


(9. 20) 


Ga gs. Since P(x) is an even function and g2, gs are real, the functions 'Qı 


and Q: defined by (9.20) are real for real values of u and v. The first con- 
formal fundamental form corresponding to (9.20) is 


(9.21) dS? = [P (iau | ge, ga) + P (iav | g2, gs) ] (du? + du?). 
(III) J =—a*. The solutions of (9.13) define first conformal funda- 
nl forms which are equivalent to (8.16). These forms are 
(1). 3 d9? = sec? av (du? 4 + dv?) 
(9. 22) (ii) dS? = csch? av (du? + dv?) 
(iii) aS? = (1/a?v?) (du? + dv?). 
If we proceed wth (9.14) as in (II) above, we obtain 
(9:23) dS? = [P (aw | ge, gs) + P (av | ge, — gs)] (du? + dv?) 
as the first conformal fundamental form corresponding to the solution. 


(IV) We now assume that J=1. Then (9.8) is true. In this case, 
any solution Q(u,v) of (9.2) with J = 1 defines the first conformal funda- 
mental form of an actual surface. The components of Fi; are then defined by 
(9.4) and by 
Eu =— ee A C, Boo = — RQ — c. 


These last squats are een eases of (9.11). 
We summarize these results. as follows: 


THEOREM 9.1. .An isothermic surface of constant conformal curvature 
J (J 1) is either a gradient surface® or tts first conformal fundamental, 
form is defined by (9.16) or (9.17) if J =O, by (9.21) if J = a? and by 


7 (9.23) $ J =— a. If J=1, any solution of (9.2) defines the first con- 


8 In this case, ‘its BE fundamental forms are given by Theorem 8.1. 
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formal fundamental form of a surface. The components of the other conformal 
fundamental forms in all cases are defined by (9.1), (9.4) and (9.11). 


10. Surfaces with indeterminate lines of deviation. If a surface Va 
is homogeneous with respect to the. deviation tensor, - 


(10.1) Eis = (E/2) Gis. 


In this case, every direction is a deviation direction. We say Va has indetermi- 
nate lines of deviation. It follows from Theorem 4.2 that Və is a gradient 
surface. Hence the components of its conformal measure tensor may be chosen 
as (8.1) and the remaining conditions are (8.2), (8.3) and (8.4). However, 
in virtue of (4.1), (4.8) and (10.1) , 


(10.2) al == @E=E/2, FH =0. 
Therefore (8.3) and (8.4) become 
(10. 3) Ey=—4Q,  Bu=4Qu. 


. The integrability conditions of these equations are Quy==0 so that Q 
may be written as 


(10. 4) Q = log Q2(v) — log Qı(u); e? = Q2/ Q1. 


As a result of (10.3) and (10. 4), 
(10. 5) . E=— 4log QQ: +c 


where c is a constant. If (10.2) and (10.5) are substituted in (8.2), we 
obtain 
J = — 4 log 9:02 +c—1. 


But, from (3.7) and (3. 10), 
J = -—3[9:”/92 + QQ] 


where the primes indicate differentiation of the functions with respect to their 
independent variables. From the last two equations, 


(10.6) Q:”/Q: + 92/9: = 8 log 9192 —3(c—1). 
Successive differentiation of (10.6) with respect to u and v yields 
Q” (1/Q2)’ + Q2” (1/Q1)’ = 0. 
If Q’:Q’2 ~ 0, this equation leads to two separate equations which integrate as 


Qi” = 61 1/1 + C2 


(10.7): Peis (170) ts 


+ Aer 


St} 
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where the c’s are constants. Substitution of (10.7) in (10.6) leads to 


C2/ Qe + Cs/Q, = 8 log Qı + 8 log Q: — 3(c—1) 
which is impossible. 


Therefore 0,0’. = 0 and we may suppose, after a parameter change, 
that Qı = 1. Hence V2 is isothermic. The only condition on Qe is (10.6) 
which becomes | 


(10. 8) : Q” = 8 log Qa — 4 (c — 1). 


Any solution of (10.8) together:with (10.4) and (8.1) define the com- 
ponents of the first conformal fundamental form of the surface. The only 
solution of (10.8) for which Æ is constant is Q: = 1, c = 1 as follows from 
(10.5). In this case, F = 1. The corresponding V2 is a Dupin cyclide. A 
comparison of (10.1) with (6.8) shows that V2 is conformally equivalent to 


‘ a torus for which a= V 2d. This torus is characterized by the fact that the 


tangents drawn from the origin to its generating circle are orthogonal. We 
state some of these results in the following theorem: 


THEOREM 10.1. Every surface with indeterminate lines of deviation is | 
isothermic. The deviation of the surface is constant if and only if it is con- 
formally equivalent to a torus whose generating circle subtends a right angle 
at the projection of its center on the azis of rotation. 


11. Gradient hypersurfaces. We call a hypersurface V, in a Euclidean 
space Eny a gradient hypersurface if F; is a gradient on Vu. In this case, 
there exists a single parameter family of subspaces in Vn, whose equations 
may be written as F = constant, to which the vector F4 is normal. In this 
section we derive an analogue of Theorem 4.2 for Va. The necessary and 
sufficient condition that F; be a gradient F; is that 


(11. 1) | E | Fin — Fais = 0. 
According to (2.22), (11.1) is equivalent to 
(11.2) Bij Lx — BE == 0. 


From (2.9) and (2.15), it follows that the n mutually orthogonal principal 
directions «Li, Li," ; nl determined by the tensor Bi; relative to Gij 
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coincide with those ‘determined by bi; relative to gi. Therefore they are tan- 
gent to the:lines of curvature of Vx. We also refer to them as the curvature 
directions. The corresponding roots B, œB,’ * +, m)B.of the determinantal 
equation | Bi; —pGi; | —0 are the principal conformal normal curvatures 
. of Vx. The tensor Bi; then has the canonical representation 


(11. 3) Bi; B aLi ab; F (2B (a Li ab; + KESE mB cn) Li mb. 


Now the tensor equations (11.2) are equivalent to the set of scalar equa- 


tions obtained by multiplying (11.2) by «La L*; g, 1 = 1,2, n. Thus 


(11.2) becomes 
(11. 4) Zn | | Len B — BTE; ol Id = 0 


after use of (11.3). There are two Ways in which (11. 4) may be satisfied. 
(1) Suppose that qB is a simple principal conformal normal curvature ; 
that is) ın B'A nB for a fixed g and.any l not equal to g. Then (11. 4) 
implies that (gb? is a principal direction of Eu relative to Gaj. This means 
that („Z* is a deviation direction. (2) Suppose that nB is a multiple 
principal conformal normal curvature so that nB = oB for g,l==1,2,---,w. 
‘Then. the known theory and (11.4) imply that w principal directions of Fij 


lie in the w-dimensional linear vector space determined by er, ebin. 
x + 


Li. Due to the symmetry of (11.2), the rôles of Fij, Bi; may be inter- 
changed in the above remarks. This completes the proof of the Dumme 
analogue of Theorem 4. 2: 


asinn 


THEOREM 11.1. If Va is a gradient hypersurface then (1) the curva-, 


ture direction corresponding to a. simple principal conformal normal curvature . 


is also, a deviation direction (2) the w-dimensional linear vector, space of. 
f 


curvature directions corresponding to a p incipal conformal normal curvature 


of multiplicity w contains w deviation directions, and conversely. 


The above theorem remains valid if the words “principal conformal -- 


normal curvature,” “curvature direction ” are interchanged with “ principal 
deviation,” “deviation direction ” respectively. 

From (2.19) and (2.20), we obtain - 
(11. 5) Ki; = BixBujG™ + (2 — 1) His — EG; 


after multiplication by G’* and summation on repeated indices. The principal 
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7 directions determined. by the.conformal Ricci (surface) tensor Ki; are the 
_ conformal Ricci (sun face) directions. > tensor BixBn;G#% has the canonical 


representation 


| BixBn; GE = aB? on 
+ ey B (ay Le Lj +: + u (ny Li ony; 
| 


f = 
. as follows from (11.3). Hence the ‘principal directions determined by 
BixBujG™ are tangent to the lines of curvature of Vn. As a consequence of 


this remark-and (11. 5); we have 


| THEOREM 11.2. If a vector is a member of two of the following sets 
€ (1) the curvature directions of Vin 
" (2) the deviation directions of Va 
(3) the conformal Ricci (surface) directions of Vn 
. and n exceeds 2, vt is also a member of the third. | 
| 
In particular, this theorem has obvious applications to gradient hyper- 
surfaces, as may be seen by reference to Theorem 11. 1. 


12. De with indeterminate lines of deviation. A V», has 
indeterminate lines of deviation if and only if 


| 
12. 1) | ii = — (E/n) Gus. 


dif (12.1) is substituted in (2. 92), we hein (11.1). Hence any Vn with 
` indeterminate lines of deviation is a gradient hypersurface. We may therefore 
write F; as F:;. Substitution of’(12.1) in (2.23) yields | 


(12.2) Er Gig —E 5 Gin = n| Buff — Bal 4]. 
Multiplication of (12.2) by GY and summation over 7,7 leads to 
(12.8) . (1 —1) By = Bul 5G 
after account is taken of (2.19). It follows from (12.3) and (11.3) that Vn 


` has constant deviation if and only if either (1) F.a =0 or (2) Fi 540 and 
. any subspace, F = constant, contains each line of curvature with which it has 
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a point in common and whose ag principal conformal normal * 

curvature differs from zero. The second alternative implies that the rank ot 

| Bi; | < n so that at least one of the principal conformal normal curvatures 

vanishes throughout Vx. This case cannot be realized if n —2 as follows 

from (3.2). ee 
Conformal differentiation of (12.3) with respect to a” gives | - 


(12. 4) (n—1)E un = — [Baia Ft + Bis Fin GS]. 

Since E nn — Este = 0, (12.4) in conjunction with (2.21) leads to 

(12. 5) | [Bin Fin — Bin F: p] = 0. 

Equations (12.5) are exactly analogous to (11. 2) 50 that a theorem like Í 


Theorem 11. 1 exists.in this case with F.:; occupying the rôle that Z:; plays. 
in that theorem. 
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